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Abstract. In this paper, we introduce (t, 5)-d-fuzzy closed sets in double fuzzy topological spaces
and investigate some of their properties. Moreover, we introduce the concept of double fuzzy
d-continuous functions. Several interesting properties and characterizations are introduced and
discussed. Furthermore, the relationships among the new concepts are introduced and established
with some interesting counterexamples.
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1. Preliminaries

The concept of fuzzy sets was introduced by Zadeh in his classical paper [1]. In 1968,
Chang [2] used fuzzy sets to introduce the notion of fuzzy topological spaces. Coker [3, 4]
defined the intuitionistic fuzzy topological spaces using intuitionistic fuzzy sets. Later on,
Demirci and Coker [5] defined intuitionistic fuzzy topological spaces which is a generaliza-
tion of fuzzy topological spaces and intuitionistic fuzzy topological spaces. Mondal and
Samanta [6] succeeded to make the topology itself intuitionistic. The resulting structure is
given the new name ”intuitionistic gradation of openness”. The name ”intuitionistic” did
not continue due to some doubts that were thrown about the suitability of this term. These
doubts were quickly ended in 2005 by Gutiérrez Garcia and Rodabaugh [7]. They proved
that this term is unsuitable in mathematics and applications. Therefore, they replaced the
word "intuitionistic” by "double” and renamed its related topologies. The notion of intu-
itionistic gradation of openness is given the new name “double fuzzy topological spaces”
see [8-10].

The fuzzy type of the notion of topology can be studied in the fuzzy mathematics see
[11-13], which has many applications in different branches of mathematics and physics
theory. For example, fuzzy topological spaces can be applied in the modeling of spatial
objects such as rivers, roads, trees, and buildings. Since double fuzzy topology forms an
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extension of fuzzy topology and general topology, we think that our results can be applied
in modern physics and GIS Problems.

In this paper, we define and study (t,s)-0-fuzzy closed sets in double fuzzy topological
spaces and investigate some of their properties. Moreover, we introduce the concepts of
double fuzzy d-continuous functions. Several interesting properties and characterizations
are introduced and discussed.

Throughout this paper, let X be a nonempty set and I be the closed unit interval
[0,1], Ip = (0,1] and I; = [0,1). The family of all fuzzy subsets on X is denoted by IX.
By 0 and 1, we denote the smallest and the greatest fuzzy subsets on X. For a fuzzy
subset p € I*, 1 — p denotes it’s complement. Given a function f : X — Y, f(p) and
f~1(p) define the direct image and the inverse image of f, by f(p)(y) = V f(2)=y P(z) and
fYw)(z) = v(f(x)), for each p € IX, v € IY and = € X, respectively. For fuzzy subsets
p and ¢ in X, we write pgp to mean that p is quasi coincident (g-coincident) with ¢ that
is, there exists at least one point € X such that p(z) + ¢(x) > 1. Negation of such
a statement is denoted as pgp. Notions and notations not described in this paper are
standard and usual.

Definition 1.1. [8, 14, 15] The pair of functions 7, 7* : IX — I is called a double fuzzy
topology on X if it satisfies the following conditions:

(i) T(p) +T*(p) <1,
(i) T*(p1 Ap2) = T*(p1) AT (p2) and T(p1r A p2) < T(p1) V T (p2),
(i) T(Vier pi) = Nier T(pi) and T*(Ver pi) < Vier T*(pi) for each pr € I i € 1.

The triplet (X,7,7*) is called a double fuzzy topological space (DFTS, for short). T (p)
and 7*(p) may be interpreted as a gradation of openness and gradation of non-openness
for p. A function f : (X, 71, 7y*) — (Y, 72, 75) is said to be double fuzzy continuous if
Ti(f~1(v)) > Ta(v) and T (f~1(v)) < T5'(v) for each v € IY.

Theorem 1.2. [8, 14] Let (X,T,T*) be an DFTS. Then, for each v € Iy, s € I;, and
p € I, we define an operator Crr=: IX x I x Iy — I as follows:

CT,T*(Pvt’5) = /\{90 € IX|IO < 907T(l* 90) >, T*(li 90) < 5}'

For each p, p € IX, v, v; € Iy and s, 51 € I, the operator C7. 1+ satisfies the following
statements:

(Z) CT,T* (97 t75) = Q
(ii) p < Cr.7+(p, %, 5).
(iii) Cr7+(p,%,8) NCT.7+(0,%,8) = Cr 1 (p N s 1, 8).

