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Abstract. In this paper, an n-th order neutral nonlinear differential equation is studied. By
using the Banach contraction principle, some sufficient conditions are established for the existence
of nonoscillatory solutions of nonlinear n-th order neutral differential equation. An example is

included to illustrate the results obtained.
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1. Introduction

This paper is concerned with nonoscillatory solutions of nonlinear n-th order neutral
differential equation of the form

[r()[x(t) = p)2(t = I D) + (1)1t 2(01(1) = folt,x(o2()) — g(8)] =0, (1)

where n > 2 is an integer, 7 > 0, p,04,9 € C([to,0),R), r € C([to,0),(0,00)) and
limy_yo0 0(t) = 00, i =1,2.
Throughout this article, we assume that f;(t,z) € C([to, o0) X R, R) is a nondecreasing
inx fori=1,2, xf;j(t,z) >0 for x # 0, i = 1,2, and satisfies
|filt,x) = fi(t,y)| < @(t)|w —y[ for t€[to,00) and =,y € [a,b], (2)

where ¢; € C([tp,0),(0,00)), i = 1,2, and [a,b] (0 < a < bor a < b < 0) is any closed
interval. Furthermore, suppose that

00 s Sn—2
——qi(u)duds < oo, i=1,2, (3)
f, e
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/ / \fzud)\duds<oo for some d # 0, i = 1,2, (4)
to to
and
/ / u)|duds < oo (5)
to to
hold.

Oscillation and nonoscillation phenomena appear in different models from real world
applications; see, for instance, oscillatory and nonoscillatory solutions may appear in im-
pulsive partial neutral differential equations from mathematical biology, we refer to the
papers [11, 12, 16] where impulsive effects are modelled by external sources complementing
partial differential equations involving taxis mechanisms, and arising in biomathematics.
We also refer the reader to the papers [9, 14, 15] for the oscillation and asymptotic behav-
ior of solutions to various classes of neutral differential equations. In particular, Zhou and
Zhang [21] and Candan [4] studied existence of nonoscillatory solutions of higher order
neutral differential equations of the form

d?’L
e ln(t) + eaxlt = )] + (1) [PE)a(t — o) - Q(B)a(t — 6)] = 0 (6)
and
[r@)e(t) + Pzt —7)" V)
(DOt — 1) — QeDga(alt — o) — FB] =0, (7)

respectively. Later, Cina et al.[8] studied the existence of nonoscillatory solutions of non-
linear second order neutral differential equation with forcing term of the form

(r(®) (2(t) = p(D)x(t = 7)) + 1t 2(01(1))) = falt, w(02(1))) = g(¢)-

Motivated by the idea of [4, 8, 21], the goal of this paper is to present some sufficient
conditions for the existence of nonoscillatory solutions of (1). For related studies on the
existence of nonoscillatory solutions of second or higher order neutral differential and
difference equations the reader is referred to the papers [3, 5-7, 17-20] and books [1, 2
10, 13].

Let Ty = min{t; — T, 1nf o1(t), gltfl o9(t)} for t; > tg. By a solution of equation (1),

we mean a function z € C’([To, 00),R) in the sense that x(t) — p(t)z(t — 7) is n — 1 times
continuously differentiable and r(t)(z(t) — p(t)z(t — 7))~ is continuously differentiable
on [t1,00) and such that equation (1) is satisfied for ¢ > ¢;.
As usual, a solution of (1) is said to be oscillatory if it has arbitrarily large zeros.
Otherwise the solution is called nonoscillatory.
2. Main Results

Theorem 1. Assume that (3)-(5) hold and 0 < p(t) < p < 1. Then (1) has a bounded
nonoscillatory solution.
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Proof. Suppose (4) holds with d > 0, the case d < 0 can be treated similarly. Let X be
the set of all continuous and bounded functions on [tg, c0) with the ||z| = sup |z (f)| < oo

norm. Set
A:{$€X:N1§x(t)§d, tZt()},

where Nj is a positive constant such that N; < (1 — p)d. Clearly, A is a closed, bounded
and convex subset of X. By (3)-(5) there exists a t; > ¢ sufficiently large such that
t—T12> to, 0'1(75) > to, O'Q(t) > to for ¢ > tl and

