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Abstract. In this paper we study an inverse boundary value problem with an unknown time-
dependent coefficient for a third-order pseudo-hyperbolic equation with an additional integral con-
dition. The definition of the classical solution of the problem is given. The essence of the problem
is that it is required together with the solution to determine the unknown coefficient. The problem
is considered in a rectangular area. When solving the original inverse boundary value problem,
the transition from the original inverse problem to some auxiliary inverse problem is carried out.
The existence and uniqueness of a solution to an auxiliary problem are proved with the help of
contracted mappings. Then the transition to the original inverse problem is again made, as a
result, a conclusion is made about the solvability of the original inverse problem.
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1. Introduction and Problem Statement

It is known that the practical requirements often lead to the problem of determining
the coefficients or the right hand side of the differential equations for some known data
about their solutions. Such problems are called inverse problems in mathematical physics.
Inverse problems arise in various fields of human activity, such as seismology, mineral
exploration, biology, medical visualization, computed tomography, Earth remote sensing,
spectral analysis, nondestructive control, etc.

Fundamentals of the theory and practice of research of inverse problems were estab-
lished and developed in the works published by Tikhonov [22], Lavrent’ev [16], Ivanov
[10], Romanov [21], Isakov [6], and so on.
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A more detailed bibliography and a classification of recent works connected with the
investigation of inverse problems for partial differential equations can be found in mono-
graphs and in articles [2, 3, 5, 7-9, 11, 13, 20] and references therein.

It should be noted that pseudo-hyperbolic equations arise in the theory of unsteady
flow of a viscous gas during the propagation of initial densifications in a viscous gas
[23], in the theory of solutions [17] when describing the process of electron motion in
the system “superconductor — dielectric with tunneling conductivity — superconductor”.
The solvability of inverse problems in certain formulations, with certain overdetermination
conditions for pseudohyperbolic equations, was the subject of study in [1, 4, 14, 15, 18, 19|
and references therein.

In this work we study a two-dimensional inverse boundary value problem for a third-
order pseudo-hyperbolic equation with an additional integral condition. In the paper using
the Fourier method and the contraction mappings principle, the existence and uniqueness
of a classical solution to the considered nonlinear inverse boundary value problem is proved.

Consider for the equation

up(z,y,t) — aAu(z,y,t) — BAu(x, y,t) = a(t)u(z,y,t) + f(z,y,t) (x,y,t) € Dp, (1)

in the domain Dy = Quy x {0 <t < T}, where Quy = {(z,y) : 0 <2 <1, 0<y <1} an
inverse boundary problem with initial conditions

u(@,y,0) = ¢(z,y), w(z,y,0)=v¢(z,y), 0<z,y<1, (2)
with boundary conditions

Uy (0,9,t) =u(l,y,t) =0, 0<y <1, 0<t<T, (3)

uw(z,0,t) = uy(z,1,t) =0, 0<y <1, 0<¢t<T, (4)

and with additional condition
11
//wxy u(z,y,t)dedy = h(t), 0<t<T, (5)
0 0

where o, 5 > 0 are given numbers, f(z,y,t), ¢(z,y), ¥(x,y), w(z, ) and h(t) (i =1,2)
are given functions, u(x,y,t), a(t) are desired functions, and A = (%2 + ay

Definition 1. The pair {u(x,y,t), a(t)} is said to be a classical solution of the inverse
boundary value problem (1)-(5), if the following conditions are satisfied: the function
u(z,y,t) € C222(Dp)NCHYY(Dy), a(t) € C[0,T), satisfying equation (1) in Dy, condition
(2) in Qqy, condition (3) in [0,1] x [0,T], condition (4) in [0,1] x [0,T] and condition (5)
in [0,T7].

