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On Degenerate Laplace-type Integral Transform
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Abstract. This paper is motivated by the work of Taekyun Kim and Dae San Kim on the de-
generate Laplace transform and degenerate gamma function, as published in the Russian Journal
of Mathematical Physics. We introduce the degenerate Laplace-type integral transform and delve
into its properties and interrelations. This paper focuses on the degenerate Laplace-type integral
transforms of several fundamental functions, including the degenerate sine, degenerate cosine, de-
generate hyperbolic sine, and degenerate hyperbolic cosine functions. Furthermore, we establish
crucial connections between the degenerate Laplace-type integral transform and existing degen-
erate integral transforms. Specifically, we explore its relationships with the degenerate Laplace
transform, the degenerate Elzaki transform, and the degenerate Sumudu transforms.
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1. Introduction

Integral transforms have long captivated the mathematical world due to their multi-
faceted properties and widespread applications across diverse scientific fields. During the
20th and 21st centuries, the Laplace transform has been extensively studied and employed
in various scientific disciplines. Among the noteworthy contributions in this domain is the
investigation of work the intrinsic structure and properties of Laplace-typed integral trans-
forms by H. Kim [7] and some additional properties of Laplace-type integral transforms
by H. Kim et.al[5] . This integral transform is defined as

t

Falu) = Ga{f(1)} = u® /0 T e f(yt,

where o € Z.
In recent years, there has been growing interest in degenerate versions of existing inte-
gral transforms. Pioneering work of T. Kim and D. S. Kim [8] introduced the concept of
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degenerate gamma functions and degenerate Laplace transforms, as well as the derivation
of fundamental properties. Subsequently, L. M. Upadhyaya [14-16] further delved into
properties of the degenerate Laplace transform, while U. Duran [4] investigated the de-
generate Sumudu transform and L. M. Upadhyaya et.al [1] defined the degenerate Elzaki
transform and its properties.

In light of the growing significance of degenerate integral transforms, this article seeks
to contribute to this research by introducing the degenerate Laplace-type integral trans-
form. The goal is to derive some properties of this transform and explore its relationship
with other degenerate integral transforms.

2. Definition and Some Explicit Formulas

Tackyun Kim and Dae San Kim [8] introduced the concept of degenerate Laplace
transform, where f(¢) be a function defined for ¢ > 0 and A € (0,00). Then the integral

LALf (1)) = /0 T et (0 (1)t = /0 T M) f()r, (1)

is said to be the degenerate Laplace transform of f if the integral converges. Letting

1
s = —, the degenerate Laplace transform can be rewritten as
u

et = [ et orwi= [T

Ugur Duran of Iskenderun Technical University [4] introduced the concept of degener-
ate Sumudu transform of f(t) which is defined by the improper integral

Sy =7 [T ef wfa=1 [T

u

where A € (0,00), and f(t) be a function defined for ¢ > 0.

On the paper of Lalit Mohan Upadhyaya et.al [1], they defined the degenerate of Elzaki
transform and its properties. The degenerate Elzaki transform is defined by the integral

SO} = [ e Of@d=u [ 1+ e
0 0
where A € (0,00), and f(¢) be a function defined for ¢ > 0.

We now have the following definition:

Definition 1. [3, 8-14] For any nonzero real number A, the degenerate exponential
function is defined as follows:

Et) = (1+A)X,  ex(t) =ei(t) = (14 M)> (2)
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That is, the degenerate of the exponential function e is equal to % (t) = (1+At)X, where
AeR-—{0}.
Here, we note that

o0 tn

€ —
S0 =Y @arty,

n=0
where (z)o ) =1, (2)p\ = z(x — A)(z —2X)--- (. — (n — 1)A) for n > 1.
It is noteworthy to mention that

lim e%(¢) = lim (1 4+ M)% = e*t,
lim e3(t) = lim (1 +X)> = ¢

Definition 2. [8] A function f(¢) is said to be of degenerate exponential order C if
there exists C, M > 0 and T > 0 such that