() Cr1+(p,v,5) < Cr1+(p,v1,51), if v <t1 and s > 51.
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(v) Cr.7+(C1. 7+ (P, 0, 8),v,8) = O 7+ (P, 0, 8).
Theorem 1.3. (see [12-14]) Let (X, T,T*) be an DFTS. Then for each v € Iy, s € I,
and p € IX, we define an operator Ir 7> IX x I x Iy — IX as follows:
Irre(pr.s) = \{p € I* 10 < p, T(9) =7, T () < 5}

For each p, ¢ € IX, r, v; € Iy and s, s, € I, the operator L7 1~ satisfies the following
statements:

(i) I 1+
(i) I 7+

—pr,5) =1— CT,T*(p7ta5)'
,6,8) =1,

(iti) Iy 7+ (p,¢,8) <

() Zr«(p\ 0, t,8) > Ly 1(p\ @,v1,51) if t <1 and s > s;.

(1
(1
(
() Ir7+(p,v,5) VI 7 (90,0, 8) = I 7 (p V 0, 1, 5).
(
(vi) L1 1+ (L7 .7+ (P, %,8), v, 8) = I7 7+ (P, 1, 8).

(

(’UZZ) ZT,T* CTT*(pvt 5) L, 5) =P then CTT*(ITT*( - P t,S),t,ﬁ) =1-p

Definition 1.4. [16] Let (X, 7,7*) be an DFTS. p € IX, 2; € FP(X),v€ Iy, s € I1, a
fuzzy set p is called (r,s)-Q-neighborhood of x;, if T(p) > v, T*(p) < s, and x;qp.

Definition 1.5. [17] Let (X, 7,7*) be an DFTS. Then, for each t € Iy, s € I and p € IX
is called (v,s)-fuzzy regular open ((t,s)-FRO, for short) if p = Z7 7+(C11=(p,t,5), ¢, 5).
A fuzzy set p is called a (v,s)-fuzzy regular closed ((t,s)-FRC, for short) iff 1 — p is a
(v,5)-FRO set.

2. (t,s)-fuzzy J-closed sets

Definition 2.1. Let (X,7,7*) be a Double Fuzzy Topological Spaces. Then for each
v€ly, s €I, and p e IX, T(a,p) € FP(X), where FP(X) is the family of all fuzzy
points in X. A double fuzzy point x(, g is said to be a double fuzzy d-cluster point of
a fuzzy set p in an DFTS X iff every (r, s)-fuzzy regular open set containing a double
fuzzy point (4 g) (having same support as T(q,)) has non-null intersection with p, or if
for every (t,s)-fuzzy regular open Q-neighborhood ¢ of x(, gy is g-coincident with p, by
other words Z7 7+ (Cr 7+ (¢, t,5), ¢, 8)qp.

Definition 2.2. Let (X,7,7*) be an DFTS. Then, for each t € Iy, s € I1, and p € IX,
where p be a fuzzy subset of an DFTS X. Let ¢ be a fuzzy subset of X satisfying the
following conditions:

(a) Every double fuzzy point x4 g) in ¢ is a double fuzzy J-cluster point of p,

(b) If v is a double fuzzy set, such that ¢ < v, then there is a double fuzzy point.

T(q,3) in v which is not a double fuzzy J-cluster point of p.
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Any double fuzzy subset of X having same support as ¢ is defined to be (t,s)-fuzzy
d-closure of p.

Definition 2.3. The set of all double fuzzy d-cluster points of p is called the (t,s)-fuzzy
d-closure of p and denoted by dC7 7+. Thus a property related with the notation 6C7 7+,
will always imply that the property holds for all (t, s)-fuzzy 0-closure of p. A double fuzzy
set p is said to be a (r,s)-fuzzy d-closed set if p = 6C7 7+(p,v,5). The complement of a
(v,5)-fuzzy d-closed set is said to be a (v, s)-fuzzy J-open set.

Definition 2.4. Let (X,7,7*) be an DFTS. Then, for each v € Iy, s € I1, and p € I,
the 0C7 7+ and Z7 7+ operators are define as follows:

(i) 6CT7(p,v,5) = Np € I*|p <, pis (r,s) — FRC}.

(i) 0Z7,7(p,v,5) = V{p € IX[p > ¢, pis (r,s) — FRO}.
From the above definition, we have the following relations:

(i) 6CT7-(L = p,t,8) = L= 617+ (p; 1, 8),

(ii) 1 =6Cr 1+(p,%,8)) = 6L 7+(1 — p,t,5).

