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Abstract. Let G = (V, E) be a simple connected graph, then the basis number of G is denoted by
b(G) and is defined by the least positive integer k such that the graph G has a k — fold basis for it
is cycle space. In this paper we studied the basis number of Mycielski’s graph for some cog-special
graphs, and we compute the basis number of Mycielski’s graph for cog-path graph, cog-cycle graph,
cog-star graph, and cog-wheel graph.
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1. Introduction

Let G be a connected graph with edges sets {e1, e2,...,e4}. For each subset S of edges
of the graph G, there is a vector (a1, az,as,...,a,) corresponding to S such that a; = 1
ife; € S and a; = 0 if e; ¢ S. These vectors form a vector space of dimension ¢ on the
field Zs, called the vector space associated with the graph G and denoted by (22)?. The
vectors of (z2)? that correspond to the cycles of G generate a vector subspace called the
cycles space of G and denoted by C(G). Each vector in C(G) represents either a cycle in
G or the union of separate cycles with respect to the edges.

A known corollary of graph theory is that a dimension of C(G) is ¢ — p + 1 where p
represents the number of vertices of graph G and ¢ the number of edges. The method for
finding the base for the cycles space of C(G) is as follows:

Let T be a generating tree for the graph G If the edge e; belongs to G — T then T +¢;
contains only one cycle, let it be C,,. Clearly, ¢ — p + 1 of cycles C,,, where ¢; € G — T
fori=1,2,...,q forms the base of the cycles space C(G).

The base B of cycles space C(G) is said to have a k — fold if each edge of G shows no
more than k times (iterations) in the cycles that corresponding to the vectors in the base

B.
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The basis number of the graph G is defined as the smallest integer k, such that C(G)
have a k — fold base; It is denoted by b(G). If B is the base of the cycles space C(G) and
e is an edge in G, then the fold of the edge e in B is defined the number of cycles that
exist in B and containing the edge e, and is denoted by fp(e).

In recent years, interest in the basic number has increased, we refer the reader to
references [3-6, 9, 10, 13] for more information. In this paper, we will assume that all
graphs that we encounter are finite, unguided and simple; For undefined terms, refer to
the references [7][8].

There are other types of numbers that are important in graph theory such as: detour
number [1] and number of domination [17], and graph theory has an important applications
at the present time, see [11, 14, 15].

Mycielski’s graph [16]: Let G' be the graph, such that the set of its vertices is V' =
{u1,u9,us,...,u,}, then the Mycielski’s graph for G consists of G itself as a sub graph
isomorphic with (n + 1) additional vertices, the vertex v; corresponding to u; in G, for
1=1,2,3,...,n; and another vertex w which is adjacent to each vertex v; such that these
vertices form a sub graph isomorphic with star K1 ,); In addition, for each edge u; u; in
G, the Mycielski’s graph includes two edges u; v; and v; u;, therefore if G is a graph of
n vertices and m edges, then the Mycielski’s graph of G has 2n + 1 vertices and 3m + n
edges and is denoted by u(G). Figure (1) represents Mycielski’s graph of the cycle Cs.

u \ . 3
v % V3
%%
Figure 1: p(Cs)
2. Main Results
2.1. Cog-Path Graph F;,
It is a graph consists of a path P,, : uy,us,...,u, where m > 3, with m — 1 addi-
tional vertices vy, vg, ..., vm,—1 and additional edges {w;v;, viuit1,7 =1,2,...,m—1}. The

number of vertices of PS, is 2m — 1 and the number of its edges is 3m — 3 [2].
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2.1.1. The Basis Number for Mycielski’s Graph of the Cog-Path pn(P5,)

Let the vertices of the Cog path graph Py, be w1, ug,us, . .., u2m,—1 and the vertices opposite
to them are v1,v9,v3,...,v2,_1 and let the other vertex be w, from the definition of the
Mycielski’s graph, it becomes clear that the number of vertices of u(Pf,) is 4m — 1 and
the number of its edges are 11m — 10. See Figure (2).

u(FR)

Figure 2: u(Py,)

Theorem 1. Let P, be a path of order m > 3 then b(u(PS,)) =3

Proof. We can prove that for each m > 3, there is a subgraph of u(Pf,) that topo-
logically equivalent K3 3, according to Kurtowski’s Theorem [8], p(Pf,) is not planar, and
according to McLean’s Theorem [12] we have

b(u(Pp)) = 3 (1)

We will prove that there is a base B for the cycles space of a graph p(Ps,) with 3-fold.
Let B be a set of cycles of pu(PS,) which defined by the following formula:

