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Abstract. In this work, Gaussian Fibonacci functions with the use of the (ultimately) periodicity
and exponential Gaussian Fibonacci functions are also discussed. Especially, by giving a non-
negative real valued function, several exponential Gaussian Fibonacci functions are attained.
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1. Introduction

Fibonacci numbers have many applications in different disciplines such as in mathe-
matics, philosophy, physics, art, architecture etc, where can be found in [2, 3, 7]. A series
of the Fibonacci numbers is 1,1,2,3,5,8,..., where the first two initiated numbers are
1 and every other number comes from the sum of the two preceding numbers. In 1963,
Fibonacci numbers were examined on the complex plane and some interesting properties
about them are established [1]. By the same strategy of finding the Fibonacci numbers,
Gaussian Fibonacci numbers GF,, are defined recursively by GF, = GF,_1 + GF,_o,
where GFy =4,GF; =1, and n > 2 [6].

In [4], it is showed that if fg is a Gaussian Fibonacci function, we have that lim,_, oo f ?((;r(;)l) =

¢, where ¢ = 1+27\/5 Similarly, it is showed that if fs is a Gaussian Fibonacci function and

f is a Fibonacci function, then lim,_, oo fGJSE”;gl) = ¢ +1i, where ¢ = #

The Fibonacci functions with periodicity is studied in [5]. In this paper, Gaussian Fi-
bonacci functions with periodicity are discussed and studied as well as discussing the ex-
ponential Gaussian Fibonacci functions, Especially, by giving a non-negative real valued
function, several exponential Gaussian Fibonacci functions are obtained.
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2. Preliminaries

Definition 1. /4] A Gaussian function fg on the real numbers R is said to be a Gaussian
Fibonacci function if it satisfies the formula

fa(x+2) = f(z+2)+ f(z+ 1),
where f is a Fibonacci function and for any z € R.

Remark 1. [4] For alln > 0. The full Gaussian Fibonacci sequence, where Guy =i and
Guy =1, are formed by the following formula

Gu_p = (—=1)" *xi* Gpy1.

Then the full Gaussian Fibonacci sequence, where Gu,, = GF, the n'" Gaussian Fibonacci
numbers, are: ..., -3+ 51,2 —3i,—14+ 24,1 — 4,4, 1,1 +2,2+14,3+ 24,5+ 37,....

Example 1. [4] Let {Gu,}52 _ o and {Gv,}52 _ o be full Gaussian Fibonacci sequences.
We define a function fo by fa(x) = Gu|z) + Gu|pjt and f(z) := u|y| + v|4|t, where
t=xz—|x] €(0,1) and x € R. Then

Ja(@ +2) = Guipya) + Guppa)t = Guig o + Gy 4ot

by the fact that Gu|z) 42 = U|z| 42+ Uz 41 and GU|z| 12 = V|g|42 T V|4 |41, we oblain that

falx+2) = (uLxJJ’,Q + iuL1J+1) + (ULxJ+2 + ivaJJrl)t
= (ULZ‘J’_QJ + ULx+2Jt) + i(“Lx—HJ + ’ULSU-HJt)
= f(z+2)+ f(x + 1)i.
Therefore, fa is a Gaussian Fibonacci function.

Example 2. Let ¢(t), 1(t) be any real valued functions which are defined on [0,1) and let
{Gu_yn} and {Gv_,} be Gaussian Fibonacci sequences. Define a map fa(x) := Gu|,¢(t)+
G|z (t), and f(z) = umqb(t.) + vz (t) where t =z — |z] € [0,1). Then fo(z+2) :=
GU|gioP(t) + GV gqn)P(t). Since |z +2| = [z] +2 and hence v +2 — [+ 2| = 2 — | =],
we obtain
fa(@ +2) = Guiy)420(t) + Gy 129(1)

= (Ug)42 + iU +1) D) + (V2] 42 + Vo) 11)P ()

= (U|z)+20(t) + V2] 120 (1)) + 1(u|z]410() + V| +19(2))

=flz+2)+if(z+1).

Therefore, fa(x) is a Gaussian Fibonacci function.

By using the concept of an fg-even and fg-odd functions, we attain some Gaussian
Fibonacci functions which are discussed in [1]
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Definition 2. [4] Let ¢(x) be real-valued function of a real variable such that c(x)h(x) =0
and h(z) is continuous, then h(x) = 0. The function c(x) is said to be fg-even function
(resp., fa-odd function) if c(x + 1) = ¢(x) (resp., c(x + 1) = —c(x)) for any x € R.