1F(6)] < M1+ )K= MeS(¢) for all t > T.
Definition 3. [2, 4, 6] The degenerate sine function is defined by the relation

_ ez (t) — ey

5; (*) = sin(i log(1 + )\t)), where i =+v/—1. (3)

sinf\z) (t)

It can be noted that,
lim sin(x) t) = sin xt.
=0 A *)

Definition 4. [2, 4, 6] The degenerate cosine function is defined by the relation

1T t —ix ¢
COsg\x) (t) = e/\()_;eA() = cos(i log(1 + /\t)), where i =+/—1. (4)

It can be noted that,
(z)

li sy (t) = cosxt.
)\I_%CO’\() cos

Definition 5. [4, 6, 14] The degenerate Euler function is defined by the relation
eSE(t) = cosg\x) (t) + isin&m) (1) (5)

where
cos(f) (t) = cos (f\ log(1 + )\t)> and sin(;) (t) = sin(i log(1 + At)) .

It can be noted that,

lim e4* () = cos xt + i sin xt.
A—0

Definition 6. [4, 8, 14] The degenerate hyperbolic sine function is defined by the

relation
_eS(t) — ey " (?)

sinh(” (£) = . (6)

It can be noted that,

lim sinhy (t) = sinhxt
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Definition 7. [4, 8, 14] The degenerate hyperbolic cosine function is defined by the
relation .
ex(t) +e,“(t)

coshf\x) (t) = 5

(7)

It can be noted that,

lim cosh{” () = cosh at.
lim coshj (t) = coshx

3. Degenerate Laplace-type Integral Transform

Definition 8. Let A € (0,00), @ € Z and let f(¢) be a function defined for ¢ > 0. Then
the integral

1

Fun() = Gan{F(B)} = u® / T et f0dt = ue / (1 M) (), ®)

is said to be the degenerate Laplace-type integral transform of f(t). If the improper
integral is convergent, then we say that the function f(t) possesses a degenerate Laplace-
type integral transform.

We note that

lim Ga M {f(1)} = Galf(D)}- (9)
—0
Theorem 1. Suppose that f(t) is a piecewise-continuous function on the interval [0,00)
and has a degenerate exponential order at infinity with |f(t)] < MeS(t) for t > P, where
1—uC
M >0 and P,C are constants. Then, Go x{f(t)} exists for )\u > 1.
u
Proof. Suppose that f(t) is a piecewise-continuous function on the interval [0, c0) and
has a degenerate exponential order at infinity with |f(¢)] < MeS (t). Then

P

oo 1 P4 © 1
ua/o e;u(t)f(t)dt:ua/o e)\“(t)f(t)dt—i—ua/ e, " (t)f(t)dt. (10)

Since the function f(¢) is piecewise-continuous in every finite interval 0 < ¢ < P, the first
integral on the right-hand side of equation (10) exists. Since

[

& “(t)f(t)‘é Me; (1 (1)

for t > P, we have

ue /oo e}\i(t)f(t)dt‘gua /OO

P P

1

ey " () f(t)|dt

1
<uo / e " () MeS (1)t
P

=Mu® / (14 M) o dt
P
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R 1—uC
=Mu® lim [ 1+ M)~ )dt
R—o0 P
Mu® [ (14 A)=(559) }
= lim |—
A Rooo| Ao(ud — (1 —uC))

lf'u,C)

— _(1-uC
Mt im [(1—1—)\(R))1 (= B (1+>\(P))1 (=

R

P

R—00 u — 1 +uC uX — 1 +uC

1—uC

M a+1
h (1+ PG < oo,

T 1-ur—uC
1 —uC

U
1—uC

for > 1.

> 1.

u
Since the first integral on the right hand side of equation (10) converges and the second

— % > 1. Thus f(t)

Hence, the second integral converges for

integral on the right hand side of equation (10) also converges for
1—uC

> 1.
U

has a degenerate Laplace-type integral transform, for

Theorem 2. Let a,b € R and let f(t) and h(t) be function whose degenerate Laplace-type
integral exists. Then

Gax{af(t) +bh(t)} = aGan{f(t)} + bGaa{h(t)}.