B = U?:le U {C}, where

My = {ugi—1u2i41v2i—1U2V2i41U2i—1 : 1 = 1,2,3,...,m — 1},
MQ = {wvgi,1UQi+1U2,iw 1= 1, 2, 3, e, — 1},

M3 = {ugi—1ugiugit1ugi—1 11 =1,2,3,...,m— 1},

M4 = {wviuiﬂvi“w 1= 1, 2, 3, ceey 2m — 3},

M5 = {uiui+1ui+2w+1ui = 1, 2, 3, ceey 2m — 3},

C = {wviuguivaw}.
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In order B to be the base for the cycles space of the graph p(PS), it must be |B| =
dim C(u(P5,)) and B must be a linearly independent set. It is known that

dim C(u(Pys)) = Tm — 8
B = | Uj—y M| +1
=3(m—1)+22m—-3)+1="7m —8.

It remains to show that B is linearly independent cycles.

Clearly that the cycles of each Mj, My and Ms are independent because they are
separate cycles with respect to edges; and the cycles of each M4 and M5 are independent
because it is represent the boundaries of the faces of a planar subgraph.

Now; the cycle C' is independent of M5 because contains the edges wwv; and wwe but
these edges are not available in any linear combination of cycle M5, hence Mz U {C} is
linearly independent. Also, any linear combination of M5 U{C'} contains the edges of type
w; Uitr1,t = 1,2,...,2m — 2 and these edges are not available in any linear combination
of cycle My, therefore M5 U {C'} U My is linearly independent. Further more My U M5 U
{C'} U M3 are independent set of cycles since any linear combination of cycles M3 contains

the edges of type wgi—1 u2i+1, ¢ = 1,2,...,m — 1 and these edges are not available in
My U MsU{C}. Also, M3 U My U MsU{C} U M are independent set of cycles because Mo
contains the edges of type vo;—1 ugi+1,7 = 1,2,...,m —1 but these edges are not available

in MsU My U Mg U {C}

Finally; the cycles of the set B = U?Zle U {C} are independent since any linear
combination of cycles M contains the edges of type uo;—1v2i4+1,¢ = 1,2,...,m — 1 while
these edges are not available in any linear combination of cycles My UMsUM,UMsU{C'}.

To find the fold for base B, we divide the edges of the graph p(Pf,) into:

Ey ={ujuiy1 :i=1,2,...,2m — 2}
Ey ={ujviy1 :i=1,2,...,2m — 2}
Eg = {vyi_qug; :i=1,2,...,m— 1}
Ey ={vougiy1 :i=1,2,...,m— 1}

Es ={wv;:i1=1,2,...,2m — 1}

Ee = {ugi—1ugiy1:1=1,2,...,m — 1}
Er = {ugi1v2i41:i=1,2,...,m — 1}
Eg = {voiqugit1:1=1,2,...,m—1}

Now, we calculate the fold for a set of the edges of the graph u(Pg,),
Case I: fp(,u(pe)(e) is less than or equal to 1 when e € E7.

Case II: fp(,(pe)(e) is less than or equal to 2 for all e € Ej,i = 6,8.
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Case III: fp(,(pe)(e) is less than or equal to 3 for all e € E; i = 1,2,3,4,5.

From the above three cases, it can be seen that the fold for each edge in the graph u(Pg,)
is not more than 3 in the base B(u(P5,)); That is

b(u(Pg,)) < 3 (2)
From (1) and (2), we get b(u(Ps,)) = 3.

2.2. Cog-Cycle Graph C¢,

It is a graph conclude from a cycle C,, : ui,uo,...,u, where m > 3, by adding
m vertices and 2m edges of the form vy, vy, ..., vy and {u;v;, uip1v; + @ = 1,2,...,m},
respectively, where u;,+1 = wu;. It is clear that the number of vertices of a graph Cf, is
2m and the number of edges is 3m [2].

2.2.1. The Basis Number for Mycielski’s Graph of the Cog-Cycle u(C5,)

Let the vertices of the cog-cycle graph Cf, are uj,us,...,usm where m > 3, and the
corresponding vertices are v1, va, . .., V9, and let the other vertex be w. From the definition
of the Mycielski’s graph we have the number of vertices of the graph p(C¢,) is 4m + 1 and
the number of its edges is 11m.

