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1. Introduction

Let My xm(C) stands for the algebra of all n x m complex matrices where, n,m € N.
For n = m, we may use the symbol M,,(C). For A € M, (C), let 0(A), r(A), w(A) and ||A]|
denote the spectrum, the spectral radius, the numerical radius and the spectral norm of A,
respectively. Recall that o(A) = {\ € C: det(A\] — A) =0}, r(A) = max{|A| : A € 0(A)},
w(A) = ! ax [(Az,z)| and ||A|| = max{V/A: X € 0(A*A)}, where A* = [a;;] for A = [a;],

z||=1
a;; € C. The interesting inequality that combines these concepts is

(Al < 7(A) <w(A) < [ A],

for any A € o(A). The polynomial eigenvalue problem (PEP), finding and locating the
eigenvalues of matrix polynomials, are very important topics in scientific computation
that has attracted the attention of many researchers [2, 3, 5, 8, 9]. The PEP appears
in a variety of problems in a wide range of applications. There are numerous examples
of physical phenomena where PEPs arise naturally such as structural mechanics, control
theory, fluid mechanics.
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Consider the monic polynomial P (z) = I2z™ + A, 2™ ' + .-+ 4+ Aoz + Ay, with degree

m > 2 and matrix coefficients A; € M, (C) for i =1,...,m, where I is the identity matrix
in M, (C).
The Frobenius companion block matrix of P(z) is the mn x mn matrix given by
-_Am _Amfl _AQ _Al-
I 0 0 0
F(P)= 0 1 0 0
| 0 0 e I 0 |

This matrix builds an important bridge between matrix analysis and the geometry of
polynomials.
It is known that A is an eigenvalue of P(z) iff A € o(F(P)) and so if A is an eigenvalue of
P(z), then

Al <r(F(P)) < w(F(P)) < [|[F(P)]|

In order to obtain new upper bounds for the eigenvalues of P(z), we provide new estimates
for the numerical radius of F2?(P). The references [3, 5, 7, 8] contain bounds for the
eigenvalues of matrix polynomials based on various matrix inequalities. In fact, Higham
and Tisseur [5] obtained new bounds for the eigenvalues of matrix polynomials using norm
and numerical radius inequalities. Le, Du, and Nguyen [3] established specific (upper and
lower) bounds for the eigenvalues of matrix polynomials using the norms of the coefficients
matrices of a matrix polynomial. Eigenvalue bounds can be created using l-ifications, or
lower order matrix polynomials with the same eigenvalues as a given matrix polynomial,
as demonstrated by Melman [8]. Jaradat and Kittaneh [7] , derived new numerical radius
inequalities to the Frobenius companion block matrix of P(z) and implemented it in
obtaining a new upper bound for eigenvalues of P(z).

2. Main Results

The square of the Frobenius companion block matrix of P(z) can be written as

i Bm Bm—l B3 B2 Bl ]

_Am _Am—l _AS _AQ _Al
1 0 0 0 0

2 —
P =1 I

: : 0 0 0

0 0 I 0 0 |

where Bj = AmAj - Aj_l,j = 1, cee .M, with A[) = 0.

To obtain our first new estimate for the numerical radius of F2(p), we need the following

lemmas. The first two Lemmas can be found in [7].
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Lemma 1. Let A = [A;j] € My, (C) be the block matriz with A;j € Myixni(C) and
Yot ng =m, where 1 <i4,5 <m. Then w(A) < w([ayj]), where

0 Aij
QG5 = W A]’i 0 .

In particular, oy = w(Ay) for eachi=1,2,...,m.

Lemma 2. Let T,, € M,(C) be the tridiagonal matriz given by

03 0 0

1 1

2 0 3 0
T,=10 3 0 0

: 1

i 2

00 3 0]

Then

The following Lemmas can be found in [4, 6] and [1], respectively.

a b

Lemma 3. Let A = [c d]' Then the spectral radius of A is

r(A) = %(a+d+ (a — d)* + 4bc).