Theorem 1. [}] Let fa(z) = c(z)ga(x) be a function and f(x) = c(x)g(x) be a Fibonacci
function, where c(x) is an fg-even function and ga(x) and g(x) are continuous functions.
Then fa(x) is a Gaussian Fibonacci function if and only if go(x) is a Gaussian Fibonacci
function.

Note that if a Gaussian Fibonacci function is differentiable on R, then its derivative is
also a Gaussian Fibonacci function.

Proposition 1. Let fo be a Gaussian Fibonacci function. If we define gg(z) := fa(z+1)
and g(z) := f(x +t) where t € R, for any v € R. If g is a Gaussian Fibonacci function,
then gg is also a Gaussian Fibonacci function.

Theorem 2. [4] If fa(x) is a Gaussian Fibonacci function, then the limit of quotient

%@1) exists.

Corollary 1. [4] If fa(x) is a Gaussian Fibonacci function, then

i Je@+ 1) 1+v5 _
z—oo  fo(x) 2

o.

3. Gaussian Fibonacci functions with periodicity

In this section, several results of Gaussian Fibonacci functions with periodicity is
obtained.

Theorem 3. Let fo(x), ga(x) be Gaussian Fibonacci functions with gg(x) = ag(X) fa(x).
If ag(x + 1) # ag(X) for all z € R, then

lim ag(x +1)

=1.
00 aG(q;)

Proof. Since ag(z + 1) # ag(X) for all x € R, we have

ag(z+ D[f(z+1)+if(z)] =ag(x+ 1) fa(z + 1)
=ga(z+1)
=g(z+1)+ig(x)
=ag(z+1)f(z +1) + iac(z) f(z)

Comparing the two sides, we obtain

1
lim 7(10(3:_‘_ )

=1.
T—r00 aG(l’)
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Corollary 2. Let fa(z), ga(x) be Gaussian Fibonacci functions with ga () = aq(X) fa(x).
If ag(z + p) # ag(x) for all x € R, thwn

lim ag(z +p)

=1
T—r00 CLG(LE)

Proof. The proof is similar to the proof of the Proposition 3.

Corollary 3. Let fa(z) and gg(x) be Gaussian Fibonacci functions with ga(x) = a(z) fa(z)
for some a(x). If y > 0, then

i SEEY) _alety)
zooo a(z)  eocalz+y— |y))

Proof.

i 2y o al@tylal@ +y — [y])
v—o0  a(z) e—oo a(z+y — |y])a(z)
: az+y) . alzty—[y])

z—00 a(r +y — y]) z—o0 a(z)
_ i Yoty —lyl ) alzty—ly])

z=oo a(z+y—ly])  aoeo a(z)
I G VI

z—oo a(z +y — |y])

Definition 3. A map tg(z) is said to be Gaussian ultimately periodic of period p > 0 if

! ta(x + p)
m ————:—-
z—o0  ta (m)

=1
Note that a(z) discussed in Proposition 3 is Gaussian ultimately periodic of period 1.
Example 3. Let tg(x) := mx +b. If m # 0,then

i €@ +p) o m(ztp) +b

=1

z—oo  tg(x) z—oo  mx+b ’

showing that tg(x) is a Gaussian ultimately periodic of period p for all p > 0.
Using Example 3, we obtain the following example.

Example 4. Iftg(z) := apz"™ + an_12" 1 +- -+ ag, then tg(x) is a Gaussian ultimately
periodic of period p for all p > 0.
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Example 5. If tg(x) = cos(z), then

- tglx+p) . cos(z+p)
lim —— = lim ——=
z—o0  ta(x z—o0  cos(x)
~ lim cos(z) cos(p) + sin(z) sin(p)
T—00 cos(x)

= cos(p) + sin(p) lim tan(z).

T—00

Since limg o tan(x) does not exist, tg(x) is not a Gaussian ultimately periodic of period
p > 0 unless sin(p) = 0 and cos(p) = 1.

Proposition 2. If ag(x) and bg(z) are Gaussian ultimately periodic of period p > 0, then
aag(z) + Bbg(z) is also a Gaussian ultimately periodic of period p > 0, for all a, f > 0

Proof. Since ag(x) and bg(x) are Gaussian ultimately periodic of period p > 0, there

exist €;(x),ea(z) > 0 such that %(;)p) = 1+ €(x) and %(;)p) = 1 + ez(x) where

€1(x), e2(x) — 0. We know that }izlgg =1+ ¢(z). In fact, e(z) = % — 0. This
shows that

Bba (z+p)
aag(z +p) + Bbg(x +p) 1T qagarp) aag(x + p)

aag(x) + Bbg(x) 14 Pl aag(x)

aag(z)

B(1tes(x))bo(x)
1+ e @)acts) ac(@ +p)

1+ Zelo) ag()

aag(z)
. ag(z +p)
ac(x)
— 1.