(w)duds < 0; <1, i=1,2, (8)
t1 t1
where 67 is a constant,
o [ [ v + atwlduds < (1 - pyi -, o)
1 0o s _ \n—2
= %m(u, &+ lg(wduds < o~ M, (10

where « is a positive constant such that N1 < a < (1 — p)d. Define the operator S on A
by

o+ p(t)a(t = 7) + gy [ S S L (w201 ()
(Sz)(t) = —folu, x(02(u))) — g(u)]duds, t >t
(Sx)(tl), to <t <t

We can easily see that Sz is continuous. We shall show that SA C A. In fact, for every
x € A and t > t1, due to (9), we have

© (g — n—2 s
S0 = atpet-n+ = [ [hwatorw)

(n — 2). (5) t
- fa(u,z(o2(w))) — g(u)]duds
1 oo s (S _ t)nf2
= et e, / Ty D)t lg(w)llduds
< d.

Furthermore, by using (10), we obtain

© (g — n—2 s
S0 = atptalt—n+ g [t [(hGwalnw)
- fa(u, 9:(02 ) — g(u)]duds

[e.9] S S_t

Vv

[f2(U, d) + |g(u)|]duds

t1 t1
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> Ni.

Thus, we proved that SA C A. Now we shall show that operator S is a contraction
operator on A. In fact, for z,y € A and t > t1, in view of (2) and (8), we have

[(S2)(t) = (Sy)(H)] < p\ﬂ?(t —7) =yt —7)|

2 [ s—t

* (n —2)! Z/ \fi(u,x(ai(u))) — filw, y(oi(w)))|duds
i=171 t1

< plv (t—T) y(t—7)|

/ i(u)|x(oi(u)) — y(oi(u)))|duds

[Es yll[p+ 'Z/t1 /t1 (u)duds

01l = yll-

IA

IN

This implies that
1Sz — Syl < 01l —y.

Since 61 < 1 by (8), it follow that S is a contraction mapping on A. By the Banach
contraction mapping principle, S has a fixed point z € A, which is obviously a positive
solution of (1). This completes the proof.

Theorem 2. Assume that (3)-(5) hold and 1 < p1 < p(t) < p2 < co. Then (1) has a
bounded nonoscillatory solution.

Proof. Suppose (4) holds with d > 0, the case d < 0 can be treated similarly. Let X
be the set as in the proof of Theorem 1. Set

A:{xGX:NQSx(t)Sd, tZto},

where Nj is a positive constant such that poNo < (p1 — 1)d. It is clear that A is a closed,
bounded and convex subset of X. By (3)-(5), we can choose a t; > ty sufficiently large
such that oy (t + 7) > to, o2(t + 1) > to for t > ¢; and

1 —t
/ / i )duds] <Oy<1, i=1,2 (11)
pl TL - 11 t1

where 65 is a constant,

ot | ) + bl < = (12)
e} S S — n—2
i/ (%[fz(u,d)ﬂg(u)\]duds SGi-ni-a. (13
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where « is a positive constant such that paNo < a < (p; — 1)d. Define the operator S on
A by

s—t—7)"" 2
(t+T) Ol‘f‘CC(t‘I'T) (n—12)! j‘t+T( tr( j;glJr-,- fl(u CL‘(O’l( )))

S0 =Y ot oa(w) — gduds]. 121
(Sz)(t1), to <t

IN

t1.

Clearly, Sx is continuous. First, we shall show that SA C A. In fact, for every x € A and
t > t1, using (13), we obtain

- a+z(t+71)— L Tt e u, z(o1(u
(5)(t) = oot - o [ | thtstonw)

p(t + T) t+7 T(S)

- fo(u,x(o2(u))) — g(u)}duds]

;[a+d+m_12)!/tloo /:W[f?(uad)‘i“g(u)”duds]

< d

IN

and taking (12) into account, we have

sa0) = —islaratrn - 2o [T ()

p(t + T) t+1 T(S) 147

- fo(u,x(o2(u))) — g(u)}duds]

> i) [a‘ = /:O/:(S_W[ﬁ(u,d)ﬂg(umczuds}
> sl amm [ e s + o) duds]
> Na.

