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Abstract. In this paper, we revisit the concepts of Grundy domination and Grundy hop dom-
ination in graphs and give some realization results involving these parameters. We show that
the Grundy domination number and Grundy hop domination number of a graph G are generally
incomparable (one is not always less than or equal the other). It is shown that their absolute dif-
ference can be made arbitrarily large. Moreover, the Grundy domination numbers of some graphs
are determined.
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1. Introduction

The concept of Grundy domination in a graph was introduced and initially studied
by Bresar et al. [6]. This concept was also considered in other previous studies (see [3],
[4], [5], [7]). In [5], exact formulas for Grundy domination numbers of Sierpinski graphs
were generated and a linear algorithm for determining these numbers in arbitrary interval
graphs was given. Grundy domination number was studied for Kneser graphs in [7] and
graph products in [3] and [14].

Recently, Hassan and Canoy [8] introduced and investigated the concept of Grundy
hop domination in a graph. They showed that the parameter is at least equal to the
hop domination number of a graph G. The authors also characterized the Grundy hop
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dominating sequences in graphs under some binary operations. Previous studies on hop
domination can be found in [1], [2], [9], [10], [11], [12], [13], [15], and [16].

This paper revisits the concepts of Grundy domination and Grundy hop domination in
a graph and shows, as a particular case of a realization result, that the absolute difference
of the Grundy domination and Grundy hop domination numbers can be made arbitrarily
large. Moreover, the Grundy domination numbers of some graphs are given.

2. Terminology and Notation

Let G be a simple undirected graph. A set D C V(G) is a dominating set of G if for
every v € V(G)\ D, there exists u € D such that wv € E(G), that is, No[D] = V(G). The
domination number of G, denoted by v(G), is the minimum cardinality of a dominating
set of G. Any dominating set with cardinality equal to v(G) is called a ~-set.

Let S = (v1,v9, - ,v;) be a sequence of distinct vertices of a graph G and let S =
{v1,v2,--- ,vp} be its corresponding set. Then S is a legal closed neighborhood sequence if
Nelvi] \ U;;ll Nglv;] # @ for every i € {2,--- ,k}. If, in addition, S is a dominating set
of G, then S is called a Grundy dominating sequence. The maximum length of a Grundy
dominating sequence in a graph G, denoted by v4,(G), is called the Grundy domination
number of G. We say that vertex v; footprints the vertices from Ng[vi] \ Ué-:lNG [v5],

and that v; is their footprinter. Any Grundy dominating sequence S with |S| = Yor (G)
is called a maximum Grundy dominating sequence or a vg.-sequence of G. In this case,
we call S a vgr-set of G. A legal closed neighborhood sequence S = (vi,v2,--- ,vy) of
G is a mazimum legal closed neighborhood sequence if for any legal closed neighborhood
sequence (w1, ws, -+ ,w;) of G, we have t < k. A legal closed neighborhood sequence S is
non-dominating if S is a non-dominating set of G.

A vertex v in G is a hop neighbor of vertex u in G if dg(u,v) = 2. The set Ni(u) =
{v € V(G) : dg(v,u) = 2} is called the open hop neighborhood of u. The closed hop
neighborhood of u in G is given by N3[u] = NZ(u) U {u}. The open hop neighborhood of
X CV(G) is the set NA(X) = U NZ(u). The closed hop neighborhood of X in G is the

ueX
set NZ[X] = N&(X)U X.

A set S C V(G) is a hop dominating set of G if N3[S] = V(G), that is, for every
v € V(G)\S, there exists u € S such that dg(u,v) = 2. The minimum cardinality among
all hop dominating sets of G, denoted by v,(G), is called the hop domination number of
G. Any hop dominating set with cardinality equal to v, (G) is called a ~p-set.