Hence, the proposition is proved.

Proposition 3. If ag(x) and bg(x) are Gaussian ultimately periodic of period p > 0, then
ag(z)bg(x) is also a Gaussian ultimately periodic of period p > 0.

Proof. This can be prove by the following equation:

i 6@+ Pbc@+p) . ac@tp) bz +p)

v=o0 ag(z)be(T) soo0  ag(z) oo ba(x) =1

Note that GU, is the collection of all functions which are Gaussian ultimately periodic
of period p > 0.

Proposition 4. If ag(r) € GU, and ag(x) # 0 for all v € [\, 00), then —— 7 € GUp.
Proof.
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A map fg which is defined on the set of all real numbers R is said to be Gaussian
periodic of period p > 0 if fg(z + p) = fg(x) for all z € R. It is obvious that every
Gaussian map of period of periodic 1 is Gaussian ultimately periodic of period p.

Proposition 5. Let fg(x) be a Gaussian Fibonacci function and f(x) be a Fibonacci
function and let ag(z) be a Gaussian periodic of period 1. If ga(x) = ag(x)fa(x) and
g(z) == ag(x)f(x), then gg(x) is a Gaussian Fibonacci function.

Proof. Given x € R. Since ag(z) is a Gaussian periodic of period 1, we have

ga(x +2) = ag(z + 2) fa(xr + 2)
= ag(@)[f(z +2) +if (z+1)]
= ac(@)f(x +2) +iag(x) f(z + 1)
=ag(z+2)f(x+2) +iag(z+1)f(x +1)
=g(z+2) +ig(z+1).
Hence, gg(x) is a Gaussian Fibonacci function.

We ask the following question: Are there a Gaussian Fibonacci function fg(x) and
a function ag(z) which is a Gaussian ultimately periodic of period 1 but not periodic of
period 1 such that gg(x) = ag(X)fe(z) is also a Gaussian Fibonacci function?

4. Exponential Gaussian Fibonacci functions

Consider a Gaussian map Tg(z) = IHISEZ)Z) with domain D = (0,00) \ {1}. If we let

C :=C\[0,1], then Tz : D — C'is a bijective function.

Proposition 6. If go(z) = A(z)’ is a Gaussian Fibonacci function where A(z) > 0,
then there exists y(x) € C such that

ga(z+2) _ [g(x + 2)]7(‘73)
gz +1) gz +1) ’

Proof. If gg(x) = A(m)f(z), A(z) > 0, then gg(z) > 0. Assume

go(@+2) _ {g(x + 2)}“”
glx+1) gz +1)

for some v(z). If we let B(z) := £2%2) then

T oglz+1)
@ _ 96@+2) _glz+2)+igle+l) oo
ST sary P

It follows that
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This has proved the proposition.

Proposition 7. There is no Gaussian Fibonacci function fo(x) such that gg(x) = Alfe®)
and g(x) = AT®) A > 0 where fo(x) and f(x) are differentiable and go(x) and g(z) are
Gaussian Fibonacci function and Fibonacci function, respectively.

Proof. Suppose that fg(x) is a Gaussian Fibonacci function. Since fg(z) is differen-
tiable, we have
fal@+2)=f(z+2)+if (x+2) (1)

Since gg(x) is a Gaussian Fibonacci function, then gg(x+2) = g(x+2) +ig(x+1). Since
go(z +2) = Afe®@ and g(z) = A/® and fg(z) and fe(z) are differential, g (x + 2) =
q(x+2) +ig'(x + 2), i.e.,g5(z) is also a Gaussian Fibonacci function. It follows from
0(x) = go () In AfL(z) and g'(z) = g(x) In A'(z) that

go(z+2)In Afi(x +2) = gu(x + 2)
=4d(x+2)+ig(x+1)
=glx+2)InAf(z+2)+iglz+ 1) InAf'(z +1)

Comparing the two sides, we obtain

gz +1)
gc(z +2)

gz +2)

7gG($+2)f(x+2)—|—i

fo(z+2) = fllx+1) (2)

From equations (1) and (2), we obtain

[ g(x +2)
ga(x +2)

gz +1)

—1} f/(a:+2)+z‘[gg(m+2) —1} fllx+1)=0

This implies that

e +2) _glet)golet?) gzt golet) 1 glet?)
iff(x+1) glx+2)—galz+2) ig(x +1) i gz +1)

This follows that

) ) x+2) . .
=lm*—=1—Ilm >=——F—i=1—¢—
10} im im 0 i ¢ —1

Which is contradiction because ¢ = HT\/E but we obtain that ¢ = % Hence, fg(x) is a
Gaussian Fibonacci function.
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