Thus, we proved that SA C A. Second, we shall show that S is a contraction operator on
A. In fact, for z,y € A and ¢t > ¢;, in view of (2) and (11), we have

|(S2)(t) = (Sy) ()] < {!w(HT) —y(t+7)

1
p(t+7)

n_g |Z/ S_t_T ’fz(u z(o;(u))) — fi(u,y(oi(u)))|duds

Suxyu[ / / =0
b1 t1 t1

< Ozf|z =yl
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This immediately implies that
1Sz — Sy|| < 02|z — y].

Since 03 < 1 by (11), it follows that S is a contraction operator on A. By the Banach
contraction mapping principle, S has a fixed point « € A, and x is a positive solution of
(1). Thus, the proof is completed.

Theorem 3. Assume that (3)-(5) hold and —1 < —p < p(t) < 0. Then (1) has a bounded
nonoscillatory solution.

Proof. Suppose (4) holds with d > 0, the case d < 0 can be treated similarly. Let X
be the set as in the proof of Theorem 1. Set

AZ{:L'EX:Nng(t)Sd, tZt()},

where N3 is a positive constant such that N3 + pd < d. Clearly, A is a closed, bounded
and convex subset of X. In view of (3)-(5), there exists a t; > to sufficiently large such
that ¢t — 7 > to, Ul(t) > to, O’Q(t) > tg for t > t7 and

2 o0 S S — t n—2 .
D+ (n—2)l /t /t (T(S))qi(u)duds <fO3<1, =12, (14)
) 1 1

where 3 is a constant,

0 S (g n—2
(”_12)'/t /t (r(i’))[fl(u’d) + |g(u)|]duds < d — a, (15)
oo S (g — n—2
o [ S )+ gw)lduds < @ - N - pa (10

where « is a positive constant such that N3 4+ pd < a < d. Define the operator S on A by

a+pt)z(t—71)+ (niz)! ft‘x’ (S;t(lr)l_Q ft‘j [f1(u, (o1 (u)))
(Sz)(t) = —folu, x(o2(un))) — g(u)]duds, t>t,
(SIL‘)(tl), to S t S tl.

Clearly, Sx is continuous. First, we shall show that SA C A. For every x € A and
t > t1,by using (15), we have

(Sz)(t) = « +p

Y (t —T)
- / / 7;))" : [f1(u, z(o1(w))) — fo(u, z(02(u))) — g(u)]duds
=i

/ i t (=02 1 () + Jg(u)lduds
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< d

and applying (16), we have

(Sz)(t) = a—l—p ) (t —7)
T n_2l ; /t fl(%f’?(ffl(u)))—f2(u’$(02(u)))—g(u)]duds
S — n—2
> apl- gy / / O st d) + L) s
> Ns.

Hence, SA C A. Finally, we show that S is a contraction operator on A. In fact, for
x,y € A and t > t1, using (2) and (14), we obtain

[(Sz)(t) = (Sy)@)] < plz (t—T)—y(t—T)l

+ (n—2) (n—2)! Z/ 8 _t ‘fl(uvx(‘ﬂ(u))) — filu,y(oi(w)))|duds

t1

IN

plz (t—T)—y(t—T)l

T2 :Z/ S_t / ()23 (u)) — y(os(w)))|duds
IIx—yH[er ,Z/tl /tl s_t (u)duds

O3]z — yl.

IN

IN

This implies that
Sz — Sy|| < O3]z —yl.

Since 03 < 1 by (14), it follows that S is a contraction operator on A. By the Banach
contraction mapping principle, S has a fixed point z € A, which is obviously a positive
solution of (1). This completes the proof.

Theorem 4. Assume that (3)-(5) hold and —oco < —p1 < p(t) < —pa < —1. Then (1)
has a bounded nonoscillatory solution.