Let S = (v1,v2, -+ ,v) be a sequence of distinct vertices of G and let S = {v1,+ v}
be the set induced by S. Then S is a legal closed hop neighborhood sequence of G if
N&[vi] \ U;;IIN%'[U]'] + @ for each i € {2,--- ,k}. If, in addition, S is a hop dominating
set of GG, then S is called a Grundy hop dominating sequence. The maximum length of a
Grundy hop dominating sequence in a graph G, denoted by 'ygr(G), is called the Grundy
hop domination number of G. We say that vertex v; hop-footprints the vertices from
N&[vi] \ U;-:lNé[vj], and that v; is their hop-footprinter. Any Grundy hop dominating



J. Hassan, S. Canoy Jr. / Eur. J. Pure Appl. Math, 16 (2) (2023), 1154-1166 1156

sequence S with |§ | = fygT(G) is called a maximum Grundy hop dominating sequence or
a ygr—sequence of G. In this case, we call S a ’ygr—set of G.

A set S C V(G) is an independent set of G if for any two distinct vertices v and w of
S, dg(v,w) # 1. The maximum cardinality of an independent set of G, denoted by a(G),
is called the independence number of G. Any independent set with cardinality a(G) is
referred to as a maximum independent set or a-set of G.

Let S1 = (v1, - ,v,) and So = (u1,--+ ,um), n,m > 1 be two sequences of distinct
vertices of G. The concatenation of S; and Sz, denoted by S7 @ Ss, is the sequence given
by

S1 @S2 = (V1 ,Un, UL, Up).

Let G and H be any two graphs. The join of G and H, denoted by G+ H, is the graph
with vertex set V(G+ H) = V(G)UV(H) and edge set E(G+ H) = E(G)UE(H)U{uv :
ueV(GQ),veV(H)}.

3. Main Results
Theorem 1. Let a and b be positive integers such that 3 < a <b. Then
(i) there exists a connected graph G such that vg,(G) = a and v".(G) = b, and
(ii) there exists a connected graph G such that v},.(G') = a and 74, (G') = b.

Proof. For a = b, consider the graph G given in Figure 1. Let S = (uy,ug, ..., uq—1,Uq).
Then S is both a ~,4,-sequence and a ygr—sequence of G. Hence, v4,-(G) =a = 'ygr(G).

Figure 1: A graph G with v4-(G) = v2.(G)

Next, suppose a < b and let m = b — a. For (i), consider the graph G given in Figure
2, where the graph G[{z,, 21, 22, . .., 2m}| induced by {4, 21, 22, ..., 2} is complete. It
can easily be verified that S1 = (z1,29, - ,2,) and Sy = (u,v,Z1,...,Ta—2,21, " ,2Zm)
are ygr-sequence and 'yg,,—sequence of G, respectively. Therefore, v4,.(G) = a and yf}r (G) =
m+a=0b.
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Z2 €3

G x1

Figure 2: A graph G with v4-(G) = a < ¥4.(G) =b

For (ii), consider the graph G’ given in Figure 3. Let S; = (s1,82,--,8,) and
So = (81,82, -+, 8a, UL, U2, "+ ,Up,). Then S; and Sy are 'ygr—sequence and ~y,4--sequence of
G', respectively. Thus, fy;‘T(G’) =a and v, (G')=m+a=0.

Q' 51 52
' o——o0
Figure 3: A graph G’ with v/ (G') = a < 74 (G') = b
This proves the assertion. ]

Corollary 1. Let n be a positive integer. Then each of the following statements holds.
(i) There exists a connected graph G such that 'yg‘r(G) — Yr(G) =n.
(it) There exists a connected graph H such that vgr(H) — 'ygT(H) =n.

In other words, the absolute difference ]')/gr(G) — Ygr(G)| can be made arbitrarily large.

Proof. Let n be a positive integer and let a = n 4+ 2 and b = 2n + 2. By Theorem
1(7), there exists a connected graph G with ~4,.(G) = a and ’ygr(G) = b. Hence, fygr(G) -
Ygr(G) = n. By Theorem 1(7i), there exists a connected graph H such that ng(H )=a
and vy, (H) = b. Hence, v4.(H) — ’ygr(H) =n. O
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The following result shows that difference of the Grundy domination number (Grundy
hop domination number) and domination number (resp. hop domination number) of a
graph G' can be made arbitrarily large.

Proposition 1. Let n be a positive integer. Then each of the following statements holds.

(i) There exists a connected graph G such that v4.(G) — v(G) = n.

(11) There exists a connected graph G’ such that ng(G’) — Y (G) =n.