The following theorem holds:
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Theorem 1. Let ¢(x,y) € C(Quy), ¥(x,y) € C(Quy), f(x,y,t) € C(Dr), h(t) € C?[0, T,
h(t) #0,0 <t <T and the consistency condition

11 11
//w o(x,y)dxdy = h //wwy ¥(z,y)dzdy = h'(0) (6)
00 00

be satisfied. Then the problem of finding a classical solution to problem (1)-(5) is equivalent
to the problem of determining the functions u(z,y,t) € C*%%(Dr), a(t) € C[0,T) from

(1)-(4) and
11 11
n"(t a//wxyAutq:y, d:pdt—ﬁ//wzyAuazy, t)dxdt =
0 0 0 0

t) +

o _

1
/ w(z, 1) f (2, H)dedy (0<t<T). (7)
0

_ Proof. Let {u(z,y,t),a(t)} be a classical solution to problem (1)-(5), and u(z,y,t) €
C?22(Dr). Assuming h(t) € C?[0,T] and differentiating two times (5), we get:
ug(0,1,8) = B (t), un(0,1,8) =h"(t) (0<t<T). (8)

Further, multiplying Eq. (1) by the function w(z,y), integrating the equation over x
from 0 to 1, we have:

11 11

2

dtQ//wxy u(x,y,t)dedy — a//w:pyAutacy,)dxdy
0 0 0 0

1

1
—ﬁ//wxyAu:zy, t)dxdy =
0

0

11 11
//wxy u(z,y,t dxdy+//wxy (x,y,t)dzdy (0 <t <T). (9)
0 0 0 0

From (9), taking into account (5) and (8), the fulfillment of (7) follows.
Now, suppose that {u(z,y,t),a(t)} is a solution to the problem (1)-(4), (7). Then

from (7) and (9) we find:
11
//w(m,y)u(m,y,t)dwdy—h(t) =
0 0
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11
= //w(x,y)u(x, y,t)dzdy — h(t) | (0<t<T). (10)
00
Due to (2) and (6), we have :

11 11

[ Jw(z, y)ulz,y,0)dzdy — h(0) = [ [w(z,y)p(x,y)dzdy — h(0) = 0,

%9 R (11)

g{w(;v,y)ut(m,y, 0)dxdy — W' (0 Ofbfw x,y)(z,y)dxdy — h'(0) = 0.

From (10), (11) we conclude that

11
[ [ ety tdsdy — bty =0 0 <e<)
00
i.e. condition (5) is satisfied.
2. Solvability of the existence and uniqueness of the classical solution

of the inverse boundary value problem

The first component of the solution {u(x,y,t),a(t) } of the problem (1)-( 4), (7) will
be sought in the form:

u(z,y,t) Z Z Uk () cOs Az sinypy, (12)
n=1 k=1

where - .
Me=52k=1), k=12, m=52n—-1), n=12,..,

11
U (t) = 4//u(x,y,t) cos \pz sinvy,ydedy, k,n=1,2,....
00

Applying the method of separation of variables to determine the desired coefficients
upn(t) (k=1,2,..;n=1,2,..),
of the function u(zx,y,t) from (1), (2), we get:

u”k,n(t) + au%mu'k,n(t) + B,ui}nukm(t) = Fpn(t;u,a), k,n=1,2,..., 0<t<T, (13)

uk,n(()) = ¢k,n7 u/k,TL(O) = wk,na kan = 1727 veey (14)
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where
= )\i —f—’yfb, kkn=1,2,..,

Fin(tiu,a) = frn(t) +a)upn(t), k,n=1,2,..,

11
Jrn(t) 4//f x,y,t) cos \px sin ypydzdy, k,n=1,2,.
0 0

11
Pk = 4//¢(x,y) cos \px siny,ydady, k,n=1,2, ...,
00
11
Y = 4//¢(x,y) cos \px siny,ydxdy, k,n=1,2, ...
00

Let’s assume that

2.2
a 47r -6>0.
Then solving problem (13), (14), we find:
1
uk,n(t) = ,YT [(Mz’k’neul,k,nt _ Ml’k7n€#2,k,nt) ¢k,n+ (ep'Q,k,nt _ elu‘l,k,nt) ¢k7n+
n
t
+/Fk,n(T;U,a) (e/LZ,k,n(t*T) _ eul,k,n(t*T)) dr |, (15)
0
where
2 2,,2
oy, 4 o’
Hik.n - n+( )Zﬂk,n n_ﬁ (Z:172)a
2 4
O[2Mk n

-B.