Proof. Let a,b € R and f(t) and h(t) be any function whose degenerate Laplace-type
integral exists. Then

1

Gan{af (1) + bh(t)} =u° /0 Tt [am) T bh(t)] dt

1 © 1
=au® / e\ " (t) f(t)dt 4 bu® / e, “(t)h(t)dt
0 0
:aga,)\{f(t)} + bga,)\{h(t)}‘
Thus, linearity property of the degenerate Laplace-type integral transform holds true.

4. Degenerate Laplace-type Integral Transform of Some Elementary
Functions

In this section the researcher establish the degenerate Laplace-type integral transform
of some elementary functions.

Theorem 3. The degenerate Laplace-type integral transform of the function f(t) = 1 is

given by
a+1

Gan{l} = 1u_7,\u for Mu < 1. (11)
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Proof. By Definition 8, for f(¢) = 1, we have

SSIEEY R
Gax{1} :ua/ e, “(t)dt = u® lim (1+ ,\t)*ﬁdt
0 R—o0 Jo
(Lan-a "
=1 urAY
RN (Au—1) ]
la+ar)t-n 1 o+l
e i | - = for Au < 1.
R e T =D 1 TS

Remark 1. It is clear from Theorem 3 and equation (9) that

a+1
u*tt = G, {1}.

li 1} =1 =
B0 Garil} A50 1 —
Theorem 4. The degenerate Laplace-type integral transform of the function f(t) =t is
given by

ua+2

(1 —ud)(1 —2uN)

Proof. By Definition 8, for f(t) = ¢, we have
© _1
Gax{t} :ua/ e, " (t)tdt
0

(1+ )27 w5 (14 M) 7

wmud=1)  xwx-1) ||
((1 FAR)TT (14 AR)SS )

ga,)\{t} =

, for 2ul < 1. (12)

ua

- AQ R—o0

uoc—i—l
= lim
A R—oo

2ul — 1 ul — 1

B 1 B 1
2uN—1  uwuX—1

ua+2

:(1 (= 2un)’ for 2u\ < 1.

Remark 2. It is clear from Theorem 4 and equation (9) that

ua+2

Him Gaa{th = Jim [(1 —u\)(1 = 2uN)

] = u®t? = G {t}.

Theorem 5. The degenerate Laplace-type integral transform of the function f(t) =t" is
given by
n!ua-‘rl-‘rn

(1—u))--(1—(n+1)u))’

Gax{t"} = for (n—Fk+1)ui < 1. (13)
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Proof. By Definition 8, for f(¢) = t", we obtain

© _1
G|t} =u® / e (1)t
0

n L
u® n s (1+ Xt)"Faxtl
. “1)k
Am4g;<éy )f£&[$0mA—MM—1+uM

utt 1
= —1)k | =
AT Z(k:)( ) [ nuX — kuX — 1 4+ u

k=0

R

0

, for (n—k+1)ur <1

uott nlu \"
o [(1 — (DuX) (1 = (2)uX) - (1 — (n)uX)(1 — (n + 1)u)\)] ’

for (n —k+Dur <1
7uua+1+n

T (1= uN) (I =2uN) - (1 —nuA) (1 — (n+ Dud)’ for (n —k + 1)uX < 1.

Remark 3. It is clear from Theorem 5 and equation (9) that

| : nlyatitn Ittt
. ax{ttt =1 = nlu® " =G {t"}.
Jim Gan{t"} = | ST o) A= Dy |~ Ga{t"}

Theorem 6. The degenerate Laplace-type integral transform of a function f(t) = e$(t) is
given by

ua+1

Gax{es(t)} = 0 , for (a4+Nu < 1. (14)

—u(a+ A)
Proof. By Definition 8, for f(t) = e$(t), we set

0o 1 R 1
%g&m:w/ ex (0] (0)]dr = u Jim [ (14 x) 5 ar
0

R—o0 0
R

wa—1+4+ul

(L+ M)
ua — 1+ u

=yt lim
R—o0

1
— a+l|
“ [ ula+A) —1
ua+1

T1—ulat N’

, for (a+MNu <1

for (a + Mu < 1.