Note: (t,s)-fuzzy 0-closure of a fuzzy set in an DFTS is not unique. However, it is unique
up to it’s support, and any (tr,s)-FRO set of an DFTS X is a (t,s)-fuzzy open set of
X. Therefore, the set of all (r,s)-FRO sets is subset of the set of all (v, s)-fuzzy open
sets of an DFTS. So, if a double fuzzy point z(, g) of a double fuzzy set p in an DFTS
X is a double fuzzy 4-cluster point of p, then z(, g is also a double fuzzy cluster point of p.

Proposition 2.5. Let (X,7,7*) be an DFTS. Then, for each r,t; € Iy, s,51 € I, and
p € I, the operator 0L7 1+ satisfies the following statements:

Proof. (i), (ii), (v) are obvious by using the definition 2.4.
(iii) Let v > v; and s < s1. Then for each (r,5)-FRO and (t1,51)-FRO sets, we have:

0Z(p,v,5) = \[{p € IX|p > ¢, pis (x,5) — FRO}
=\{p e I*lp>¢, ¢is(r1,51) - FRO}
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= 0Z(p,t1,51).
(iv) Since p A ¢ < p and p A ¢ < ¢, then we have

ST(p 1 p,t,5) < 0L(p,1,5),
and
0Z(p N, t,5) < dZ(p,t,s).

ThUS, 5I(p N@,t, 5) < 5IT,T* (pv T, 5) A 5IT,T* (90’ t,5)-
Conversely, it is clear that

517'77’* (,0, t,5) VAN 517—’7—* (807 t,g) < pAeo.

Also,
T(0Z77+(p,t,8) A 07 7+ (80, T, 6))
> T(&Z’-’T,T* (p7 T, 5)) A T((;IT,T* (90’ T, 5))
ZTtAt=r,
and

T (67,7 (p, %, 8) N 6LT 7+ (P, ¥, 8))
< T (0Zr,7+(p:%,8)) AT (6Z7 7+ (9, ¥, 5))
<sAs=s5.

By the definition of 6Z7 7+, we get
0L, 7+ (ps%,8) NOLT 7+ (0, v,8) < OL(p A p, ¢, 8).
Hence,

0L 7+ (p N, t,8) = 0LT 7+(p,t,8) AN OLT 7+ (0, 1, 5).

Proposition 2.6. Let (X,7,7*) be an DFTS. Then, for each t,v; € Iy, 5,51 € I1, and
p € I, the operator d0CT 7+ satisfies the following statements:

(i

) 0CT7+(0,t,8) =0, 6C 7+ (1,v,8) = 1.
) (p,v,8) =

(iii) 6C7 7+(p,v,8) < 0CT 7+(p,t1,81), if v < vy and s > s57.
(iv) 6CT7+(pV @,1,5) = 6CT (P, %, 8) V 6CT 7+ (9, 1, 5).
(v) 6CT,7+(0CT 7= ((P: ¥, 8), 1, 8)) = 0CT 7+ (P, ¥, 8).

Proof. Similar to proposition 2.5.
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Lemma 2.7. (i) For any double fuzzy set p in an double fuzzy topology (T,T*) on X,
Ir 7+(C11+(p,t,5)) is a (v,5)-FRO set.

(it) double fuzzy set p in an double fuzzy topology (T, T*) on X, such that x;qp, I 7+(C1 1+ (p, ¢, 5))
is a (v,8)-FRO Q-neighborhood of x;.
Proof. (i) It’s enough to show that It 1« (C11+(p,¢,8)) = I 7+ (Cr 7+ (LT, 7+ (CT 7 (P, 1, 8))).
Since
Ir - (Cr1+(pyv,8)) < O+ (Z1 7 (O 7+ (D5 0, 8))),

and we have
Iy 7Ly 7+ (Cr+(p,t,8)) < Iy« (Cr 7« (Zr 7+ (Cr 1+ () 1, 8))).
Thus

Ir 7 (Crr(p,v,8) < I7 7+ (Cr o (T 7 (CT 1+ (P, 0, 8))).