Proof. (i) Consider the graph G in Figure 4. Let D = {u} and S = (v1,v2,...,Un+1).
Then D is a y-set and S is a y4-sequence of G. Hence, v(G) = 1 and ~,4,.(G) = n+ 1,
that is, v4-(G) — v(G) = n.

G:
Figure 4: A graph G with v4-(G) —v(G) =n
(i4) Consider the graph G’ given in Figure 5. Let S1 = {u,w} and
Sy = (z1,22,...,Tn+1,w). Then S is a yp-set and Sy is a fygT—sequence of G’. Therefore,

’)/h(G/) =2 and /}/ST(G,) =n + 2, that is, VST(G,) - th(G/) =n.

x2

G

Figure 5: A graph G’ with v/ (G") — W (G') =n

This proves the assertion. ]
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Proposition 2. If D = {v1,...,v} is a y-set of G, then (vi,...,vx) is a Grundy domi-
nating sequence. In particular, v(G) < 74 (G).

Proof. Let D = {vi,...,v;} be a v-set of G. Suppose S = (v1,v2,...,v;) is not a
legal closed neighborhood sequence of G. Then there exists i € {2,3,...,k} such that
Nglvi] \ U};llNg[vj} = . This implies that Ng[v;] C Uj;llNg[Uj]. Thus, S\ {v;} =
D \ {v;} is a dominating set of G, contradicting the the minimality of D. Therefore,
N¢lvi \U;;llNG [vj] # @ for each i € {2,3,...,k}, showing that S is a Grundy dominating
sequence of G. 0

Proposition 3. Let G be a graph on n wvertices. If S = (uy,ve, - ,ug) is a Grundy
dominating sequence of smallest length k, then v(G) = |S| = k.

Proof. Since S is a dominating set of G, it follows that v(G) < |S|. On the other hand,
by Proposition 2 and the assumption that S a Grundy dominating sequence of smallest
length k, |S| < v(G). Consequently, v(G) = |S| = k. O

Theorem 2. Let G be a graph. Then S = (s1,82, - ,8k) is a mazimum legal closed
neighborhood sequence of G if and only if S is a Grundy dominating sequence of G with

Yor(G) = k.

Proof. Let S = (s1, 82, -, sk) be a maximum legal closed neighborhood sequence of G.
Suppose S is not a dominating set of G. Then there exists v € V(@) \ Ng[S]. This implies
that v ¢ Ng[u] for every u € S. Let S* = (s1, 82, , Sk, v). Then Ng[v]\uleNg[si] #* .
It follows that S* is a legal closed neighborhood sequence of GG, a contradiction to the
maximality of S. Thus, Sis a dominating set of G. Therefore, by assumption, S is a
Grundy dominating sequence of G and v, (G) = k.

The converse is clear. O

The next result follows from Theorem 2

Corollary 2. Let G bg a graph and let S = (s1,82,...,5m) be a legal closed neighborhood
sequence of G. Then |S| =m < v4-(G).

Theorem 3. Let G be a graph on n vertices. Then v4-(G) = a(G) if and only if every
a-set is induced by a mazximum legal closed neighborhood sequence of G.

Proof. Suppose 74, (G) = a(G). Let D = {v1,..., v} be a maximum independent set
of G and let S = (v1,...,vE). Then S=Disa dominating set of G. Moreover, since S is
an independent set, v; € Ng[v;] \ U;;ll Nglvj] for each i € {2,...,k}. Hence, S is a legal
closed neighborhood sequence of G. Since 7v4,.(G) = a(G), S is a maximum legal closed
neighborhood sequence of G by Theorem 2. Therefore, a-set is induced by a maximum
legal closed neighborhood sequence of G.

For the converse, suppose that every a-set is induced by a maximum legal closed
neighborhood sequence of G. By Theorem 2, v4,.(G) = a(G). O
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Corollary 3. vy (Ki1n) = a(Ki1,n) = n for every positive integer n.