Yen = M2,k — M1,kn = 2Nk:,n

After substituting the expression from (15) into (12), to determine the component of
the solution to problem (1)-(3), (7), we obtain:

u(z,y,t Z Z { [(/‘2 i n€“1 kot Pk, nel2kn ) Pkt (6u2,k,nt — e‘ul,k,nt> Vgt

k=1n=1

)

t
+/Fkn iU, a) ”M’n(t*ﬂ - e“lkv"(t*ﬂ)dv' COS AR T Sin Yy, y. (16)
0
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From (6),(7), we have:

11
a(t)h(t) = h"(t //w z,y)f(z,y,t)dedy+
0 0

+ Z Zpk,n (0 (8) + Bugy (1) (0<t<T),

k=1n=1

where

11
= //w x,y) cos A\gx sin ypydxdy.
0 0
Differentiating (15) two times, we get:

u/k,n(t> = [Ml knl2 kn (eﬂl,k,nt - €M2k,nt) ¢k,n+
Yk,n

+ (M2,k,n€u2’k’nt - Nl,k,neul’k'nt) wk,n"i_

t
+/Fk,n(7';u,a) (leme“zk,n(t—"r) _ Ml,k,nem’k’n(t_T))dT ,
0

1
() = —— [ pnbokn (B gneFmt — po g nef2bnt) g 4
k,n

2 t 2 t
+ (N27k’n€u2,k,n _ Mlyk’ne/"fl,k,n )wk,n+

t
+/Fkn T U, a) Mz,k,ne“Q”“’"(t_T) - N%,k,nem’k’”(t_T))dT * Finltiv, a).

0
Due to (13) and (20) we have :

O[/,L%7nulk’n(t) + 5Mz,nuk,n(t) = Fk,n(ta U, (Z) - U/,k;7n(t) —

41 t
= — [Hl,k),n/’LQ,k,n (Ml,k,neu17k7nt _ ,ul2’k’n€/1«2,k,n ) ¢k,n+
k,n

2 nt 2 nt
+ (HQ,k,nequ’ — M1k ne‘ul’k' ) ¢k,n+

sy

t
+/Fkn 731,0) (153 €2 ) = i3 e ) ) ar

)

0

(17)

(18)
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In order to obtain an equation for the second component a(t) of the solution {u(z,y,t),a(t) }
of problem (1)-(4), (7), we substitute expression (21) into (17):

1 1
at) = [h ()] W(t) — / / w(z,y) @,y t)dady +
0 0

+ZZ

—1n= 1“kn7kn

nt nt
Nl,k,nﬂQ,kz,n (m,k,ne’“”“’ — o nelBk )¢k,n+

2 nt 2 nt
+ (M n €5 = P g€ ) Yt

+/Fk,n(T;U,G) <Mg,k,n€”2’k’"(t_7) - Mik,nem’k’"(t_T))dT . (22)

Thus, the solution of problem (1)-(4),(7) is reduced to the solution of system (15), (22)
with respect to unknown functions u(z,y,t) and a(t).

To study the question of the uniqueness of the solution of problem (1)-(4), (7), the
following lemma plays an important role.

Lemma 1. If {u(x,y,t),a(t)} is any classical solution to the problem (1)-(4),(7), then
the functions

11
Uk (t) = 4//u x,y,t) cos \gx sin ypydedy, k,n=1,2, ...
0 0

satisfy of the system (15).