Conversely, since
I+ (Cr,7+(Ps 1, 8)) < C17 (P, T, 8),

and we have
CT7T* (IT,T* (CT,T* (pv T, 5)) S CT,T* (CT,T* (pa T, 5)) = CT,T* ((p7 T, 5)7 T, 5)‘

Thus
Ir 7 (Crr(Zr 7 (Cro7+ (P, %, 8))) < I 7 (CT 7+ (P) 1, 8)).
Hence It 7+ (C1.1+(p, v,8)) is a (v,5)-FRO set.

(ii) Clearly,
Ir7+(p,v,5) < I17-(CT,7+ (P, ¥, 8)).-
Since p is a (v,8)-FRO set, we have
p= I’T,T* (07 t75) < IT,T* (CT,T* (pa T, 5))

By (1), Zr 7+(Cr 7+ (p,,5)) is a (v,8)-FRO set. Therefore It +(Cr1+(p,¢,8) is a
(v,5)-FRO Q-neighborhood of x;.

A (t,s)-FRC set is not always (v, s)-fuzzy d-closed set. For example,

Example 2.8. Let X = {a,b} and the fuzzy set u; define as follows:

p1(a) = 0.5, ui(b) = 0.6,
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The double fuzzy space (T,7*) is define on X as follows::

17 if P € {Qul}v O) if P € {Q7l}a
T(p) =19 3 ifp=pm, T (p) =% 3, if p=p,
0, otherwise. 1, otherwise.

Since p1 = Cr 7+ (Ir,7+(p11, %, 8), v, 8). Then, py is (3, 3)-FRC set, but is not (3), 3)-fuzzy
0-closed set.

Theorem 2.9. For any DFS p in an DFTS (X,T,T*), we have:
(i) Cr1+(p,t,5) < 0CT 7+ (p, 1, 8).
(it) L1+ (p, v, 8) < L7+ (P, ¥, 5).

Proof. It is Obvious.

Theorem 2.10. Let p,o € IX. The finite union of (v,s)-fuzzy 6-closed sets is also
(v,8)-fuzzy 0-closed, where v € Iy and s € I. That is, if p = 6Cr71+(p,v,5) and ¢ =
SCT 1+(p,v,8), then pV ¢ = 0CT +(p V @, ¢,8).

Proof. Clearly (pV ¢) < CT1+(pV @,v,8). We will show that

SCTT+((pV ), t,8) < p V.

Let x; for each i € I be a double fuzzy point. Suppose that x; € SCT7+((pV ¢),t,5). Then
for any (x,s)-fuzzy reqular Q-neighborhood v of xo € yq(p V ). Thus yqp or vqp. Hence
zo € 0CT 1+(p,t,8) V OCT 7+ (0, ¢,8). That is, xo € (pV ).

Corollary 2.11. If p is a (t,s)-fuzzy d-closed set in an DFTS (X, T, T*), then p is double
fuzzy closed. The converse don’t holds, the following example shows it.

Example 2.12. Let X = {a,b} and the fuzzy set p; is fuzzy set define by pi(a) = 0.5
and p;(b) = 0.3,

Take the (7,7*) on X as in Example 2.8.
Since p1 = §C7 7+ (p1,v,5). Then, py is (3), 3)-fuzzy d-closed set, but is not (3, 3)-FRC
set.

Theorem 2.13. If p is a (t,s)-fuzzy d-open set in an DFTS (X, T,T*), then the double
fuzzy closure and (v,s)-fuzzy 6-closure are the same, i.e. Cr7+(p,t,8) = dCT 1+(p,t,8).

Proof. By Theorem 2.9, it is sufficient to show that C1 1+(p,t,5) < Cr7+(p,t,5).
Take any x; € CT 1+(p,t,s). Suppose that x; ¢ Cr 7+(p,¢,s). Then there exists a (t,s)-
fuzzy open QQ-neighborhood ¢ of x; such that pgp. Since pqp, we have ¢ < 1 — p. Since
(L—p) is a (v,8)-fuzzy d-closed set,

Crr(p,t,8) <Crr-(1—p,t,8)=1—p.
Therefore,
Ir - (Crr+(p,1,8) < Irr«(1—p,r,s) < 1 —p,

i.e. I 7«(Cr71(0,v,8))Gp. By Lemma 2.7, I 1+(Cr1+(p,t,8)) is a (v,5)-FRO set
Q-neighborhood of x; such that 1 7+ (Cr 7+ (¢, ¢,5))dp. Hence x; ¢ 0CT 7+(p,t,s).
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Theorem 2.14. For any (v,s)-fso set p, Cr1+(p,t,5) = 6CT.1+(p, 1, 5).

