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Inner Products on Discrete Morrey Spaces
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Abstract. The discrete Morrey space m,, ; is a generalization of the p-summable sequence space
£P. It is known that the discrete Morrey space is a normed space. Furthermore, for p # 2, the space
my,p equipped with the usual norm is not an inner product space. In this paper, we shall show
that this space is actually contained in an inner product space. That means this space equipped
with the inner product is an inner product space. The relationship between a standard norm on
My, and the inner product is studied.
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1. Introduction

The Discrete Morrey Space (my,p) is defined as follows. Let m € Z, N € w := N J{0},
and we write Sy, n;={m —N,...,m,...,m+ N}. Hence, |S;, v| = 2N + 1. Now, let K
be R or C and 1 < p < u < oo. The discrete Morrey space, denoted by m,, ;, is the set of
sequences A = (A\g)rez taking values in K such that

1
1_1 P
M, = sup_|Sml" (3 ) <o
m )

cw kESm N

Clearly m, is a vector space. We remark that when u = p, we have m,, = ¢7, the space
of p-summable sequences with integer indices.
We also have some notes among m,,;, as follows.

Theorem 1. [5] For 1 < p < u < oo, the space (Mup, | - [|m.,) i a normed space.
Moreover, the space is a Bannach space.
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Theorem 2. [5] For 1 < p < u < oo, we have myp, C P and ||M|m, , < [|A||ler for every
A E Myyq.

Many mathematicians had discussed about the discrete Morrey space (see [1], [2], [4],
[5], [6], [7], [8], [9], [10], [11], [12], [13], [14], [20], [21], and [22]). We have known that the

space (Mup, || - lm,,) is @ normed space. However, for p # 2, the discrete Morrey space is
not an inner product space, because if we take v = p then the norm | - ||, , is equal to
the norm || - ||» which do not satisfy the parallelogram’s law (see [15] ).

In this paper, we will show that we can define an inner product on the discrete Morrey
space. So, this is the first time to say that the discrete Morrey space is an inner product
space. We also discuss the relationship between a standard norm and the inner product
on the space.

To define an inner product on m,,,, the first, we will show for p = 2, the space m,, or
M2 is an inner product space. Then we begin try to define an inner product on m,,, for
p > 2. The next, we construct an inner product on m,,, for p < 2.

Throughout the paper, we assume that X is a real vector space, as in [16], the norm on X
is a mapping || - || : X — R such that for all vector z,y € X and a scalar a € R we have:

(i) |lz|| > 0 and ||z|| = 0 if and only if z =0
(ii) [Jaz]| = |a[|2|
(i) |z +yll < =] + [lyl

The inner product on X is a mapping (-, -) : X x X — R such that for all vectors z,y, z € X
and a scalar a € R we have:

(i
(i
(i
(iv
Note: The space X which is equipped by a norm || - ||, (X,]| - ||), is called a normed space.

The space X which is equipped by an inner product (-,-), (X, (-,-)), is called an inner
product space.

z,x) > 0 and (r,z) =0 if and only if z =0
z,y) = (Y, )
ax,y> - a<:1: y>

)«
) (
)
) (2 +y,2) <{x,2) +{y,2)

2. Result

2.1. Inner Product on m,, for p =2

In my 2, the norm of A = (A\g)rez € my2 is defined as

1
1_1 2
DY A el () R P

meZ,NEw kESm N
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We can observe that the norm satisfies the parallelogram’s law

I+ 1l + IA = w5 = M7, + Dl

for every A = (Ap)kez, it = (1k)kez € My2. That means, the norm is formed from an
inner product. So, we know that m,, 2 is an inner product space, equipped with the inner
product

A 1), , = suUp ‘Sm,NF(%i%)( > )\kﬂk)-

meZ,NEw
then [ N[[7,,, = (A N
Proposition 1. In the space my 2, the mapping (-, -)m, , defines an inner product on my 2.

Proof. We will show that the mapping (-, ), , satisfy all conditions of an inner prod-
uct on 1My 2.
(i) Clear, for every A = (Ap)rez € Mmu2, we get (A, A, , = H/\H > 0.