Lemma 4. Let T = [T};] € My (C) with Ty, € Mgm(C). Then

n

w(T) < %Z w(The) + | wA(Tkw) + Y | T2

k=1 m=1
k#m

b

Lemma 5. Let A = [a
c d

] . Then the spectral norm of A is

1
1 — —\ 2
Al = 2<|a|2+|b|2+|c|2+|d\2+¢<\a|2+|c|2—|b|2—|d2>2+4ab+cd12) ]

Now, we introduce our first estimate for the numerical radius of F?(P).
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Theorem 1. An upper bound of the numerical radius of F%(P) can be stated as follows:

1
2

(w (Bm) + w (Am—1) +7)° +% <a+n+ (o

™

w(FQ(P)) S% (w(Bm) + w(Am_1) +7) + cos? (mn —

/
3 (e

1

T3

1

1 — 1) + 452>

2
> +1> —i—;(a—i-n—i- (a—n)2+462),

-1

where

o =w

1 m—3
(T (I,By,-s)) + 1 > B
i_1

1 1 m—4
0= AT, Apy_g)) + 7l Am-al®+ 5 D l14il2
=1
A, B, 1t
8= w (0 B, 1) A2y (0 (g, ) PPl 257 g,
=1
7 = (@ (Bun) = w (A 1)) + 402 (T (Byu1, —A)-

Proof. For any two matrices, C, D € M,(C), let T(C,D) = [O C]. By applying

D 0
Lemma 1 on F%(P), we have w(F?(P)) < w(R), where R is mn x mn matrix given by

w(Bp,) W(T(Bm-1,—Am)) w(T(Bm-2,1)) w(T(Bpn-3,0)) w(T(Bmn-4,0)) ... w(T(B3,0)) w(T(B2,0)) w(T(Bi,0))]
(T (=Am, Bn-1)) ’w(Am 1) w(T(0, An—2)) w(T(Am-3,1)) w(T(Am-4,0)) ... w(T(=A43,0)) w(T(=A20)) w(T(=A10)
w(T(I, Bn—2) (T(0, Ap—2)) w(0) w(T(0,0)) w(T(0,1)) w(T(0,0))  w(T(0,0)  w(T(0,0))
w(T(0, Bp—3)) w( (I, Ap—3)) w(T(0,0)) w(0) w(T ( 0)) w(T(0,0)) w(T(0,0)) w(T(0,0))
w(T(0, Byn—1)) w(T(0, Am 1)) w(T'(1,0)) w(7(0,0)) w(0) w(T(0,0))  w(T ( 0)  w(T(0,0)
WITO.B)  w0-A)  w(T0.0)  wT00)  w(r00) WO wTO0) (.0
w(T(0, B2)) w(T(0,—Asz)) w(T(0,0)) w(T(0,0)) w(T(0,0)) w(T(0,0)) w(0) w(T(0,0))
w(T (0, By)) w(T(0,—A1)) w(7T(0,0)) w(T(0,0)) w(T(0,0)) w(T(1,0)) w(7T(0,0)) w(0) ]
w(Bn) w(T(Bm-1,—An)) w(T(Bm-2,1)) w(T(Bm-3,0)) w(T(Bm-4,0)) w(T(Bs,0))  w(T(B2,0)) w(T(B1,0)) ]
W An B ) w1 w0, An ) (A 1)) w(T(Ay1,0)) - w(T(—A3,0)) w(T(~42,0)) w(T(~A1,0))
w(T(I, Bp—2) w(T(0, Ap—2)) w(0) w(7T(0,0)) w(T(0,1)) w(7T(0,0)) w( (0,0)) w(T(0,0))
w(T(0, By—3)) w(T(I, Ap—3)) w(7(0,0)) w(0) w(T(0,0)) w(T(0,0))  w(T(0, )) w(7(0,0))
w(T(0, Bp—1)) w(T(0, Ay—a)) w(T(1,0)) w(T(0,0)) w(0) w(7T(0,0)) w(T( 0)) w(T(0,0))
w( (O Bs)) w(T(O.:ng)) w(T(‘O, 0)) w(T(‘()7 0)) U}(T(-O.,O)) w(b) w(T(‘O, 0)) HJ(T(‘O,I))
w(T'(0, By)) w(T'(0,—A)) w(7(0,0)) w(7(0,0)) w(7(0,0)) w(7(0,0)) w(0) w(T(0,0))
w(T(0, B1)) w(T'(0,—Ay)) w(T(0,0)) w(T(0,0)) w(T(0,0)) w(T(1,0))  w(T(0,0) w(0)
. 0 A 0 0
Using the fact that w ([0 0]) =w ([A 0}) = ”A” , for every matrix A € M, (C),