Proof. It’s enough to show that §Ct1+(p,t,5) < Crr=«(p,v,s). Take any z; €
SCT 7+ (p,t,8) and suppose that x; ¢ Cr1+(p,v,8). Now, z; ¢ Cr1+(p,t,s), then there
exists a (v,s)-fuzzy open Q-neighborhood v of x; such that oGp. By definition of (t,s)-fso
set, there exists a T () > r and T*(p) < s such that ¢ < p < Cr1+(p,t,8) whenever,
vely, s ely. Thus

v<l—p<l-op.

Hence,
Crr(v,v,5) <Crr«(1—p,v,5) < Or-(l—,t,5) =1 —¢.
Also,
Ir 7+ (Crr(v,1,8)) < Iy 7+ (C1.7+ (L= p, %, 8)) < I 7+ (O 7+ (L — 0,1, 5))
= IT,T*(l_ 907t75) < l - ¥,

i.e.

Ir 7+ (Crr(v,t,8)) < 1— .
Therefore,

0 < (1 —=Z77+(Cr7+ (1,1, 8))).

Hence,

p < Crr(p,t,s) < Crr«(1 —Zr 7« (Crr+(v,v,5))) = (L — I 7+ (Cr.7+ (1,1, 8)).

Because of (L — (1 — Z7,7+(Cr,7+(v,v,8)))) = 1 and (1 — (1 — Z7,7+(Cr 7+ (v, 1,8))) < s.
Thus It 7+(C1.1+(v,¢,8))dp. By Lemma 2.7, 1 7+ (Cr 7+ (v, %,8)) is a (v,s)-fuzzy reqular
open Q-neighborhood v of x; such that It 7+ (Cy 7+ (v,v,8))4p. Hence, x; ¢ 0CT 7+(p,t,5).

Proposition 2.15. Let (X, 7,7*) be an DFTS. Then, for each v € Iy, s € I;, and p € IX.
Let 0Z7 7~ : I X x Iy x I; — I* be a function satisfy the conditions (1-5) in proposition
2.5 such that 7, 7* : I — I be functions defined by

T(p) = V{r € I|6Z7 7+(p,v,5) = p} and

T*(p) = N{s € I|6Z7 7+ (p,t,8) = p}. Then ¢ = (T, T*) is double fuzzy topology in X.
Proof. (a) Since (v,s) € Iy x I and we have t +s < 1. Hence s <1 — ¢, Thus,
l - T(p) - l - \/{'C € IMIT,T* (p7t75) = p}
= /\{1 —te I|6I7—,7—* (p7 T, 5) = p}
> N{s € I|6Z7.7+(p, v, 5) = p}
T
(b) Suppose that T (p1 A p2) < T (p1) AT (p2). Then there is a £ € I such that

T(pr N\ p2) €< T(p1) \T(p2).
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Since,
§ < T(pi) = \/{r € 10Tr 7 (pe, v, 8) = pit,

for each ¢ = 1,2 there exist (t1,51), (t2,82) € Ip X I1 such that &€ < v; < T(p;) and
L7 7+(pi, i, 8;) = pi- Now, for each i =1,2, let v =11 A vy and s = 51|/ 5.
Since (t1,51), (v2,82) € Iy x I1, we have:

1—t:1—(t1/\t2)

= (1—t1)\/(1—t2) 251\/52 =5
Hence, (t,s) € Iy x I1. Since t < t; and s > s; for each i = 1,2 we have,

OZ7 1+ (pe,,5) = 6L1 7+ (pis tiy $i) = pe.
Hence, 6Z7 7+ (pi,t,s) = p; for each i = 1,2, we get
STr7+(pr \ p2,v,8) = 6Tr .7+ (p1,7,8) \ OT7 7+ (P2, v,8) = p1 \ p2.
Thus,
§>T(p \p2) = \/{r* € 10Zr 7+ (o1 \p2v.s) =pr N2} =r =11 Nra > &

Which is a contradiction. Hence, T (p1 A p2) > T (p1) AT (p2)-
Next, suppose that

T (o1 \p2) = T (1) \/ T (p2)-
Then, there is a £ € I such that
T (o1 [\ p2) = €= T (1) \/ T*(p2).

Since & > T*(pi) = N{s € I|0Z71+(pi,t,8) = pe} for each ¢ = 1,2 there are
(tl,ﬁl), (t2,52) € Iy x I such that & > 5¢ > T(,Ol) and 517',’7'* (Pi,ti,ﬁi) = ;.
Now, let t = 11 /\tg and § = 51 \/52. Then (t,ﬁ) € Iy x I1 and (51.7”7‘*(,01',7“,52‘) = pi for
each i =1,2.

