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Abstract. In this paper, we provide an upper bound for the intersection number in the join and
corona of graphs. Moreover, we give formulas for the intersection number of K,,0G, P, oG, C, oG
and Cr,.
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1. Introduction

Let S be a set and F' = {S1,52,---,S5p}, for some integer p, a nonempty family
of distinct nonempty subsets of S whose union is S. The intersection graph of F' is
denoted by Q(F) and defined by V(Q(F)) = F, with S; and S; adjacent whenever i # j
and S; NS; # 0. A graph G is an intersection graph on S if there exists a family F' of
subsets of S for which G = Q(F'). The intersection number w(G) of a given graph G is
the minimum number of elements in a set S such that G is an intersection graph on S.
The intersection number has been studied by [1]. They obtained the best possible upper
bound for the intersection number of a graph with a given number of points. In [2], Frank
Harary provided an upper bound for the intersection number of a graph G. He showed
that w(G) < |E(G)|. In [3], the authors provided a lower bound for the intersection
number of a graph G. They showed that logy(|V(G)|+1) < w(G). Moreover, the authors
provided formulas for the intersection numbers of P, Cy,,, Wy, F,, K,, and G+ K7 for any
connected graph G. They also defined the concept of an extreme intersection graph. A
graph G is an extreme intersection graph if for any family F of subsets of
S ={1,2,3,...,w(G)} such that Q(F) = G, then S € F.
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2. Results

The join of two graphs G and H, denoted by G + H, is the graph with
V(G+H) =V(G)UV(H) and E(G+H) = E(G)UE(H)U{a;bj : a; € V(G) and b; € V(H)}.

Theorem 1. Suppose G is not an extreme intersection graph. Then for any graph H,
w(G+ H) <w(G)w(H).

Proof. Let G be not an extreme intersection graph. Then there exists a family F; of
nonempty subsets of a set S such that S; ¢ Fy and Q(F;) = G. That is, there is an
isomorphism ¢; : V(G) — Fj such that ¢1(z) # S, for all x € V(G). Let H be any graph
and suppose w(H) = m. Let So = {1,2,..,m} and F, be a nonempty subset of a set So
for which Q(Fy) = H. That is, there is an isomorphism ¢9 : V(H) — Fy. Let S = 51 X Sy,
and F' = (U{Ax S2: A€ Fi})U(U{S1 x B: B € Fy}). Let ¢ : V(G+ H) — F be a
mapping defined by

o(z) = ¢p1(x) x S, if x € V(QG)
TS % do(w), ifae V(H).

Let 21,22 € V(G 4 H) such that ¢(x1) = ¢(z2). The case 21 € V(G) and zo € V(H)
is not possible. Since ¢(z1) = ¢1(z1) X S and ¢(z2) = S1 X ¢2(x2). Consider the following
cases:

Case 1. Suppose z1, x2 € V(G). Then ¢(z1) = ¢1(x1) X S2 and ¢(z2) = ¢1(x2) X Sa.
Note that ¢(z1) = ¢(z2), so we have ¢1(z1) = ¢1(x2). Since ¢; is one to one, 1 = z5.
Case 2. Suppose z1, x2 € V(H). Then ¢(x2) = S1 X ¢pa(z1) and ¢(z2) = S1 X pa(x2).
Note that ¢(z1) = ¢(x2), so we have ¢o(x1) = ¢a(z2). Since ¢y is one to one, 1 = x3.
Therefore, ¢ is one to one.

Let u € F. If u= 51 x B, B € F». Since ¢ is onto, there exists x € V(H) C V(G+H)
such that ¢o(x) = B. Thus, ¢(z) = S1 X ¢2(x) = S1 x B = u. Therefore, ¢ is onto.

If u= A xSy, A€ Fj. Since ¢; is onto, there exists z € V(G) C V(G + H) such that
¢1(x) = A. Thus, ¢(x) = ¢1(z) x S; = A X Sy = u. Therefore, ¢ is onto.