then R is equal to




A. Burqan et al. / Eur. J. Pure Appl. Math, 16 (2) (2023), 806-818
i w(B) W(T(Bm-1,~Am)) w(T(Bm_2,1)) ||Bn§73|\ HBr%—zzll HIZ3||
Wl (A, Bpo1))  w(Ap1) ol (T (A, 1)) Mgl 15
W(T(Bp2,1) [Am ]l 0 0 i 0
7::?;3:: w(T&m_ﬁ, 1) 0 0 0 0
S e 2 0 0 ;
- T N R
HB{H ||A2iu ’ 0 2 !
L 5 5 0 0 0 5
To find w(R) we need to partition the new form of R as
Ry R12]
R= ,
[321 Roo
where
B = [ M, O B )
w (T (—Am, Bm-1)) w(Am-1) ’
R w(T(Bm—2,1)) HBrzsz ||B,,§,4|| \\323” ||B22|| ||321H
12 IAn—oll w(T(Ap_3, 1)) 1Am=sl 1Al 14zl AL |-
R W(T (B2, 1)) ||Bn5—3H ||Bw5—4|| ||323|| \\322” ||321H T
21 — )
HA7372|| w(T (A3, 1)) HAn2k4|| ||/;3|| HA22|| ||1‘;1H
00 3 0 0 0]
00 0 3 0 0
1 1
oo ... 1}
1 :
Ry =10 3
1 1
00 1 o 0 1
Do : 0 0 O
1
_0 0 0 2 0 O- (mn—2)x (mn—2)

Bl
4

iw

S O OoOw

To achieve our goal, we apply Lemma 4 on the matrix R. So, we need to estimate

w(R11),w(Ra2), ||Ri2]| and [|Ra1]|. A matrix A € M, (C) is called Hermitian if A = A*.

Since Rj; is Hermitian, Lemma 3 yields that

w(RH) = ’I“(RH)

1

2

The matrix Rog can be written as

11 11
—2(A%—di — =, =
R22 < dzag <4>27 a2a4>>7

<w(Bm) +w(Ap 1) + \/(w(Bm) —w(Am-1))* + 4w(T(By-1, —Am)> .

B

BN

S O OoOw

O Ol k-
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where _ )
03 0 0
L o 1L 0
2 2
A=10 3 0 0
: . 1
: 0 .
0 0 i 0]
Thus

N

2
1 11
2 .
w (Rag) <2 <w(A )+w(dzag( ,2,...,2,4)> .
Since A is normal and by using the fact w (4?) = w?(A), we get
w (RQQ) < 2uw? (A) + 1.

Lemma 2 yields that

w (Ra2) < 2(:052< U > + 1.
mn —1

Now, to estimate the spectral norm of Rq2, Re1 consider

R5 R = [g g] ;

where
a=w? (T (Bp_2,1 ZHB||2
| Am—a|| IBmsl| 1%
m—2 m—3
B=w(T (Bmz, 1)) 5 +w (T (Ams, 1)) 5=+ 7 > (14l Bil),
=1
1 1m74
0 =w (T (Ams, D) + 7l Aml®+ 3 Y 4.
=1
So,

|R21||* = [|Ro1 B3 || = 7 (Ra1 R, ) = <Oé +n+/(a—n)?+ 452> -

N | =

Since Rg; = R127 then HR12H = HR21H
Now, by applying Lemma 4, we have

2
w(F(P)) < w(R) < 5 3 | wlRe) + |w2(Ri) + 3 [Rion?

L=1 m=1
m#k

This completes the proof.

811
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From Theorem 1, we obtain the first new bound of the eigenvalues of P(z). In fact, if

A is an eigenvalue of P(z), then

AP < r(F2(P)) < w(F*(P)).

On the other hand, we derive a new bound for the eigenvalues of matrix polynomials using

a similar matrix to F2(P).
Consider the invertible matrix

I I I I
0 I I I
B=10 0 I I ’
S0 :
0 0 0 0 I]
where - _
I -1 0 0
o I I 0
Bl'=10o 0o I 0
: : : )
0 0 R

Consider the mn x mn matrix H, where H = BF?(P)B~!;

Bm - Am +1 Bm—l - Bm + Am - Am—l Bm—2 - Bm—l + Am—l - Am—2 s
I- Am Am - Amfl Amfl - Am72
1 0 0
He 0 I 0
0 0
0 0 0

Since H is similar to F2(P), if X is an eigenvalue of P(z), we obtain

IN? <r(H) < w(H).

In the following, we provide an estimate of the numerical radius of H in order to extract

a new upper bound for the eigenvalues of P (z).