STy 7+(p1 \ p2,t,8) = 61 7= (p1,7.8) )\ OZ7 7+ (P2, v.8) = p1 \ 2.
Thus,
§>Tx(pr \p2) = N\ € 1I6Tr 7 (p1 [\ p2.v.5) = p1 N\ p2} < s =51 [\ 52 <&
Which is a contradiction. Hence,
T (o1 N\ p2) < T(01) \/ T*(p2)-

(c) First suppose that, T(\/ p;) < AT (pi). Then, there exist £ such that T(\/ p;) <
& < NT(pi). Since & < \/{r € I|6Z7 7+(pi,t,5) = p;} for each i there exist (v;,5;) € Io X I
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such that & <v; < T(p;) and 6Z7 7+(pi, ti, 6i) = pi-
Now, let v = A v; and s = \/s;. Since (v;,s;) € Ip x I for each i we have,

l—v=1-A\r)=\/1-1)>\s=s
Hence, (t,s) € Iy x I;. And since t < A t; and s > \/s; for each i,
0Lt 7+ (pi, v, 8) = OI1 7+ (pis ¥, Si) = pi-

Hence, 0Z7 7+ (\/ pi, t,8) > 0Z7 7+(pi,t,8) > p; for each i. So,

517—,7’* (\/ Pis s 5) > \/ Pi,

And hence,
SIr7+(\/ pirt.5) = \/ ps.
Thus,
¢>T(\/ p)
= \/{v* € 16T 7+ (\/ pi, v, 5") = \/ pi}
>v=Au>¢

Which is a contradiction. Hence, T (\/ p;) > A T (p;). Similar for s.
Therefor, ( = (T, T*) is double fuzzy topology in X.

Proposition 2.16. Let (X, 7,7*) be an DFTS. Then, for each v € Iy, s € I1, and p € IX.
Let §C7 7+ : IX x Iy x I — IX be a function satisfy the conditions (1-5) in proposition
2.6 such that 7, 7* : I*X — I be a function defined by:
T(p) = V{r € I|6CT,1+(p,v,5) = p} and
T*(p) = N{s € I|6CT 7+(p,t,s) = p}. Then ¢ = (T, T*) is a double fuzzy family of closed
sets in X.

Proof. Similar to proposition 2.15

3. (t,s8)-Fuzzy J-continuous functions

Definition 3.1. A function f FROm an DFTS (X, 7;,7;") into an DFTS (Y, 72, 75%) is
said to be double fuzzy d-continuous at a double fuzzy point z, 5 in X, if ) is a
(v, 5)-fuzzy d-open set, for each v € Iy, s € I;, and v is a (r,5)-FRO set in I such that
T2(v) > r and 75*(v) < s. i.e for each double fuzzy point z,inX and for any (t,s)-FRO
set @-neighborhood «y of f(x,) in IV, there exists a (t,s)-FRO set Q-neighborhood /3 of
Zq such that f(5) <.

Theorem 3.2. Let f be a function FROm an DFTS (X, T1,7{") into an DFTS (Y, T2,7T5").
Then the following two conditions are equivalent
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(i) f is double fuzzy §-continuous,

(ii) for each double fuzzy point z; in X and each (t,s)-FRO set p containing f(x;), there
exists a (v,5)-FRO set ¢ containing x; where v € Iy, s € I such that f(p) < p.

Proof. (1) = (2) Let z; be a fuzzy point in (X,T1,7{") and p be a (v,8)-FRO set
containing f(x;), where v € Iy, s € I1. Since every (v,5)-FRO set is a fuzzy open set, it
follows FROm (1) that there exists a double fuzzy open nbd ¢ of x; such that,

f @777 (Cr 17 (0,%,8))) < Iy 75 (Cra75 (5%, 8)) = p-

Taking I, 1+ (C73,77 (#1,%,5))) = @ (being a (v,5)-FRO set containing x;, we obtain (2).