Proposition 4. Let G be a graph with components G1,Go,...,Gi, k> 2. Then

k
Yor(G) = 19r(Gh).
=1

Proof. For each i € {1,2,...,k}, let S; be a vy4-sequence of G;. Then S =5 @ Sy ®
-+ @ Sy is a Grundy dominating sequence of G. Thus,

k k
Yor(G) = 18] =D 1Si| =D 4r(Gi).
=1 =1

1=

Next, suppose that S’ = (wi,ws,...,wy) is a ~g-sequence of G. For each
i € {1,2,...,k}, let S! = (wi1,wi2,...,w;m,;) be a subsequence of S’ such that
5‘2’ =5n V(G;). Since S’ is a Grundy dominating sequence of G, S! is a Grundy
dominating sequence of G; for each i € {1,2,...,k}. Hence, S* = S1 @ S, & --- @ 5},
is a Grundy dominating sequence of G. Therefore,

k k
Yr(G) = 19 = 1S =D IS <) 7gr(Ga)-
i=1 i=1
Consequently,

k
FYgr(G) = ZVgr(Gi)' O
=1

Lemma 1. Let G be a graph on n vertices and k be any positive integer. If |[Ngla]| > k
for every a € V(G), then v4-(G) <n —k+ 1.

Proof. Suppose S = (s1,82,...,5) is vg-sequence of G. Then |Ng[si]| > k by
assumption. It follows that there are only at most n — k remaining vertices that can be
footprinted by the remaining terms of S. Thus, v4-(G) =t <n —k+ 1. O

Theorem 4. Let G be any non-trivial graph on n > 1 vertices. Then 1 < v4,.(G) < n.
Moreover, each of the following statements holds.

(1) vgr(G) =1 if and only if G is a complete graph.

(17) vgr(G) =2 if and only if G is non-complete and {a,b} is a dominating set of G for
each pair of distinct vertices a,b € V(G) with Ng[a] # Ng[b].

(iii) vgr(G) =n if and only if G = K,,.
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Proof. Clearly, 1 < v,4,(G) < n.

(¢) Assume that ~,4.(G) = 1. Suppose G is not a complete graph. Then there exists

a,b € V(G) such that dg(a,b) = 2. This implies that b € Ng[b] \ Ngla]. Hence, (a,b) is a

legal closed neighborhood sequence of G. Therefore, v4-(G) > 2, a contradiction.
Conversely, suppose G is a complete graph. Then ~,,(G) = 1.

(#7) Suppose that v4.(G) = 2. Then G is non-complete by (z). Let a,b be two distinct
vertices of G such that Ng[a] # Ng[b]. Then Ngla]\ Ng[b] # @ or Ng[b]\ Ngla] # @. We
may ssume that Ng[b] \ Ng[a] # @. This implies that (a,b) is a legal closed neighborhood
sequence of G. Suppose there exists ¢ € V(G) \ (Ngla]UNg[b]). Since ¢ € Ng|cl, it follows
that Nglc] \ (Ngla] U Ng[b]) # @. Hence, (a, b, c) is a legal closed neighborhood sequence
of G. Thus, v4-(G) > 3, a contradiction to the assumption that v, (G) = 2. Therefore,
{a, b} is a dominating set of G.

Conversely, suppose that G is non-complete and {a,b} is a dominating set of G for
each pair of distinct vertices a,b € V(G) with Ngla] # Ng[b]. Then 74.(G) > 2. Let
(s1,82,- -+, 5¢) be ayg-sequence of G. Then N¢[s2]\N¢[s1] # @, that is, Ng[s2] # Ng[s1].
By assumption, {s1, sz} is a dominating set of G, that is, V(G) = N&[s1]U NZ[ss]. There-
fore, v4r(G) =t =2.

(#4i) Suppose v4-(G) = n. Suppose there exists component C' of G which is non-trivial.
Then |N¢[v]| > 2 for every v € V(C'). By Lemma 1, 74, (C') < |V(C)|—1. By Proposition
4, it follows that v,4,.(G) < n — 1, a contradiction. Therefore, every component C of G is
trivial, i.e., G = K,,.

Conversely, suppose that every component C' of G is trivial. Then by (i) and Propo-
sition 4, v4,(G) = n. O

The next result follows from Theorem 4 and Proposition 4.
Corollary 4. Let G be a graph on n vertices. Then each of the following statements holds.
(1) Ygr(G) > 2 if and only if G is non-complete graph.

If G has k components and every component is complete, then v4-(G) = k.