Theorem 2. Let Cy, be a cycle of order m > 3 then b(u(CS,)) =3

Proof. We can prove that for each m > 3, there is a subgraph of u(C¢,) that topo-
logically equivalent K3 3, according to Kurtowski’s Theorem [8] p(C§,) is not planar, and
according to McLean’s Theorem [12] we have

b(u(Cr)) = 3 (3)

We will prove that there is a base B for the cycles space of the graph p(C§,) with 3-fold.
Let B be a set of cycles of p(C¢,) which defined by the following formula:

B = B(u(Py,)) U M,where M = {M;, M,,..., Mg}

Where B(u(Ps,)) is the base for Michelsky’s graph of the cog-path Pf,, which defined in

the previous theorem, also M is a set of cycles of the graph u(C¢,) defined as the following
formula:

My = uiuom—1u2mu1,
My = urugm—1v2mu1,
M3 = uruom—1V2m—2WV2, U1,

My = wiuomvam—1u1,
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Ms5 = uyugmviuguy,
Mg = ugm—2u2m—1U2mV2m—1U2m—2,
M7 = viugm—1u2mv1,
Ms = vomugm—1U2m—3V2m—1W02m.

In order B to be the base for the cycles space of graph u(C¢,) must be |B| =
dimC(u(CS,)), and B must be a linearly independent set of cycles. It is known that

dim C(u(Cr))=11lm—(2m+ 1)+ 1= 7m,and

|B| = [B(u(Fp))] + [ M]
=(Tm—-8)+8="Tm

It remains to show that B is linearly independent.

It is known that B(u(Pf,)) is linearly independent because it is represent the base of
the cycles space of u(Pg,). In addition, the cycles set M is linearly independent because
one of them cannot be written as a linear combination of the other cycles.

Finally, the set of cycles B = B(u(P5)) U {Mi, Ma, ..., Mg} is independent because
any linear combination of M;’s cycles, i = 1,2,...,8 contains at least one new edge of type
UTU2m—15 UL U2, U2m—1U2m , U1 V2m—1, U1 V2m V1U2m—1 5 V1U2m s U2m—1V2m s V2m—1U2m , WV2y,, While
these edges are not exist in any linear combination for cycles of B(u(PS,)).

To find the fold for the base B we divide the edges of the graph u(C§,) into:

By = E(u(Py,)) — Eo

Ey = {u1ug, v1u3, Uam—3U2m—1, U2m—2U2m—1, U2m—2V2m—1, V2m—2U2m—1, WV2—2, WV2m—1 }
Es = {U1U2m—1,U1u2m7u2m—1u2m7u102m—17U1U2m,U1u2m—1,Ulu2m7u2m—1?)2m702m—1u2m7’wvzm}

Now, we calculate the fold for a set of the edges of the graph u(C¢,), We note that
fB(M(C%))(e) is less than or equal to 3 for all e € E;, i = 1,2, 3, thus the fold for each edge
in the graph p(Cf,) is not more than 3 in the base B(u(Cf,)); That is

b(u(Cr)) <3 (4)
From (3) and (4), we get b(u(CS)) = 3.

2.3. Cog-Star Graph S},

It is a graph consisted of a star graph S, : ui,u2, ..., Un—1, Um, where m > 4 with
m — 1 of additional vertices vy, v, ..., Um—2,Vm—1 and additional edges {u;vit1, u;vito,i =
1,2,...,m — 1}, where vy,+1 = va [2].

It is clear that the number of vertices of a graph Sy, is 2m — 1 and the number of edges
is 3m — 3.
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2.3.1. The Basis Number for Mycielski’s Graph of the Cog-Star u(S5,)

Let the vertices of the cog-star graph S;, are wuj,us,...,uz2n—1 and the corresponding
vertices are vi,vo,...,V2m_1 and the other vertex is w.

By Mycielski’s definition, it turns out that the number of vertices of p(S%,) is 4m — 1
and the number of its edges is 11m — 10.

Theorem 3. Let Sy, be a star of order m > 4 then b(u(SS,)) = 3.

Proof. We can prove that for each m > 4, there is a subgraph of u(S¢,) that topo-
logically equivalent K33, according to Kurtowski’s Theorem [8], 1(S§,) is not planar and
according to McLean’s Theorem [12] we have

b ((S5)) = 3 ()
Let B be a set of cycles of p(S5,) which defined by the following formula:

B = B(M(Srcn)) = U?:lsi ) {Clu 027 C37 047 C57 CG}

Where
Sl = {uiui+1ui+2vi+1ui 1= 1, 2, 3, ce ,2m - 3},
52 = {wviui+1vi+2w 1= 1, 2, 3, ey 2m — 3},
53 - {u2m,1viui+1vi+2u2m,1,i == 2, 4, 6, ey 2m — 4},
Sy = {uom—1uiVam—1UitoUsm—1,1 = 2,4,6,...,2m — 6},
55 = {UQm_lviw?)Z‘+1ui+QUQm_1,i = 2, 4, 6, e ,2m — 6},