By — B3+ Az —

Ap

Theorem 2. An upper bound of the numerical radius of H can be stated as follows:

812

By —

By + Ay — A4
A — Ay

0

0

0

w(H)S% §+2<30s2< 3>+1+2+\[ \/2

2+\f

+\/ 20052
J ).

mn_3> +1>2+ (; <a—|—7)+ (a—n)2+452>>2+u

2
a+77+ (a—n)2+452>> + 72
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where
_ 1 (w(Bm - m+I) - w(Am - Am—l))2
5 - 5 (w(Bm Am+[) + w(Am Am—l) * \/+4w2(T(Bm 1— m + Am - Amfla I— Am)) ’
a=w? (T (Bp-2 — Bm-1+ Am—1— Ao, T ZHBj 35— Bj_a+Aj_o— Aj_3|?,
1
= 7lAm-1 - A a|? + w*(T(Ap—2 — Aps, 1 Z |4j-3 — Aj-all?,
1
B :iw (T (Bm—2 - Bm—l + Am—l - Am—2u I)) HAm—l - Am—QH
1
+ §”Bm—3 - Bm—2 + Am—2 - Am—3”w(T (Am—2 - Am—37 I))
1 m
T D IBj—a = Bjs+ Aj-s — Aj-all|Ajs — Ajal,
3=7
} |B2 — Bs + Az — A2|!2 [As — As — 1> ||B1— Ba+As — Ai|* A2 — Ai?
2 4 4 4
||Bz Botds—Aoll® | |As=Aa=II® _ |Br-BotAy=a]? _ HAQ—A1||2)2
1 1 1
i ||32 — B3 + A3 — Ao|||B1 — By + Ag — Ay|| + || A5 — Ay — I|||| A2 — Ay |])2.

Proof. For any two matrices, D € M, (C), let T(C,D) = [g g] Applying Lemma

1 for the matrix H, we have
w(H) <w/(S)

where the block matrix S is given by

S11 S22 Si3
S =[S Sz S|,
S31 S32 S33
g [ w(By — A + 1) wW(T(Bm—1— Bm + Am — A1, I — Ap))
U w(T (I~ Ap Bt — B + Ay — A1) W (Ap — A1) b
(wW(T(I, B2 — Bin1 + A1 — Am—2)) w0(T (0, A1 — Ap2))]"’
w(T(O, B3 =B+ Ap—o — Amf?))) ’IU(T (I, Ap—2 — Ame))
S12 = : w(T (0, Ap—3 — Ar—a)) ,
w(T(O, Bs— By + Ay — Ag)) w(T (0, Ay — Ag)) i 9 (mn—4)
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Gia = w(T(By — B3 + A3 — A3,0)) w(T(B; — Ba + Ay — A41,0))
BT w(T (43 — Ay —1,0)) w(T (Az — Ay,0)) .
_w(T(I, B2 —By1+Ap1 — Am—2)) w(T (O, Amp—1— Am—2))_
w(T(O, By—3 — B2+ Ap—2 — Am—3)) U)( (I A2 — Ap— 3))
521 = w(T (0 Am 3 — Am 4))
I (T(0, B3 — 34 + Ay — A3)) w(T'(0, A4 —A3)) | neayxo
w(0)  w(T(0.0) wTO.I) wT©.0) ...  wT(0.0) w(T(0.0)
w(T0.0)  w©0) w(T0.0) wTO.I) . w(0.0) w(T(0.0)
w(T(1.0)) w(T(0.0)) w(0) w(T'(0.0)) I w(T(0.0)) w(T(0.0)
S22 = |w(T(0.0)) w(T(1.0)) w(T(0.0))  w(0) R w(T(0.1)) w(T(0.0)
w(T(0.0) w(T(0.0) w(T(.0) w(T0.0) -  w(T(0.0) w(T(0.I)
: : : w(©0)  w(T(0.0)
w(T(0.0)) w(T(0.0)) w(T(0.0) w(T(I.0) w(T(0.0)  w(0)
w(T(=1,0)) w(T(0,0))
o w(T(—1,0)) w(T(0,0))
23 — : . 9
w(T(=1,0)) w(T©0,0)] . 4.
w (T (0, By — By + A3 — A3))  w(T (0, A3 — Ay — I))]
T O By —Bg—i—Ag—Al)) w(T(O,AQ—Al)) 2%
6 {w(T(O ) IO, e (T (T, D)
w(T(0,0))  w(T(0,0)) w(T(0,0))  w(T(L,0)) [y n_ay’
and
S — [w (T (-1,0)) w(T (0, —I))] .
w(T(—I, 0)) w(()) 2X2

We achieve our goal by applying Lemma 4 on the matrix S. So, we need to estimate w(S11),
w(S92), w(Sss), |[Si2ll, IIS1sll, [1S211|Ss1ll, ||Sas]] and ||Ss2]|. Since Si; is Hermitian,
applying Lemma 3 to get w(S11) = r(S11) = £, where

€= £ (B~ A+ 1)+ w(Apy — A1)

4 (mn—4)x

—An+1) -

o

W (Ap — Am—1))? + 4w (T (Bm-1 — Bim + Apm — Am—1,1 — Ap)).