Proof. Suppose (4) holds with d > 0, the case d < 0 can be treated similarly. Let X
be the set as in the proof of Theorem 1. Set

A={zeX:Ny<z(t)<d, t>t},

where N4 is a positive constant such that py Ny + d < pad. It is clear that A is a closed,
bounded and convex subset of X. By (3)-(5), we can choose a t; > ty sufficiently large
such that o1 (t + 7) > to, oo(t +7) > to for t > t; and

1}2[1 + (7132)' /:O /: @;(Tqi(u)duds] <Os<1, i=1,2, (17)
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where 0, is a constant,

oo S s — n—2
o [ [ ) + gt lduds < pad - (19
and
e} S S — n—2
[ ) s <N —d (19

where « is a positive constant such that p; Ny + d < o < pad. Define the operator S on A

e o~ 2t )+ gty L S L U s(or )
~ ol 2(oa(w))) — g(u)]duds] 1>t
(Sl‘)(tl), to S t S tl.

Clearly, Sx is continuous. We shall show that SA C A. For each x € A and t > #1, by
using (18), we have

S T PR N o A (S, N
(Sz)(t) = p<t+7>[ (t+ )+<n—2>!/t+7/w o o)
- Ralwa(oa(u) - g(wlduds]
o rs (g n—2
S e, [, ST e+
< d

and applying (19), we obtain

—#a—x T L w w. 2(o1(u
p(t—i-T)[ t+7)+ (n_2)!/t+7'/t1+7' (5) [f1(u, z(01(u)))

- fo(u,x(o2(u))) — g(u)}duds]

(5z)()

]911 [a —d- (n —1 2)! /:O /: (S;(ts);_Q[h(Ua d) + \g(u)!]duds]
> Ny

v

AV

Hence, we proved that SA C A. Now we shall show that S is a contraction operator on
A. In fact, for z,y € A and ¢t > ¢;, in view of (2) and (17), we have

|(Sz)(t) = (Sy)(B)] < L) [iﬂ(t +7) =yt +7)]
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1 2 ®(s—t—T1)""2% [8 4 , 3 .
Jrz/ /tl+T|fZ(u,x(al(u))) fiu,y(oi(u)))|duds

(=21 & )i, r(s)
|z — ]| 1 = [ 5 (s — )"

< 1 RS/ S

<t *‘<7z—-2>!§§;(/£ [, oyt

< Oyl — |-

This implies that
15z — Syl < Oallx —y.

Since 64 < 1 by (17), S is a contraction operator on A. By the Banach contraction
mapping principle, S has a fixed point z € A, and z is a positive solution of (1). Thus,
the proof is completed.

Example 1. Consider the equation

(et (z(t) — e 4 (t — 4)") + et 5z (t — 5)

—e 03t —2) —e P f e £ 8T =0, ty>5, (20)
wheren =4, r(t) = e, p(t) = e t74, 7 =4, Ul(t) =t—5,09(t) =t—2, fi(t,x) = e 702,
fa(t,x) =¢ t_6:c3 and g(t) = e 2t — =4 — . Thus,

’fl(tu .T) - fl(t7y)’ = ’e—t—5x - e_t_Sy‘ = e_t_5’x - y’a where T,y € [a,b],a > 07

fo(t,2) = folt,y) = 7% — ™70 = t’%Z +ay + Pl -yl <360z —y),
where x,y € [a,b],a > 0. Letting q1(t) = e~'=° and qo(t) = 3b%e 7175, then
u)duds = / / e " Pduds < oo
n - 2 to to to to
and

_ /Oo /s ﬁq (u)duds = 1/ —3b2 U Sduds < oo
(=21 Sy Sy 7)™ 2y Sy € |

Furthermore,

1 s gn— 2
/ / !f1 u, d)|duds = / / e 5|d|duds < oo, d#0,
(n_2)' to to to eS
/ / |f2ud|duds / / —e " Od]*duds < 0o, d#0,
n_ 2 to Jto to Jtog €

o s 82
u)|duds = 3 / / —Se_“_5]e_2“ — e M — 8e7¥|duds < oo.
s Jitg t e

n - to Jio

We see that all conditions of Theorem 1 are satisfied. In fact, x(t) = e~ is a nonoscillatory
solution of (20).
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