Remark 4. It is clear from Theorem 6 and equation (9) that

a+1

— _ at
= o= Gaf{e™}.

1—u

ua+1
li N a — 1
fim G el (D} = | 7= 75
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Theorem 7. The degenerate Laplace-type integral transform of a function f(t) = ei(t)
s given by

) ua+1
Gar{e(t)} = T alia R METESL for ul < 1, (15)
where a is any positive constant.
Proof. By Definition 8, for f(t) = ei(t), we set
. 0 _1 . R uia—1
Gl (1)} =u® / ex " (0)]eft)]de = Tim [ (14 20"
0 R—o00 0
—14+uX - R

—u*! Tim (14 At) " wx e ()

R—c0 uta — 1 4+ uA

By the definition of degenerate Euler formula in Definition 5,

e (t) = cosE\a) (t) + isin(;) (t) = cos <i log (1 + /\t)> +i sin(i log (1 + At)).

Thus, we have

—1+4ul

(14 At) —n e;a(t)] n

Ganleit(®} =u* lim_

uia — 1 + uA

0

—14uX a a
(T4 X)) " ux |:cos<>\ log(1 + )\t)) +i sin(X log(1 + At)):| R
uia — 1 4+ uX :|
ua+1

- 1—u(ia — A)

=yt lim
R— o0

:ucx+1 _ 1
wia — 1 + uA

0

, for ul < 1.

Theorem 8. The degenerate Laplace-type integral transform of the degenerate sine func-
tion f(t) = sing\a) (t) is given by

aua-i—?

(1= Au)? + u2a?’

G {sinl (6)} = (16)

Proof. By the definition of the degenerate sine in Definition 3, we have

Ga {5} (1) =9A{W}

Now using Theorem 2 and Theorem 7, we obtain

%xm$%»=;kw@wm-gmwﬁwﬁ
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1 ua—i—l ua+1
T2 1—u(ia+ ) 1 —u(—ia+ N\
au®t?

(1 —Au)? + u2a?

Remark 5. It is clear from Theorem 8 and equation (9) that

auoc—‘rQ

1 + u2a?

= Go{sinat}.

lim G {sin(a) (t)} = lim aut >
A0 - A © 50| (1= Au)? + u2a?

Theorem 9. The degenerate Laplace-type integral transform of the degenerate cosine func-
tion f(t) = cosg\a) (t) is given by
(1 — Au)ustt
(1 — Au)? + u2a?
Proof. By the definition of the degenerate cosine in Definition 4 and using Theorem 2
and Theorem 7, we obtain

Gar{cos\? (1)} = (17)

(1 — Au)utt
(1= Au)? + u?a?

a 1
Gaa{eosy (1)} =5

Gon{eif (1)} + ga,A{e;w@)}] _

Remark 6. It is clear from Theorem 9 and equation (9) that

(1 — Au)utt
(1 —du)? 4+ u?a?

ua+1

1+ ua?

= Go{cosat}.

. (a) RT
tim G {cos?()} = lim

Theorem 10. The degenerate Laplace-type integral transform of the degenerate hyperbolic
. . o1 (a) . .
sine function f(t) = sinhy "’ (t) is given by

a+2
.1 .(a) - au
ga,)x{sulh)\ (t)} - (1 — )\U)Z w2 (18)
Proof. By the definition of the degenerate hyperbolic sine in Definition 6, we have
ex(t) — ey (t)
5 .