May,2

If X\ = 0 then (A, A\, , = 0. And, if (A, \)sn, , = O then ||)\||mu , = 0, So, it must be A = 0.

(ii) Given A = (Ap)rez, # = (Hk)kez € Mu2. Then we have

Moty = 5w 15w PED(CF hum)
’ meZ,NEw kes
m,N
1_1
= sup ISm,N\Z(“ 2)< Z ,Uk)\k)
meZ,N€ew kESm N
= </’[’7)\>mu’2

(iii) Given a € R and X = (Ag)kez, b = (pk)kez € Mu 2. We get

1_1
alA W, = sup ’Sm,NVQ(“ 2)( > a)\kﬂk)
’ meZ,New kESm N
l 1
= a sup \Sm,N\ w3 < Z AkMk)
meZ,N€Ew kES,, N
= a<)\7/"[’>muy2

(iv) Give A = (Ap)rez, ¥ = (W)kez, b = (k) kez € My2. Thus

,_l
A7)y, = sup ISmNI( )( > (Ak+vk)uk)
’ meZ,N€ew keS
m,N
l l
— sup S Pl ( > et Y Vk,uk;)
meZ,N€cw kESm. kESm. N

= sup |Sm,N|2(%7%)< > /\kuk)

meZ,N€cw kESm. N
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+ sup |Sm,N|2(%7%)< Z ’Ykﬂk)

meZ,N€ew kESm.n
= Mty T O B
|

Remark 1. The space (my2,| - |lm,.) i an inner product space. Moreover, by Theorem
1, the space is a complete. Accordingly, (mu,27 (s '>mu 2) is a Hilbert space.

For p # 2, the space m, , is not an inner product space. Because the norm is not
satisfy the parallelogram’s law. So, in the next section, we will try to define an inner
product on 1, for p # 2.

2.2. Inner Product on m, , for 2 <p < oo

In this section, we let 2 < p < u < oo, unless otherwise stated. We will define an inner
product on the space m, . First, before we define an inner product on the space my, ,
we observe that my, C my2 (as set). Indeed, if A = (A\;)kez is a sequence in my, p, then
by Holder’s inequality, we have

[

S ok < (X ) (2 )

k€S, N k€S N k€Sm,N
2
= 1Sunl (X )
kGSmyN
1 2
|Sm’N‘<}S Z |>\k|P)P.
m kesm,N

Thus

2
\SlN Z )\k|2§<‘51 Z P\k\p)p

kGSm,N kGSm N

So, taking the square roots of both sides, we get

(L S ) < (e S )

‘SmN‘k;eS N ‘SmN‘keS N
or ) X
‘Sm,Nr%( Z ‘)\k|2)§ S‘SrmN‘i%( Z |)\k’p);
k€S, N kESm, N
Then

N

sup }SmJV‘%_%( Z \)\k|2> < sup ‘Smw’%_%( Z |/\k\p);

meZ,N€cw kESm N meZ,N€Ew kESm N
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So, we have
[l < N[,

which means that A is in my, 2.
Thus, we realize that m,, can actually be considered as a subspace of m, 2, equipped
with the inner product

(A W)y, , 7= SUD ’Sm,NIQ(%_%)< § )\k,uk)
“w meZ,NEw kes
m,N

and the norm

o=

1_1
oo == sup_ (Sl 2 (30 1MP)
meZ,N€cw kESm N

for every A, pn € my p.
A more general result is formulated in the following proposition.

Proposition 2. For 1 < ¢ < p < u < oo then myyp C myy and ||M|m,., < [|Mm,, for
every X\ € My p.

Proof. Let 1 < g <p <wu < oo. For every A\ = (A\g)rez € my,p, we have

q A
Z el < (Z p\ﬂp)p( Z 1)1 »
kESm’N kESm’N kESmYN
q
= 1Sun (Y )
kE€ESm,N
Sl (g 2 )’
= N k .
" S, kESm N

Taking the g-roots of both sides, multiplying by |S,, N\% of both sides, and taking supre-
mum of both sides we get [|[A|m, , < [|Allm.,,, which tell us my, C my 4.
[ |

Corollary 1. For 2 < p < u < oo then myyp C my2 and ||Mlm,, < [[Alm,, for every
A€ My p.