(2) = (1) Let z; be a double point of X and p be a double fuzzy open nbd contain-

ing f(xi). Then Iy, 77(Cr75(psv,5)) is a (v,5)-FRO set containing f(v;) and p <
I7,77(Cra75(ps%,5)). By (2), there is a (v,5)-FRO set ¢ containing x; such that f(p) <

173,757 (Cr3,75(ps%,8)) (i-e., since a (t,)-FRO set is a double fuzzy open set) and I, 1+ (O 17 (0,1, 5)) =
¢ there is a double fuzzy open set ¢ containing x; such that ,f(Z7 7(C1i 7 (05 7,5))) <

1,75 (Cr.75 (P57, 8)).

Theorem 3.3. For a function f: (X, T1,7") — (Y, T2,75). The following statements
are equivalent:

(i) f is double fuzzy §-continuous,
(ii) F(OCT 1-(p,t,5)) < 6Cr 72 (F(9),v,5), for cach v € I, s € I, and p € I
(iii) 6Cr 77 (f(@) ™ v,8) < FH(6CH 77 (p,1,8)), for each v € Iy, s € I, and p € IY

(iv) for every (r,s)-fuzzy 6-closed set ¢ in IV, v € Iy, s € I, f~'(p) is (v,8)-fuzzy
§-closed set in IX.

(v) for every (t,s)-fuzzy 6-open set p in IV, v € Iy, s € I, f~1 () is (v,5)-fuzzy d-open
set in IX.

Proof. (1) = (2) Let p € I, x4 € 5Cr.7+(p,t,5) and v be a (x,s)-reqular open
Q-neighborhood of f(xy). Then there exists a (v,s)-reqular open Q-neighborhood B of x,,
such that f(v) < . Since xo € §CT7+(p,t,5), we have Bgp. Then f(B)qf(p). Thus
')/Qf(p) and hence f($a) € 50’7’,7’* (f(p),t,ﬁ). So f(dCT,T* (p,t,ﬁ)) < 5CT,T*(f(p)ata5)'

(2) = (3) Let ¢ € IY. By using (2),
FOCT 7 (f M), v,8)) < 6CT 7+ (F(f M), t,8) < 6CT, 77 (. 1,5).

Hence,
50T 7+ (f (@), v,8) < fH0CT, 73 (9,1,9)).
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(3) = (4) We have ¢ = 6Cp, 75 (,%,5). Now by (3),

SC7 7 (f 7M@), t,8) < fH6CT 72 (0, 1v,8)) = f ().

Therefore, 6C1; 77+ (f71(p),t,5) = f~1(p). Hence f~(p) is a (x,s)-fuzzy 5-closed.

(4) = (5) Let p € IV, and ¢ be a (v,s)-fuzzy 6-open. Then, 1 — ¢ is a (t,s)-fuzzy
S-closed in IY. By (4), f~(1 — ) is a (v,8)-fuzzy 6-closed in IX. Since f~1(1 — ) =
1— f~Yp), fHp) is (x,5)-fuzzy 6-open in IX.

(5) = (1) The proof is clear.

Theorem 3.4. For a function f: (X, m1,77) = (Y, 72, 75). The following statements are
equivalent:

(i) f is double fuzzy d-continuous function,
(ii) f~1(n) is an (vo,51)-fuzzy d-closed set in I for each p € IV, vo € Iy, s1 € I,
(iii) f~(u) is an (vo,s1)-fuzzy 6-open set in IX for each p € IV ;70 € Iy, 51 € I.

Proof. (1) = (2) Let pu be an (xo,51)-fuzzy 0-closed set in I for each u € IV, r0 € Iy,
s1 € I1. Then p =0CT; 7+ (11, v0,51). But, by Theorem 3.3 we have 6Cr; 7+ (fY(p),v0,81) <
BT 7 (0 0,81)) = f1(11). Hence ()= 6Cr, 7= (1, 0,51)- So we get, f~(s0) is
an (v, 51 )-fuzzy 0-closed set in IX.

(2) = (3) Trivial by taking the complement of (vo,s1)-fuzzy 0-closed set to be an
(t0,51)-fuzzy d-open set.

(3) = (1) Let z(q,8) be a fuzzy point in IX and let v be an (vo,s1)-fuzzy reqular-open
g- meighborhood of f(x(a,p)) for each v € I, r0 € Iy, 51 € I1. But, 7y is an (vo,51)-fuzzy
§-open set in IY and by hypothesis, f~'(v) is an (vo,s1)-fuzzy d-open set in IX. Since
T(a,8) 4 F71(y) so we get, f~1(v) is (vo,51)- fuzzy 6-neighborhood of T(q)- Therefore,
there exists an (to,$1)- fuzzy reqular-neighborhood of p of x(q, gysuch that p< (v, %0,51).
Hence, (1) < 7.