ga)\{sinhg\a) (t)} :gm{
Now, using Theorem 2 and Theorem 6, we obtain

G st (1)) =3 [ G650} — Gnfex* (0}

1 ua—i—l 'LLa+1
_[1—u(a+k> - 1—u(—a+A)]

2
uoz-‘rl 2au CLUOH_z
2 [(1)\u)2 u2a2}: (1 —Mu)? —u2a2’
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Remark 7. It is clear from Theorem 10 and equation (9) that

lim G {sinh(a)(t)} = lim au® _ et Go{sinhat}
Puriha A 50| (1= )2 —u2a? | 1—wu2a®2 77 '

Theorem 11. The degenerate Laplace-type integral transform of the degenerate hyperbolic

cosine function f(t) = COShg\a) (t) is given by

(1 — Au)ut!
(1 — )2 —u2a?

Proof. By the definition of the degenerate hyperbolic cosine in [? | and using Theorem
2 and Theorem 7, we obtain

ga,)\{COShg\a) )} =

(19)

G0t (0} = [Gur {40} + Gun e
71 ua—l—l ua—l—l B (1 _ /\u)ua—i-l
_2[1 —u(a+ M) 1 —u(—a—i—)\)] (1= u)? —u2a?’

Remark 8. It is clear from Theorem 11 and equation (9) that

(1 _ )\u)ua—i-l ]_ ua+1
1

(1 — u)? —u2a? 55 = Ga{coshat}.

—0 — u“a

lim G,, h () = 1i
lim G > {cosh () (1)} ;m[
Theorem 12. The degenerate Laplace-type integral transform of the function f(t) =
e (t) sin&b) (t) is given by

. . bua+2
Ga{ei(?) Smg\b) (0} = (1 — au — uX)? 4 b2u?’ (20)

Proof. By the definition of the degenerate sine in in Definition 3, we have

V(0) =e51) [eﬁb“) —a “’<t>] T - )

a t :
ex(t) siny 2% 2%

Hence, by Theorem 2 and Theorem 7, we obtain

6a+ib _ eafib
Qa,A{ei(t)sinE\b)(t)}—ga,,\{ Al “)}

:% [ga’A{e‘;\‘Hb(t)} - ga,x{ei_ib(t)}]

1 uOH-l ua+1
"2 | 1—u((a+ib)+ )  1—u((a—ib)+ A
bua+2

(1 —au — uX)? + b2u2’
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Remark 9. It is clear from Theorem 12 and equation (9) that

bua+2

}\gr%)ga’)\{eA( )SmA 0} = )1\11% (1 — au — u)? + b2u?

bua+2

= ——————— =G, {e" sinbt}.
(0= au)? + 022 Ga{e® sinbt}

Theorem 13. The degenerate Laplace-type integral transform of the function f(t) =

e (1) cosf\b) (t) is given by

(1 — au — uX)u®t!
(1 —au —uX)? + b2u?’

Gar (€S (t) cost (1)} = (21)

Proof. By the definition of the degenerate hyperbolic cosine in Definition 7, Theorem
2 and Theorem 7, we obtain

" edtb (1) 4 37 (1) (1 — au — u\)u®t!
ga,)\{e)\( )COSA ( )} ga )\{ A 2 A } = (1 — au — u)\)Z + b2u2°

Remark 10. It is clear from Theorem 13 and equation (9) that

(1 - au — uX)u®t!
(1 —au — uX)? + b%u?
(1 — au)u>t!

[ S A — at .
= 0 —aw? § Go{e" cosbt}.