(mn—4)
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Using the fact that w ([8 fﬂ) =w <[Sl 8]) = @ for every matrix A € M, (C), the

matrix Sog can be written as

00 3 0 00
00 0 3 00
0 0 0 00
S2=10 L 0 o0 1o
00 1 0 (I
Do 00
0 0 0 3 0 0]
and
11
5332[2 2]-
3 0
So,
11 11
=2(A*—diag |~ 2. s 5
522 ( 2ag<4,2, ) 74)>
where _ )
03 0 0
5 0 3 0
A=10 3 0 0
© 0 g
00 .. 5 0
Now,
11 11
<2 (w(A? diag (= =, vz ) -
wisi) <2 () 4 uldiag (15507 ))

Given that A is normal, thus w(A2) = w?(A). Then applying Lemma 2, to get

s
w (Sa2) < 2 cos? (mn— 3> +1.

Also, we have

2+5
w(S33) =7 (S33) = ——-
Since Si2 can be written as
Sy W (T (B2 — Bt + A1 — Am_2,1)) HBnL—IS*BnL—Z;’Am—Z7Am73” - 1IBs=BatAs—As]
M W(T (A2 — Am—3,1)) ||Am—37;f‘m—4\\ M

and S*15 = S'1o, we have S1257, = [g ’ﬂ , where

1 m
a=w? (T (Bpm—g — Bm-1+ Apm—1— An_2,1)) + 1 > IBj_3— Bj_a+ Aj_o — A5,
Jj=6
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1 1 &
n= ZHAm—l — Apo|l* + W (T (A2 — Am—s3,1)) + 1 Z 145 — Aj_4|%,
J=7

and

1
B :§U} (T (Bme — B+ Amo1 — A2, I)) HAmfl - Am72”

1
+ §||Bm—3 — B2+ Ap_2— Am—SHM(T (Am—Q — A3, I))
1™
3 2 1Bims = Biat+ A — Al 45— Al
=T

Applying Lemma 3 , to get

1S12]1? = [|S125% 12| = r (S125%12) =

N =

<a+n+\/(a—n)2+452>.

Since S12 = Sk, we have

fonll? = 5 (40 la = +a22).

Now, we need to find the numerical radius of Si3, S31.

||Bo—Bs+A3z—As|| ||Bi—Ba+Ax—Ai]l
_ 2 2
S13= | Jas—As1)| A2 = A | )
2 2

[B2—B3s+A3—As|| ||As—Azx—I]]
_ 2 2
S13 = | IBi-BatAs— A |[As-Au] | -
2 2

By Lemma 1, we have 7 = ||S3;|| = ||S13]|, where

1 <HB2 — B3 + A3 — As|? 4 As — A, —I* [[Bi—Ba+As— Ai|* A2 —A1H2>

2 4 4 4 4

+ HAS
+3 (B2 — Bs + A3 — As||||B1 — Bz + A — Ay|| + || A3 — A — I||[| A2 — A4]])*

2
(||B2—BS>-1-As—Az||2 —Ag—I|> _ ||Bi—Bo+As—A1|® \\Az—A1||2)
1 1 1 ]

To find the numerical radius of Ss33, we have

mn
Tl

[[S321? = [|S525% 52| = ‘ 1
4

N

So,

2 * N 1 {mn-3 m—5\% 1
n= ”523” = ”S?)QS 32” = T(SgQS 32) = — + N 4=
2 4 4
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Finally, applying Lemma 4 to get

w (H) <w (S) < % (w (511) +w (322) —+ w (533) + \/w2(511)+}|512\|2 + H513H2

+ VW (S22)+HIS2L2 + [[S23]| + +/w?(S33) +}|S3L[2 + [ S32 2

2
¢ + 2 cos® (mnﬂ—?)) +1+\/§2+ <; <a+77+ (04—77)2—1-462>> + 72

+ 2+4\/5+\/<20082 <mn7r_ 3> +1>2+ (; (a+77—|- (a—n)2+462>>2—|—,u

Thus,

w(H) <

1
2

Conclusion

We have established new effective bounds for the eigenvalues of matrix polynomials
by employing the similarity of matrices and matrix inequalities including the numerical
radius, spectral radius and matrix norms. It is worth noting that our results can be used
in many applications in geometry and matrix analysis.
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