Theorem 3.5. Let f : (X, 7, 7s+) = (Y, 7y, Ty+) be a bijection function. Then the follow-
ing statements are equivalent:

(i) f is double fuzzy d-continuous function,

(77) 01Ty, Tux (N, t0,61)=f(0ITs, T+ (A, v0,61)) for each (vo,s1)-fuzzy set X in IX vy € I,
s1 € 1.

Proof. (1) = (2) Let X be an (xo,51)-fuzzy set in IXr0 € Iy, s1 € ;. Then f(\)
(to,51)-fuzzy set X in IY . But, f is one- to-one, then

FY0Ie, o (F(N),t0,51) < 01y, Ty (£ = 1(f(N)), v0,81) = 07y, Tux (A, vo,51). Since f
s onto, So
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5IT$7 Ta* (f()\)v t0,51) :f(f_l (ITyv Ty* (f(A)a t0751))) < f(ITwa To* ()\7 t0751)-

(2) = (1) Let A be an (vo,51)-fuzzy set in IV, vg € Iy, 51 € I1. Then f~1(\) is
an (vo,51)-fuzzy set X in IY. But by hypothesis, dI1y, 7y (N, t0,51) = 0174, 7or (f(f —
1\ v0,81) < f(8I7y, 7y (f71(N\),v0,51)) ) for each (vo,51)-fuzzy set X in IX, vy € Iy,
s1 € I1. But f is one -to-one function, then

F7H0 Iy, Ty (N v0,81) < fHF (00T, Tas (F (N, v0,51))) = 0Ty, Ty (f71(A), v0, 51)

Hence by Theorem 3.3, f is double fuzzy d-continuous function.

Remark 3.6. The concepts of a (t,s)-fuzzy d-continuous and a (r, s)-fuzzy-continuous are
independent to each other for each v € Iy, s € I3.

Example 3.7. Let X =[0,1] and f: (X, 71,7") — (X, T2,75°) be the identity function
(1)- define p; and S as follows:

And the two spaces (71, 7;") and (72, 75°) are define as follows:

1, if pe{0,1}, 0, if pe{0,1},
7-1(0): %7 if p=p1, 7-1*(10) = %7 if p = p1,
0, otherwise. 1, otherwise.
and
1, if pe{0,1}, 0, ifpe{0,1}
1 : 2 .
3, p=pm 5, p=m
T = 37 1 ’ T — 3 )
2(p) %7 lfp:ﬁb 2 (p) TQ()a lfpzﬁla
0, otherwise. 1, otherwise.

Then, f is double fuzzy §-continuous function but not double fuzzy continuous function.

(2)- define p; and S as follows:

And the two spaces (71, 7;") and (72, 75°) are defined as follows:

17 if p € {0,1}, g, if p € {0,1},
3, ifp=p1, * 5, ifp=p1,
Ti(p) = . T = .
=91 =, R B NN
0, otherwise. 1, otherwise.
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and
1, if pe{0,1}, 0, if pe{0,1}
T2(p) = %a if p = p1, T3 (p) = %v if p = p1,
0, otherwise. 1, otherwise.

Then, f is double fuzzy continuous function but not double fuzzy J-continuous function.

Theorem 3.8. Let (X, T1,7"), (Y, T2, T5") and (Z, T3, T5") be an DFTSs. For the functions
(X, TF) = (Y, T2, 75) and g - (X, T, ") = (Z,73,75°). If f and g are (v,s)-fuzzy
d-continuous functions, then go f (v,s)-fuzzy §-continuous.

Proof. Straightforward.

Corollary 3.9. Let f : (X, T1,7T") = (Y, T2, T5") be double fuzzy regular d-continuous
function, then 6Cr, 7 (f(0) 7', v,8) < fH(0C0T, 77 (0,1v,9)), for each Ta(p) 2 1, T3 () <
s, andt € Iy, s € I.

4. conclusion

The main purpose of this paper is to introduce a new concept in double fuzzy set
theory, namely a (t, s)-fuzzy J-closed sets and a double fuzzy §-continuous functions. On
the other hand, the double fuzzy topology on a double fuzzy set is a kind of abstract theory
of mathematics. First, we present and study a (t,s)-fuzzy d-closed sets and double fuzzy
d-continuity FROm a double fuzzy topological space on a double fuzzy set into another.
Then, we present the relationships between types of double fuzzy é-continuity functions.
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