Proof. Applying Proposition 2, take ¢ = 2, then the corollary is proved.

Remark 2. For 2 <p <wu < oo, the space (mu,pa |- Hmu,z) s an inner product space.

For 2 < p < oo, we finish to define an inner product on m,j, in the next section, we
will try to define an inner product on m,,, for 1 <p < 2.
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2.3. Inner Product on m,, for 1 <p <2

In this section, we let 1 < p < 2. First for all, we begin to discuss the following

proposition.

Proposition 3. For 1 <p<u <2 andv =

”)\Hmu,p fOT every A S mu,p.

2up

2p—2u+up”’ then Ma,p C My,2 and ||)\Hmv,2 <

Proof. Let A = (Ag)kez € My p. Then

1A

2
(-

sup (8 PG (30 BT

meZ,N€cw kES,, N
< S D
meZ,NEw kESm, N k€S, N
1 1 2-p
< s IS PE T ) TS vl

meZ,Necw

(
(
sup (5 2073 (
(
(

sup 18, 2GH (30 pup)

k‘ESm’N kESmJ\]

Take the square roots of both sides, we get

Because v =

2up

2p—2u+up

1
11 D
Ms € s (Sl 5530 g’

me

then we find
1
v 2

New kESm.N

1 1

(2up ) 2
2p—2u+up

2p — 2u + up 1

2up 2
_ 2p—2u+up up
N 2up 2up
2p — 2u
N 2up
p—u
=
1
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Because 1 < p <wu < 2,then 2 <wvand 0 < % < % And also, we get
11 o\ 7
Mlmoe < sup (Sl 7 (2 AkP)” = Al
meZ,N€ew kES,, N

Consequently, we have
H)\”mv,Q S ”)\Hmu,p

Since A € my,yp is arbitrary, then from the inequality, every element of m,, , is also in m, 2.
It means my, , C My 2.
|

Remark 3. For1<p<u<2andv = %é%, the space (Muyp, || - |lm, o) is an inner
product space.

A more general result of Proposition 3 is formulated in the following theorem. But,
before discussing the theorem, we need to introduce the following proposition.

Proposition 4. If 1 <p < u < q < 0o such that ;1) - % < %, then there is v > 0 such that
11 _1 1 : _ __upq
qgvandg—a—a—i ThatZS,U—m.
Proof. Let 1 <p <u < g < oo and }%—%‘ <%. Takev:%. Then
1 1 1 1 pg—ug+up 1 pg—uqg 1 1
voq (%) q upq ¢ upg u p
Pg—ug-+up
11 11 . 11 _1 11 _1
Because p < u then o, < > Hence, § < 7 and ¢ < v. Since 5 u<jg then 70 <7 So,
% >0 and v <0.
|
Theorem 3. For 1 < p < u < ¢ < 00 and v = =P, then myp C myq and
[MIms.g < (M, for every A € muy,p.
Proof. Let A = (Ar)kez € My p. Then
1_1
M, = s ST )
’ meZ,NEw kES, N
1_1 _
= sup ’Sm,N’q(v Q)< Z |\ |? p!x\k\p)
meZ,NEw kES,, N
1 1
< sup !Sm,qu(5_5)< sup A7) |)\k|p)
meZ,N€Ew keSm, N keS, N
(1) 5
< s (ST (N ) T O i)

meL,NEew kESm N kESm. N
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= sup ’Sm,N’q(%_%)< Z ])\k\p>%

meZ,NEw kESm N

Take the g-roots of both sides and apply Proposition 5, we get

1
ST (D2 Iwl)” = 1Al

||)\Hmv,q g sup
€Z,N kESm N

m cw

Since A\ € my,, is arbitrary, then from the inequality, we get my, , C My 4.