Let z; and x2 be adjacent in G + H. Consider the following cases:

Case 1. Suppose x; and x9 are adjacent in G. Then ¢(x1) = ¢1(x1) x Sz and

B(z2) = ¢1(x2) X S2. Now,

¢(x1) N p(w2) = (P1(w1) x S2) N (d1(w2) X S2)
= (¢1(z1) N p1(w2)) x S2

= @, since ¢1 preserves adjacency.

Therefore, ¢(x1) and ¢(x2) are adjacent in Q(F).
Case 2. Suppose z; and zo are adjacent in H. Then ¢(z1) = S; X ¢2(x1) and

¢($2) = Sl X (bg(xg). NOW7

¢(w1) N P(w2) = (S1 X Pa(w1)) N (S1 X P2(w2))
= 51 % (¢2(z1) N P2(2))
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%+ @, since ¢ preserves adjacency.

Therefore, ¢(x1) and ¢(z2) are adjacent Q(F).
Case 3. Suppose z; € V(G) and x2 € V(H). Then ¢(z1) = ¢1(z1) x Sz and
gb(xg) =51 x (Z)Q(I'Q). NOW,

P(x1) N P(z2) = (P1(z1) x S2) N (S1 X P2(22))
= (¢1(x1) N S1) x (S2 N Pa(z2))
= ¢1(w1) X ¢p2(w2),since ¢1(x1) € S1 and ¢a(w2) C S
4o,

Therefore, ¢(x1) and ¢(z2) are adjacent Q(F).

Let u,v € F. If u = A xSy and v = 51 x B for some A € I} and B € F5, then
u = ¢1(x) x S and v = S1 X ¢o(y) for some x € V(G) and y € V(H). Consequently,
¢ Hu) =2 € V(G) and ¢~ (v) = y € V(H). It follows that = and y are adjacent in
G+ H.

If u=A; xSy and v = Ay x Sy, for some Ay, Ay € F} then u = ¢1(z1) X S2 =
and v = ¢1(z2) X Sz = ¢(x2), for some z1, 72 € V(G). Consequently, ¢~ (u) = z1 € V(G)
and ¢~ 1(v) = 29 € V(G). Thus, z1 and x5 are adjacent in G.

If u =51 x By and v = S1 X Bo, for some By, By € F5 then u =57 X ¢1(y1) = ¢(y1)
and v = S x ¢1(y2) = ¢(y2) for some y1,y2 € V(H). Consequently, ¢~ (u) = y; € V(H)
and ¢~ (v) = y2 € V(H). Thus, y; and y are adjacent in H. Therefore, ¢ preserves
adjacency.

Hence, Q(F) =G+ H

Accordingly, w(G + H) < |S|, since S = S1 x Sa. Then |S| = [S1]]52] = w(G)w(H).

Hence, w(G+ H) < w(G)w(H). O

Let G be a connected graph. A subset S of V(G) is a clique if (S) is a complete
graph. A clique M is maximal if a € V(G) — M, then M U {a} is no longer a clique in
G. The clique graph of G, denoted by ((G), is the intersection graph of the set of all
maximal cliques of G. The clique order of G, denoted by co(G), is |V (¢(G))|. That is,
co(@) is the number of maximal cliques in G.

Theorem 2. Let K,,, P, and C,, be a complete graph, path and cycle, respectively. Then
(i) co(Kp)=1,n>1
(ii) co(Pp)=n—1,n>2

1, ifn=3
n, if n>4

(iii) co(Cy) = {

The corona G o H of two graphs G and H, is the graph obtained by making n copies
(n is the ordered of G) of H and joining every vertex of the ith copy of H with the vertex
v; of G. For each a € V(G), we denote by H? the copy of H corresponding to the vertex
a.
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Theorem 3. Let G be a connected graph and H be any graph. Then
w(Go H) <co(G)+ |V(G)|-w(H).