Proof. Let {u(z,t),a(t)} be any solution to the problem (1)-(4), (7). Then multiplying
both sides of equation (1), by the function

dcos Aprsiny,y, (k=1,2,..; n=1,2,...),

integrating the resulting equality over x and y from 0 to 1, and using the relations

11
4//utt x,y,t) cos \px sin y,ydrdy =
0 0

11
dt2 4//u z,y,t) cos gz sinypydady | =u",,(8)  (k=1,2,..; n=1,2,..),
00
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11
4//um x,y,t) cos \gx sin v, ydrdy =
0 0
11
= —)\% 4//u(:z,y,t) cos A\gz siny,ydrdy | = —)\%ukm(t) (k=1,2,..;, n=1,2,...),
0 0
11
4//uyy x,y,t) cos \px sin yp,ydrdy =
0 0
11
—2 4//u(:v,y,t) cos A\ siny,ydrdy | = —WZUk,n(t) (k=1,2,..; n=1,2,...),
0 0
11
4//um x,y,t) cos \gx sin ypydrdy =
00
11
= -\ 4//ut x,y,t) cos \gx siny,ydzdy | = —)\kukn( ) (E=1,2,..; n=1,2,...),
0 0
11
//utyy x,y,t) cos \gx sin yp,ydrdy =
00
11
= 2 4//ut(x,y,t) cos Mgz sin ypydedy | = —72u"pn(t) (k=1,2,..; n=1,2,..),
0 0

we obtain that equation (13) is satisfied.
Similarly, from (2) we conclude at condition (14).

Thus, ug,(t) (k=1,2,...; n=1,2,...) are a solution to problem (13), (14).
Then from this, it directly follows that the functions

wpn(t) (k=1,2,...; n=1,2,..)

satisfy on [0, 7] of the system (15).
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It is obvious that if
11

Uk (t 4//u x,y,t) cos \gx sinypydedy, (k=1,2,...; n=1,2,...)
0 0

are a solution of system (15), then the pair {u(z,t),a(t)} of the functions

(o e XNe o]

u(z,y,t) Z Zuk" ) cos A sin y,y

n=1k=1

and a(t) is a solution of system (15), (21).
From Lemma 1 it follows that:

Remark 1. Let system (15), (22) have a unique solution. Then problem (1)-(4), (7)
cannot have more than one solution, i.e. if problem (1)-(4), (7) has a solution, then it is
UNLque.

1. We denote by Bj  [12], a consisting of all functions u(z,y,t) of the form

oo oo
u(x,y,t Z Zu ) cos Agx sin v, Y,
n=1k=1

considered in Dr, where

is continuous on [0, 7] and

2
{Z (Ni,n“uk,n(t)Hc[O,T})2 } < +o00,

n=1k=1

The norm in this set is defined as follows:

1
2 2
e, 1) s, {j{j () o) } -

Jun

where

n=1k=1

2. The spaces E% denote the space consisting of the topological product BS,T xC[0,T].
The norm of element z = {u,a} is determined by the formula

2l = Nt )l + la(®) oy

It is obvious that BS,T and E% are Banach spaces.
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Now consider in the space E% the operator

where

P(u,a) = {P1(u, a), P2(u,a)},

o0 [e.9]
Q1 (u,a) = u(x,y,t) = Z Z Up (1) cos Mgz siny,y, Po(u,a) = a(t),

and U, () (k=1,2,..;n
(15), and (21).
It is easy to get that

i < (

n=1k=1

=1,2,...) and a(t) are equal to, respectively, the right sides of

A+ )M+ 7)) = Ab + A2+ 72Nk + s,

a .
Vel > ﬁui,m |1t fen| < a,uzm (i=1,2),

|1 bz knl = B, (i=1,2),

‘pk,n‘ < Hw(x, y) HC(QIH)

Taking into account this ratio, we have:

{ZZ<M2,n”ak,n(t)”(}[0,T]>2 } 54( (A7 \¢k7n])2> +

n=1k=1

+4(§: 3

n=1k=1

1 1
2 [ <Ne’e} 2
2
)‘k;'Yn |¢kn‘ > + 4( ()‘k%% |¢k,n|) ) +

N

TOO o0
Ok lfen(MD2dr | + / SOS G lfinD?dr | |+
0

[

Ol (ZZ (4 |uk,n<t>||cm,ﬂ)2> , (23)

n=1k=1
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1 1
6l egom < [[(oe) OT]{ - [ [ eta) sty oy
0 0