3. Furthermore Results

Now, we can define two norms in m,,, the usual norm || - ||, , and another new

. . . 2
norm (|| - [lm,, f2 <p <u < oo, 01 |, f 1 <p<u<2withe = 5550
One might ask whether [ - ||, , is equivalent to || - [, ,. The answer is negative. We
already have [|Al|m, , < [|Al|m,, for every A € my . The following proposition say that we
cannot control |||, , and [[Al|,, , for every A € my, such that the norm |[| - ||, , is not

equivalent to the norm || - ||, -

Proposition 5. Let 1 <p<u <2 andv = %. There is no constant C' > 0 such

that [[N|m, . > Cl|Mm,., for every X € myp.

Proof. For each n € N, take u = p and A,y = (%) with

kpT

T if keN
Ne(n) = & :
0, if k¢ N

Sl
Bl

Then v = 2 and we have

1 1
||)\(n)||?nv,2 = ||)\(n)||§2 = Z T Z — <0
keN kP pen ke

while 1
Xy o, = A5 = T <
keN "

We can see that || A, |lm, , is bounded by a fix number independent of n, while [[Aq)|[m.,,
is dependent on n and tends to oo as n — oo. Hence

A I

—0
||)\(7Z) ||mu,p

as n — oo. So, there is no constant C' > 0 such that |[A|[m,, > C||A|m,, for every
A E My p.
|
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Proposition 6. Let 2 < p < u < co. There is no constant C > 0 such that ||X|m, , <
Cl Mlmy.o for every X € myyp.

Proof. Let 2 < p < u < oo. Take u = p. Suppose that a constant exists. Then, for
Awm) = (---,0,0,1,0,0,...,0,1,0,...), where the first 1 is at £ = 1 and the second 1 is the

(n 4 1)™-term, we have
1 (33)

1
e
20 < O

11
But this cannot be true, since ﬁ@ P) — 0 as n — oo.

Remark 4. Proposition 5 and 6 say that in the discrete Morrey space, the usual norm
and the second norm are not equivalent.

Let 1<p<u<2andv= 21)722“7;;@. As we have seen in the previous section, every
sequence A € my,p has ||A[[y2 < co. This suggests that m,,; C m, 2. We shall now discuss
some properties of this space. First, we have the following proposition, which describes

the relationship between m,, , and my, 2.
Proposition 7. As a set, we have my , C my 2 and the inclusion is strict.

Proof. Let 1 <p<u<2,v= %é%, and A € my 2. It follows from Corollary 3
that

Al 2 < Al

which means that A € m, o.
To show that the inclusion is strict, we need to find A = (Ax)rez such that [|All,,, < oo
but [|Al|,, = co. Choose u = p and A\ = (Ax)rez with

Ak:{ (1)7, itk

0, itk=0
Hence
1 12 1 1 2 1
p 2 P\ 2
Wb = ez = (D2 1)) = (232 ()7)" <o
k€S keN
while
1o\ 5 1.\ 4
P P
Wy = Al = (D 1)) = (222 (7)) =
kGSmJ\] keN
This means that A is in m, 2 but not in m, .
|
Proposition 8. The space (mv,27 |- ||mv,2) is complete. Accordingly, (mU,Q, 5 Vomy 2) s a

Hilbert space.
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Proof. Based on Proposition 1 and Theorem 1, the space m, 2 is a complete. So,
(mu,2, (5 ), ,) is a Hilbert space.
’ |
4. Concluding Remarks

We have shown the space m,; can be equipped with an inner product and its induced

norm. So, we can define two norms in m,,;, the standard norm || - [|,,,,, and another new
norm (|| - [[m,, if 2 < p < u < oo, or [+ ||m,, if1§p§u<2withv:2p_22+ﬂup).

But, we have to know that the two norms are not equivalent. Using the inner product,
one may define angles on m,,,, define orthogonality on m,, ;, carry out the Gram-Schmidt
process to get an orthogonal set (see [3]), define the volume of an n-dimensional paral-
lelepiped on my, p, define an n-inner product on m,,,, discuss the concept of convergence
for n-dimensional subspace of m,, , (see [19], [18], and [17]), and so on.
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