Proof. Let V(G) = {a1,a2,a3,...,a,} and V(((G)) = {B1, Bz, ..., Beo()}- For each
i =1,2,...,n, let F; be a collection of nonempty subsets of S; = {(i,7) : 1 < j < w(H)}
such that Q(F;) & Ha;. For each i =1,2,...,n, let ¢; : V(Ha;) — F; be an isomorphism.
Let S, = {(0,7) : 1 <j <co(G)} and S = J;_ S;. Foreachi=1,2,...,n, let T; = {(0, )
: a; € Bj, for some j}. Let F = (U7, F5) U{SiUT; : 1 <i<n}
Define a mapping ¢ : V(G o H) — F as follows

() ¢i(x), ifx € V(Ha;), for some i
xr) =
S; UT;, for some 1.

Let 21,29 € V(G o H) such that ¢(xz1) = ¢(x2). Suppose 1 € V(G) and x2 € V(Ha;)
for some i. Then 1 € Bj for some j. Thus, (0,j) € ¢(z1). Now, ¢(z2) = ¢i(x2) C S;,
so (0,7) ¢ S;. This is a contradiction. Therefore, the case x1 € V(G) and xp € V(H,,) is
not possible. Consider the following cases:

Case 1. Suppose x1,22 € V(G). Then 1 = a; and 22 = a;. Thus, ¢(x1) = S; UT; and
¢(x2) = S; UT;. Note that (i,1) € S; C ¢(z1) = ¢(z2). It follows that
(1,1) € S5 ={(4,1),(4,2), ..., (j,w(H)) }. Consequently, i = j. In effect 1 = x.

Case 2. Suppose z1 € V(H,) and w3 € V(H,;). Suppose i # j. Then
d(x1) N @(x2) = ¢i(z1) N @j(z2) € S;NS; # 0. This is a contradiction. Hence, i = j.
Consequently, ¢;(z1) = ¢(z1) = ¢(x2) = ¢;(x2) = ¢i(x2). Since ¢; is one to one, x1 = 2.
Therefore, ¢ is one to one.

Suppose B € F; for some i. Since ¢; : V(H,,) — F; is onto, there exists © € V(H,,)
such that ¢;(x) = B. Consequently, ¢(x) = ¢;(x) = B. Suppose B = S; UT;, for some i.
Take © = a;. Then ¢(z) = ¢(a;) = B. Hence, ¢ is onto.

Let 1 and x2 be adjacent in G o H. Consider the following cases:

Case 1. Suppose 1 and 2 are adjacent in G. Then z1 = a; and x2 = a;, for some 7 and
J. In effect, ¢(x1) = S; UT; and ¢(x2) = S; UT}. Since a; and a; are adjacent in G, there
exists k such that a;,a; € By. This implies that (0,k) € T; and (0,k) € Tj. It follows
¢(x1) N Pp(x2) # B. Therefore, ¢p(x1) and ¢(x2) are adjacent in Q(F).

Case 2. Suppose x; and xg are adjacent in H,, for some i. Then xj,z0 € V(H,,). It
follows ¢(x1) = ¢i(z1) and ¢(x2) = ¢i(x2). Since ¢; preserves adjacency, ¢(z1) N P(x2) =
oi(z1) N ¢i(x2) # 0. Thus, ¢(z1) and ¢(x2) are adjacent in Q(F).

Case 3. Suppose 1 = a; and z2 € V(H,,). Then ¢(z1) = ¢(a;) = S; UT; and
¢(z2) = i(z2). Since ¢i(x2) C Si, d(x1) N ¢(z2) # 0. Thus, ¢(z1) and P(x2) are
adjacent in Q(F).

Suppose A and B are adjacent in Q(F). That is, AN B # (). The case A € F; and
B € Fj, where i,j # 0 and ¢ # j, is not possible, since S; N.S; = 0) in this case. Consider
the following cases:

Case 1. Suppose A, B € F;, for some i. Since ¢; is onto, there exists
x1,x9 € V(H,,) such that ¢;(x1) = A and ¢;(x2) = B. Since ¢; preserves adjacency, 1
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and xy are adjacent in H,,. It follows that z; and x9 are adjacent in G o H.
Case 2. Suppose A = S; UT; and B = S; UT} for some ¢,5 = 1,2,3,...,n, ¢ # j. Since
ANB #0, (5N S;)uU(SinT;)U(TinS;)U(T;NT;) # 0. Note that S; N S; = 0,
SiNT; =0, T;NS; = (. Consequently, (T;NT};) # 0. Moreover, ¢(a;) = A and ¢(a;) = B.
Let t € T; N Tj. Then t € T; and t € T;. This implies that ¢t = (0,r) where a; € B, and
t = (0,s) where a; € Bs. Obviously, r = s and a;,a; € B,. It follows that a; and a; are
adjacent in G. Accordingly, a; and a; are adjacent in G o H.
Case 3. Suppose A € F; and B = S; UT; for some i and j. Suppose i # j. Then ¢(a) =
¢i(a) = A for some a € V(H,,) and ¢(a;) = B. Since ANB # 0, (ANS;)U(ANT;) # 0.
Since A C S;, ANT; CS;NTj=0and ANS; € S;NS; = 0. This is a contradiction.
Thus, i = j. Consequently, a € V(H,,). It follows that a and a; are adjacent in G o H.
Hence ¢ preserves adjacency.

Therefore, Q(F) = Go H.
Accordingly,

w(Go H) < |[S]
= ISl
1=0
= 1So] + ) _ISi]
i=1

= co(G) + Zw(H)
i=1

=co(G)+n-w(H)
=co(G) + |V (G)| - w(H).

Therefore, w(G o H) < co(G) + |V(G)| - w(H).
O

Corollary 1. Let G be a connected graph and n > 2. Then w(K, o G) =1+ n-w(G).

Proof. By Theorem 3, w(K,,0G) < co(Ky)+|V(K,)|-w(G). By Theorem 2, co(K,,) = 1.
Thus,

w(Ky,oG) <co(Ky,)+|V(Ky)| - w(Q)
=1+n- -w(G).

Suppose w(K,oG) < 1+n-w(G). Let V(K,,) = {a1, a9, ...,an } and for each i, 1 <i < n,
let G; be the ith copy of G corresponding to the vertex a;. Let F' be a collection of subsets
of $ ={1,2,3,...,w(K, o G)} such that Q(F) = K,, 0 G. Let ¢ : V(K,, 0 G) — F be an
isomorphism. For each i, 1 < i < n, {¢(z) : = € V(G;)} is a set representation for G;.
Thus, | Uzev(a,) ()] = w(Gi) = w(G). Note that for each i, j, i # j, and each a € G
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and b € Gj, ab & E(K, o G). Consequently, E; = Uycy(g,)¢(2) and Ej = Ugey () ¢()
are disjoint whenever ¢ £ j. Now,

n
(UL, Byl = |Eil

=1

n

> w(G)
=1
=n-w(q).

It follows that the elements of S — (U}'_; E;) are used for the set representation of G. Note
that

S = (Ui E3)| = [S] = [(UiZ1 Ed)
<w(K,oG)—n-w(G),since we suppose w(K, o G) <1+n-w(G).
< 1.

That is, |S — (U, E;)| = 0. This implies, S = U} {E;. Since a; and ay are adjacent,
d(ar)Np(az) # 0. Let t € ¢(a1)Né(az). Thent € ¢(ar) and t € ¢(az) . Since S = U | E;,
t € E, for some r. Thus t € ¢(z) for x € V(G,). Therefore, ({x, a1, a2}) is complete. This
is a contradiction.
Therefore, w(K,, o G) =1+ n-w(G).
O

Corollary 2. Let G be a connected graph and n > 2. Then w(P,0G) = (n—1)+n-w(G).

Proof. By Theorem 3, w(P, o G) < co(P,) + |[V(F,)| - w(G). By Theorem 2,
co(P,) =n — 1. Thus,

w(P,0oG) <co(Py) + |V(P)] - w(G)
=(n—-1)+n-wG).