+2*/§<ZZ“1:,3L> lw(@, ¥)llc10.,] {5 (ZZ (A ¢rnl) )

n=1k=1

+

clo,T]

+6 <Z (A% n |¢k,n\)2> +ﬁ< (A ’¢k,n!)2> +

n=1 k=1 n=1 k=1
1
o0 [oe) 2
+/3< (V3 prnl) >
n=1 k=1
1 1
o0 o0 2 o o0 2
+a<ZZ(Ak Iwk,n|)2> + a< (Yn Iwk,n|)2) +
n=1k=1 n=1 k=1

NI

T T 0o oo %
+af<(/ +(/Zk2<%fk,n<7>>2df) >+
0 0 n=1 k=1

+aTja(t)ll ¢, <Z Z (uin Huk,n(t)‘C[O,T})2> ] } : (24)

n=1 k=1

gL
Mg
>
=
s
<,
s
N——

Let us assume that the data of problem (1)-(4), (7) satisfy the following conditions:
1. a>0, 8 >0, CY@2—6>0;

2‘ Qs(x?y)a¢I(x7y)v¢$$(‘T7y)?éy(xay)v(bﬂfy(]:?y)a¢yy(x7y) € C(Qﬂfy)?
Gzay (z,v), Gzyy (2,Y), Paaa(z, ), Dyyy (z,y) € L2(Qxy)v
%(an) = ¢(17y) = ¢:m:<17y) =0, 0<y <1,
¢(x,0) = @by(xa 1) = Qbyy(xvo) =0, 0<z <1,

3' ¢($ay),¢m($ay)awy($;Z/)ﬂbm(lﬁay)awmy(iﬂay),¢yy($ay) € C(sz)a
Vray (T, Y), Vayy(T,Y)s Yawa (2, Y), Yyyy(2,y) € L2(Qzy),
P(,0) =Yy (z,1) = Yy (z,1) =0, 0 <o <1;

4. f(x7y>t)?fm($?yat)7fy(l‘ayvt)afxx(xyyvt)afmy(xayat)vfyy(*T?yat) S C(DT)7
fxwx(fvay7t)7fmacy(a3ay7t)7fmyy<xayat)’fyyy(x7y7t) S LQ(DT)7
fx(oayat) :f(layat) :fmz(oayat) =0, 0<y<1, 0<t<T,
f(z,0,t) = fy(z,1,t) = fyy (2,1,t) =0, 0<2 <1, 0<t<T;
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5. h(t) € C%[0,T], h(t) Z0 (0 <t < T).
Then from (26) - (28), respectively, we obtain:
(w90l < 4(T) + BuDla®ll g3y, + DOl oy (25)

18 (Dllogoiry < Az (T) + Ba (T) lla @)l cgo.zy 1 (2,9l gz, + Co (T) I Ollcorys — (26)

where

AUT) = 4 Pwaa (2, Y) 1y(Quy) + 4 baay (@ 9) | Ly 0,,) T 4 Payy (Y La(Quy) T+

4 4
+4|dyyy (2, y)”LQ(QW) + aH?ﬁm(%y)HLQ(sz) + aHU}y(f’?ay)HLz(Qw)ﬂL

ATl + 0D )

1 1
—//w(a:,y)f(x,y,t)dxdy
0 0

+2V/2 <22Mkn) l|w(z y)HC sz]ﬁ||¢x:m($ y)||L2(Qxy

Ay(1) = 1ne) | 4

0,17

o7

+ﬁ||¢rxy(xuy)HLQ(Qxy) + Bl ey (@Y L2Quy) + ﬁ”qsyyy(xvy)HLQ(Qw)'f‘
ol ) oo, + ol (@90 +

VT (1o 0, ) ooy + 19Dl 2ao) |}

By (T) = 2v/3a )] | (Zzukn> (@ Dlcigu, T

n=1k=1

From inequalities (25)-(26), we conclude:
a0l + 180z < AT) + BOllal®) ooz a9, 0llpg,. (27

where

A(T) = Ay (T) + As(T), B(T) = By(T) + Bs(T).