(i)
(ti3) If G is complete, then V4 (G) + v4r(G) = n + 1.
)

() If G is non-complete, then

(@) 3 <7 (G) +7r(G) <2n—1, and
(0) 2 < 7r(G) - 7gr(G) < n® —n. o
In particular, equality in (a) and (b) holds if and only if G = K.

Proposition 5. For any positive integer n, each of the following holds.

1ifn=3
n—2ifn>4.

(Z> "Ygr(cn) = {
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lifn=1,2

(”) ’Ygr(Pn) = {

— 2, n=23
(Z”) ’Ygr(Pn) = { 4

2, ifn=4
3, ifn=3o0rn>5.

(iv) 79r(Cn) = {

Proof. (i) Clearly, v4r(Cy) = 1 for n = 3. Suppose n > 4. Let C,, = [v1,v2,...,Vp, V1]
and S = (v1,ve,+++ ,vp—2). Clearly, S is a dominating set of Cy,. Observe that v €
Nelvi] \U;;ll Nglvj] for each i € {2,...,n—2}. Thus, S is a Grundy dominating sequence
of Cy, and v4-(Cp) > n — 2. On the other hand, let Sy = (a1, as,...,a;) be a Grundy
dominating sequence of C,. Since |Ng[v;]| = 3 for each i € {1,...,n}, it follows that
Ygr(Cn) = k <n —2 by Lemma 1. Consequently, v,4,(G) =n — 2 for all n > 4.

(#7) Clearly, vgr(P,) = 1 for n = 1,2. Suppose n > 3. Let P, = [v1,v2,...,0p]
and let D = (vy,v2, - ,v,—1). Clearly, D is a dominating set of P,. Observe that
vit1 € Ngvi] \ U;;ll Nglvj] for each i € {2,...,n —2}. Thus, D is a Grundy dominating
sequence of P, showing that ~4.(P,) > n — 1. Since |Np,[a]| > 2 for every a € V(P,),
Ygr(Pn) <n —1 by Lemma 1. Therefore, v4,(FP,) =n — 1 for all n > 3.

(iii) Clearly, v4-(Pyn) = 2 for n = 2,3. Suppose n > 4. Let {vi,va, - ,v,} be a ver-
tex set of P, and consider S = (v2,v4,v3). Then S is a Grundy dominating sequence
of P,. Hence, v4,(P,) > 3. On the other hand, let S’ = (wy, -+ ,wg) be a Grundy
dominating sequence of P,. Notice that [Np [vi]| > n — 2 for every i € {1,...,n}. Thus,

Ygr(Pn) = k < 3 by Lemma 1. Consequently, v4,(Py) = 3 for all n > 4.

(iv) Clearly, v4-(C3) = 3 and 7,,(Cy) = 2. Suppose n > 5. Let {v1,v, - ,v,} be a
vertex set of C), and consider S’ = {v1,v3,v2}. Then S’ is a Grundy dominating sequence
of Cp,. Hence, v4-(Cy) > 3. On the other hand, let S” = (uy,---,u;) be a Grundy
dominating sequence of C,. Observe that [Ng [vi]| = n — 2 for every i € {1,---,n}.

O

Thus, v4(Cy) =1 < 3 by Lemma 1. Therefore, v4,(C5) = 3 for all n > 5.

Theorem 5. Let G and H be two non-complete graphs. A sequence D of distinct vertices
of G+ H is a Grundy dominating sequence in G + H if and only if one of the following
condition holds:

(i) D is a Grundy dominating sequence of G.
(13) D is a Grundy dominating sequence of H.

(ii1) D = D¢ @ (w) for some non-dominating legal closed neighborhood sequence D¢g of
G and w e V(H).
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(iv) D = Dy @ (v) for some non-dominating legal closed neighborhood sequence Dy of
H and v e V(G).