C1 = U2m—2u1U2U2m 1 U2m—2,

Cy = U2m—201WV2m—1U2m—2,

C3 = v2m—2U1U2m—2U2m—1V2m—2,

C4 = V1U2m—2U1V2m—2WYT,

Cs = vom—2U102WV2, 2,

Co = U2m—1V2m—4WV2n—3U2m—4U2m 1

In order B to be the base for the cycles space of the graph p(S5,), it must be |B| =
dim C(u(SS,)), and B must be a linearly independent set of cycles. It is known that
dim C(M(ng)) =7m —38, and ‘B| - |B(/J(an))’ = | U?:I Sz| + |{Clv Cs, C3,Cy, Cs, CG}‘ =
(7Tm —14) +6 = 7m — 8, since |S1| = |S2| = 2m — 3 and |S3| = m — 2,|Sy| = |S5| = m — 3.
It remains to show that B is linearly independent.

It is clear that each of S1,S55,S3,.54 and S5 is linearly independent because it is rep-
resent the boundaries of the faces of a planar subgraph. S; U .Ss is linearly independent
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because any linear combination of So contains edges of type wv;, 71 = 1,2,...,2m—1, which
are not found in any linear combination of S7. Also, S3USy is linearly independent because
any linear combination of S4 contains edges of type uom—_1u;, i = 2,4, ...,2m—4, which are
not found in any linear combination of S3. In addition, S3U.S;USj5 is linearly independent
since any linear combination of S5 contains edges of type wv;,i = 2,4,...,2m — 1, which
are not found in any linear combination of S3US4. Also, (S1US2)U(S3US4USs) is linearly
independent because S3 U Sy U S5 contains edges of type uom_1ui, 7 = 2,4,...,2m — 4,
which are not found in any linear combination of S; U Ss.

Finally, (U2_,S;)U({C1,Ca, C3,C4, Cs, Cg}) is linearly independent because any linear
combination of {C1,Cs,Cs,Cy,C5,Cs} contains edges of type ugm—oui, vam—2v1, which
are not found in any linear combination of U?zlSi.

To find the fold for the base B we divide the edges of the graph u(S5,) into:

Ey = {uuiy1,i=2,3,...,2m — 3},

Ey = {uvit1,i=2,3,...,2m — 5} U {uam—3vam—_2}

Es = {viuit1,i=1,2,...,2m — 3} U{uam—1v;,j = 2,4,...,2m — 6}

Ey = {wv;,i =3,4,...,2m — 5}

Es = {ugm—1u;,1 =4,6,...,2m — 6} U {voy—1uj,j = 2,4,...,2m — 4}

E¢ = {vam—au1, Uam—2U1, U2m—201 }

Er = {uam—2v2m—1, U1u2, Wo2m—1, Uzm-—1U2, U102}

Eg = {wv1, wvam—2, Ugm—2U2m—1}

Eg = {wvz, Wuam—1, W02—3, U2m—4V2m—3, U2m—1U2m—4, U2m—1V2m—2, U2m—1V2m—4 }
Now, we calculate the fold for a set of the edges of the graph u(S,),

Case I: fp(y(sey)(e) is equal to 2 for all e € E;, i = 1,7.

Case II: fp(,(se))(e) is less than or equal to 3 for all e € E;, i = 2,3,4,5,6,8,9.

From the above two cases, it can be seen that the fold for each edge in the graph p(S%))
is not more than 3 in the base B(u(Sg,)); That is

b(pu(S5)) <3 (6)
From (5) and (6), we get b(u(SS,)) = 3.

2.4. Cog-Wheel Graph Wy,

It is a graph consisted of a wheel W,,, : u1,uo,...,u,, where m > 4, by adding m — 1
vertices and 2m—2 edges of the form vy, ve, ..., vy—1 and {vju;, viui41 i =1,2,...,m—1}
respectively, where u,, = u;. It is clear that the number of vertices of a graph W, is 2m—1
and the number of edges is 4m — 4 [2].
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2.4.1. The Basis Number for Mycielski’s Graph of the Cog-Wheel p(W)

Let the vertices of the cog-wheel graph wy, are uj,us,...,usn—1 and the corresponding
vertices are vi,vg,...,Uan_1 and the other vertex is w, since the number of vertices of
cog-wheel is 2m — 1 and the number of its edges is 4(m — 1), then by Mycielski’s definition,
it turns out that the number of vertices of u(w¢,) is 4m — 1 and the number of its edges
is 14m — 13.