Suppose w(P, 0 G) < (n—1)+n-w(G). Let V(P,) = {a1,a2,....,an} , E(P,) = {a;aiy1 :
1 <i<n-—1} and for each i, 1 < i < n, let G; be the ith copy of G corresponding to
the vertex a;. Let F' be a collection of subsets of S = {1,2,3,...,w(P, o G)} such that
Q(F) 2 P,oG. Let ¢ : V(P,oG) — F be an isomorphism. For each i, 1 < i < n,
{¢(x) : 2 € V(Gi)} is a set representation for Gy. Thus, | Uzey ;) ¢(2)| > w(Gi) = w(G).
Note that for each 4, j, i # j, and each a € G; and b € G}, ab ¢ E(P, o G). Consequently,
E; = Uyev (g, #(r) and E; = Uzev(a,)¢(z) are disjoint whenever i # j. Now,

n
ULy Ei =) |E]
=1
n
> w(G)

=1
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=n-w(G).

It follows that the elements of S — (U}'_; E;) are used for the set representation of G. Note
that

1S = (U1 Eo)| = [S] = (Ui B3|
<w(P,oG)—n-w(G),since we suppose w(P, 0 G) < (n—1) +n-w(G).
<n-—1.

Since a; and a;11 are adjacent, ¢(a;) N ¢(ait1) # 0, for every 4, 1 < i < n — 1. Let
A; = ¢(a;) Nd(ait1), 1 <i <n—1. Since |S — (U, E;)| < n — 1, there exist i, j with
i < j,such that A, NA; # 0. Let t € A;N Aj. Thent € A; and ¢t € A;. It follows that
t € ¢(a;) and t € ¢(aj4+1). Note that j > i+ 1, it follows a; and ajy; are adjacent. This
is a contradiction.

Hence, w(P, 0 G) = (n—1)+n-w(G).

Corollary 3. Let GG be a connected graph. Then

1+ 3w(G), ifn=3

C,oQG) =
(CnoG) {n+n~w(G), ifn>4.

Proof. By Theorem 3, w(Cy, 0 G) < co(Cy,) + |V (Cy)| - w(G). By Theorem 2,

() 1, ifn=3
co(Cy) =
n, if n>4

The case n = 3, follows from Corollary 1 and for n > 4,

w(CpoG) < co(Cp) + |V(C)| - w(G)
=n+n-w(G).

Suppose w(Cp 0 G) < n+n-w(G). Let V(C,) = {a1,a9,...,an},

E(Cy) = {ajaiy1 : 1 < i < n—1} U{aja,} and for each i, 1 < i < n, let G; be
the ith copy of G corresponding to the vertex a;. Let F' be a collection of subsets of
S =1{1,2,3,...,w(Cy, o G)} such that Q(F) =2 C, o G. Let ¢ : V(C,, o G) — F be an
isomorphism. For each i, 1 < i < n, {¢(z) : = € V(G;)} is a set representation for G;.
Thus, | Uzev(a,) ()] = w(Gi) = w(G). Note that for each i, j, i # j, and each a € G
and b € Gj, ab ¢ E(Cy o G). Consequently, E; = Uzcy (g, ¢(7) and Ej = Upey () ¢()
are disjoint whenever i # j. Now,

n
| Uy Eil =) |Ei|
i=1
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> Zw(G)
i=1
=n-w(G).

It follows that the elements of S — (U}'_; E;) are used for the set representation of G. Note
that

1S = (Ui E)| = [S] = [(UiZ B
< w(CpoG) —n-w(G),since we suppose w(Cp 0 G) <n+n-w(G).
<n.

Since a; and a;41 are adjacent, ¢(a;) N ¢(a41) # 0, for every i, 1 < i < n. Let
A; = ¢(ai) N¢(air), 1 <i < n. Since |S — (U], E;)| < n, there exist ¢, j with ¢ < j, such
that A;NA; #0. Let t € A;NAj. Thent € A; and t € A;. It follows that t € ¢(a;)
and t € ¢(aj+1). Note that j > i+ 1, it follows a; and a;y1 are adjacent. This is a
contradiction.

Hence, w(Cp, 0 G) =n+n-w(G).

O
Corollary 4. Let n > 3. Then
4 ifn=3
w(Cry) =<
(Cra) {Qn, if n > 4.
Proof. The proof follows from Corollary 3.
O
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