So, we can prove the following theorem:
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Theorem 2. Let conditions 1-5 be satisfied and
B(T)(A(T) +2)* < 1.

Then problem (1)-(4), (7) has unique solution in the ball K = KR(HZHE% <R=A(T)+2)
of the spaces Eg}

Proof. In the space E3. consider the equation
z=®z,

where z = {u,a}, the components ®;(u,a)(i = 1,2) of the operator (u,a) are defined by
the right-hand sides of equations (15), (22).
Consider the operator (u,a) in the sphere K = KR(HZHE% < R= A(T) +2) from E3.
Similarly to (27), we obtain that for any z,z; € Kp fair estimates:

192 gy < A(T) + B(D)|a®)llcpo.m lule,y: Ol gz, < AT) + B(T) (A(T) + 2)%, (28)

[@21 = @2l gy < BDR (llar (t) = az(O)llcpory + lun(@,9,8) = ua(e,p, Ol gz, ) - (29)

Then estimates (30) and (31), taking into account (28), it follows that the operator
® acts in the sphere K = Kpg and is contractive. Therefore, in the sphere K = Kp the
operator ® has a unique fixed point {u,a}, that is a solution of equation (15),(22).

The function u(z,y,t), as an element of space BST, is continuous and has contin-
uous derivatives ug(z,y,t), uzz(x,y,t), uy(z,y,t), uz;(aj,y,t), Uyy (2, Y, 1), Upga(x,y, 1),
Uyyy(z,y,t) in Drp.

Further, from (19), we find:

{ZZ <M%,nHU,k,n(t)Hc[o,T]>2 } < 4\fﬁ <ZZ Dk nl) >

n=1k=1 n=1k=1

428 [ S &= 4 :

+ fﬁ (le At |0nnl) ) f/s (Zl (M |¢k,n|)2> +
n=1k=1 n=1k=1

4\[/8 (Z %l | )2>2+

+4\f2<ii |Wkn]) >é (Z (A2 n |¢k,n!)2>
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+4V2|| ¢y (2, W Lo, + V2 |¢hyyy (s, Wlzo@.)t

+4v2T (Hfmx:r(x,yat)”LQ(DT) + ||fxxy(xa yvt)HLQ(DT)+
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(NI

+4V2 T|a(®)ll oo 1y (Z > (ui,n Huk,n(t)HC[o,T]>2>

n=1k=1

From the last relation, it is clear that wi(z,y,t), ww(z,y, 1), wy(T,y,1t), Uaa(x,y,1),
Ugyy (2, y,t) are continuous in Drp.
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Now, from (13) it is easy to see that

(555" (malsiatOllegn)” b <2 [o{ 3

n=1k=1 n=1k=1

N|=

n o)’ } +

D=

+ﬂ{ii(umuukn Dllcm) } 1ol . + Folr D o

+
n=1k=1 LQ(QJMJ)

+ HHa(t) (uz(z,y,1) +uy(x7y7t>)HC[O’T}HLQ(QOB?/):| '

It is easy to verify that wuu(z,y,t) is continuous in Dp. Obvious that equation (1)
and conditions (2)—(4), (7) are satisfied in the usual sense. Thus, the solution to problem
(1)-(4), (7) is a triple of functions {u(x,t),a(t)} and by the corollary of Lemma 1, it is
unique in the ball K = Kpg.

Using Theorems 1 and 2, we obtain the unique solvability of problem (1)—(5).

Theorem 3. Let all the conditions of Theorem 2 and the consistency condition (6) be
satisfied. Then problem (1)-(5) has in the ball K = KR(HZHE% < R = A(T)+2) of the

spaces E% a unique classical solution.
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