Theorem 4. Let W, be a wheel of order m > 5 then b(u(WS,)) = 3.

Proof. We can prove that for each m > 5, there is a subgraph of u(W,) that topo-
logically equivalent K33, according to Kurtowski’s Theorem [8] p(WJ,) is not planar and
according to McLean’s Theorem [12] we have

b(u(Wy)) =3 (7)

We will prove that there is a base B for the cycles space of the graph p(Wy,) of 3-fold.
Let B be a set of cycles of p(Wy,) which defined by the following formula:

B = B(u(Py,)) U (Ui, Si) U{C1, Ca, C3}

Where B(u(PS)) is the base for Michelsky’s graph of the cog-path, m > 5 and

51 = {Umelviui+2’IL2m71 1= 1, 3, 5, ey 2m — 5},
Sy = {vom—1ujUiy2v2m—1 11 =1,3,5,...,2m — 5},
S3 = {ugm—1uiVitouom—1 : i =1,3,5,...,2m — 5},

C1 = vam—1U1U2m—3V2m—1,
Co = u1V2m—3U2m—5U2m—1U1
O3 = U2m—3V1U2m—1U1 U2m—3,

In order B to be the base for the cycles space of the graph p(WS), it must be |B| =
dim C(u(W5,)), and B must be a linearly independent set of cycles.
Clearly, dim C(u(WS,)) = 10m — 11, and since

B = |B(u(Py))| + | Uiy Sil + {C1, Ca, Cs}

="m—-8+3m—-6+3=10m—11

Now, it remains to show that B is linearly independent.

It is known that B(u(PS,)) is linearly independent because it is represent the base
of the cycles space of u(Pf,). Note that each of S, SeandSs is linearly independent be-
cause it is represent the boundaries of the faces of a planar subgraph. Now, S; U S5
is linearly independent because any linear combination of Ss contains edges of type
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Uitiro,1 = 1,3,5,...,2m — 3, which are not found in any linear combination of S;. Now,
S1 U .S9 U S3 is linearly independent because any linear combination of S5 contains edges
of type w;v;10,7 = 1,3,...,2m — 5, which are not found in any linear combination of

S1 U Sy. In addition, {C4,Cq,C3} is linearly independent because we cannot write any
one of them as a linear combination of the others cycles. Now, (U3_; ;) U ({C1, Ca, C3}) is
linearly independent because any linear combination of {C7, C2, C3} contains at least one
of the edges uiuom_3, U1v2m—3, V1U2m—3, which are not found in any linear combination of
U, S,

Finally, the set of cycles B = B(u(P%,)) U (U3, S:) U ({C4, C2, C3}) is linearly indepen-
dent because any linear combination of cycles in (U3_;S;) U ({C1,Ca, C3}) contains edges
of type uom—1u;,¢ = 1,3,...,2m — 5, which are not found in any linear combination in
B(u(PS)), therefore B(p(WS,)) is linearly independent.

To find the fold for the base B we divide the edges of the graph u(WJ,) into:

Ey = {uuiy1,i=1,2,...,2m — 2}
Ey = {uvit1,viuir1,i =1,2,...,2m — 2}
Es ={wv;,i=1,2,...,2m — 1}
Ey = {uviq2,i=1,3,...,2m — 3}
Es = {vjuiy2,i=1,3,...,2m — 3}
E¢ = {uuiy2,i=1,3,...,2m — 3}
E; = {ugm—1u;,i =1,3,...,2m — 5}
Eg = {vom—1ui, ugm—1v;,i = 1,3,...,2m — 5}
Eg = {u1vam—3, V1U2m—3, U1U2m—3}
Now, we calculate the fold for a set of the edges of the graph u(We,),

Case I: fp(uwe))(e) is less than or equal to 2 for all e € E;, i = 8,9.
Case II: fp(,we))(e) is less than or equal to 3 for all e € By, i =1,2,...,7.
From the above two cases, it can be seen that the fold for each edge in the graph

w(WE) is not more than 3 in the base B(p(Wy,)); That is

b(u(Wpr)) <3 (8)
From (7) and (8), we get b(u(Wy,)) = 3.

3. Conclusion
After studying the basis number of Mycielski ’s graph for some cog-graphs, we con-

cluded that b(u(G)) = 3, where G are cog-path graph, cog-cycle graph, cog-star graph
and cog-wheel graph.
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