Proof. Let Dg and Dp be subsequences D such that Dg =Dn V(G) and Dy =
Dn V(H). If Dy = @, then D = D¢ is a Grundy dominating sequence of G. If
Dg = @, then D = Dy is a Grundy dominating sequence of H. Hence, (i) or (ii)
holds. Suppose now that D¢ and Dy are both non-empty. Since D is a legal closed
neighborhood sequence of G+ H, DG and Dy are legal closed neighborhood sequences of
G and H, respectively. If |[Dg| = |Dy| = 1, then both (i7i) and (iv) hold. Next, suppose
that |Dgl > 2. Suppose further that D¢ is dominating. Let D = (x1,x2,...,Tm). Since
DG is dominating, none of the terms in Dy comes after (succeeds) all the terms of D¢ in
D by the legahty property of D. Hence, if x; € Dy and Ty € Dg, then k > j. However,
if z; € Dy for some j, then V(G) C NG+H[a;j] This would imply that |Dg| = 1, a
contradiction. Thus, Dy = &, a contradiction. Thus, D¢ is a non-dominating legal
closed neighborhood sequence of G. Let Dg = (v1,v2,...,v,) and Dy = (w1, wa, ..., w;).
If in D the term w; does not precede v,., where r > 2, then v, does not satisfy the property
in the legality condition, a contradiction. Hence, in D, w; comes after the term v, in Dg.
Since V(H) C Uj—; Ne+nlvj] and V(G) \ (U=, Ne[vs]) € Netulwi], Dy cannot have
other terms, i.e., t = 1. Thus, Dy = (w), where w = wy, and D = Dg @ (w). This shows
that (iii) holds. Similarly, (iv) holds if |Dp| > 2.

For the converse, suppose first that (i) or (i) holds. Then clearly, D is a Grundy
dominating sequence of G + H. Next, suppose that (iii) holds. Then D is a dominating
set of G+ H. Let Dg = (v1,v2,...,v,). Since D¢ is a legal closed neighborhood sequence
of G, it is legal closed neighborhood sequence of G + H. Moreover, since D¢ is non-
dominating in G, Ngyu[w]\ (Uj=; No+u[vs]) # @. Thus, D = Dg @ (w) is a legal closed
neighborhood sequence of G+ H. Similarly, D is a Grundy dominating sequence of G+ H
if (iv) holds. O

The next result follows from Proposition 5 and Theorem 5.

Corollary 5. Let G and H be two non-complete graphs. Then

Vor(G + H) = maz{ g (G), vgr (H)}

In particular, each of the following holds:

n—1ifn>m>=>3
m—11ifm>n>3.

(2) ’Ygr(Pn"i‘Pm) :{

n—1ifn>m=4

1 rPn“‘Cm:
) '79( ) {m—?ifm>n+1:4.

n—2ifn>m>4

i) e (Co+ O —
(18) ar ) {m—ZifmZnZél.



J. Hassan, S. Canoy Jr. / Eur. J. Pure Appl. Math, 16 (2) (2023), 1154-1166 1164

(iv) Ygr(Kmm) = maz {m,n} for all m,n > 2.
Then next result can be proved easily.
Theorem 6. Let G be a complete graph and let H be a non-complete graph. A sequence

D of distinct vertices of G+ H is a Grundy dominating sequence in G + H if and only if
one of the following condition holds:

(1) D= (v) for somev € V(G).
(13) D is a Grundy dominating sequence of H.

(iii) D = Dy @ (v) for some non-dominating legal closed neighborhood sequence Dy of
H and v € V(G).

Since 74 (H) > 2 for any non-complete graph H, the following result follows from
Theorem 6.

Corollary 6. Let G be a complete graph and let H be any non-complete graph. Then
Yor (G + H) = 74, (H).

In particular, each of the following holds:

(1) Ygr(K1n) =n for alln > 1.

(1) Ygr(Wn) = vgr (K1 4+ Cp) = 7gr(Cn) =n — 2 for all n > 4.
(149) Ygr(Fn) = Ygr (K1 + Pp) = vgr(Pn) =n — 1 for alln > 3.

4. Conclusion

The study revisited the concepts of Grundy domination and Grundy hop domination in
graphs which have been considered previously by various authors. In general, the Grundy
domination and Grundy hop domination numbers do not satisfy a consistent relationship
as any one of them can be larger than the other. In fact, it was shown that the absolute
difference of these two parameters can be made arbitrarily large. The Grundy domination
numbers of some graphs were determined. For the join of two graphs, the Grundy domi-
nation number was obtained by first characterizing all the Grundy dominating sequences
in the graph. These two parameters can still be studied for other graphs; in particular, for
graphs under some binary operations not yet considered in previous studies. Moreover, it
still remains a conjecture that the Grundy hop dominating set problem is NP-complete.
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