A—0 A—0

lim G, a{e5(t )cos&b (t)} = lim l

4.1. Degenerate Laplace-type Integral Transform of Derivative

Theorem 14. If f(t), f'(), ..., f®~D(t) are continuous and £ (t) is a piecewise-continuous
function on [0,00) and has a degenerate exponential order at infinity with ‘f(" )‘ <
Me/\( ) fort > C, where C is a constant, then the following hold:

(i) Ganlf'(1)} = 1%{(1 #2070} - (0)
(i) Garls" ()} = (1+AU)Qm{(1+At)‘2f(t)}—uo“lf(O)—uaf’(O)

n—1
(i1i.)  Gap{f™(t)} = ng{(l + \t)” } H (1 + lu)\>

utt- ”Zuf [ (1+m>],
=1

where f(t) = (i) f(t) andn=1,2,3,4,---
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Proof. First we prove (i.). By Definition 8, we have

0o R
Gor{f (1)} = ua/ (14 \t)"ax f/()dt = u® Jim [ )" s f(t)dt
0 —Jo
Using integration by parts, we get
R

Gon{ (1)} =u lim | (1+Xt)" 55 f(1)

U R—oo

27 gim VR(l + At)lule(t)dt]
0

0

(1+AR)™7% f(R) — (1 + A0)~ 7% £(0)

=u® lim
R—o0

+2Gan {04270

f
Z%QQ,A{ 1+ AMt)™ }—u

For (ii.), using Definition 8, we have

R

Gar{f"(t)} = u® /000(1 FA) e f(H)dt = u® lm [ (14 A)"ax f7(¢)dt.

R—o0 0

Using integration by parts, we have
R

Gon{ (1)} =u® Jim | (1+At)" 55 f(t)

0

- / "’ (-2)a+ At)lu&f%t)dt]

u R 1
=—u*f'(0)+ — lim [/0 (1+)\t)1wf’(t)dt]

U R—o

R

@

= — " f/(0) + = lim | (14 M) TF ()

_ / " (~a- %)(1 + At>2~hf<t>dt]

R
= —u*f'(0) —u*"1£(0) + iz(l + Au)u® lim [/0 (1+ )\t)Qule(t)dt]

u R—o0

0

(U M)Gan { (14 A 20}~ F(0) — 7 (0),

u

For (iii.), we prove

|
—

n

G {f ()} =uinga,A{(1 + At)*nf(t)} (1 + luA)

n—1 n
_otl-n Z UZf(z) (0) [
1=0

X
| =

2

|
<.

(1 + lu)\)] (22)

~

1
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by induction. From results (i.) and (éi.), equation (22) holds for n = 1 and
n = 2. Assume that equation (22) is true for n = k. Let g(t) = f*)(¢), then by the result

of (i.),
G L FF 1)} =0arld (1)) =~ Gan{ (14 207 g(1)} — ug(0)
= Gun {0+ 27O } - w7 (0), (23)

Now,

Gan{ (1+ 271 f B (1)} =u® / e 00+ 207 O g
0

:ua/()oo(um ) (t)dt
=(1+uN\)? (1 :‘M)a/ooo e; =S O f®@yde.  (24)

By inductive hypothesis, we have

() [ om0 1)

1+uA =1

a+17kk_1
_ u ) (0
1+u>\> Lz:<1+u)\>f (0)
k—i—2 - T
e 14+ur /|

1
K0

Gor{1+ 207450} =(157) [ e TP 00+ a0

Observe that

14 uA
1
= Garg (14 At)~FD) t}.
T [g REEPORaRN0

Thus, the RHS of equation (23) becomes

(14 un)k 1 ~ A Duy)

RHS = uk (14 uN)e ga’)‘{(l +A1) (k-H)f(t)} 1:[ 1—&—710\

gotl—k k=l g iy 2(1 (14 1u))
(A +unetik = (L+ur) H 1 + u

- uk (14 ud)e

we—k k—1 u i+l @
<(1+u)\)a—k>§)(l+u)\> AU

! {ga,x{(lJr/\t)(k*l)f(t)}] {(1 +ul) ]‘[ (1 +(+ 1)m)}

1 k—i—2

ey == l:H1 (1 + 0+ 1)u,\>}
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:m l:ga,k{(l + /\t)_(k+1)f(t)}:|

ﬁ(l—&—lu)\):l
ak k—i—1 -
- (( quu)\ >Zul+1f(l>(0)[ [T (1+wr)].

=1

Hence, the RHS of equation (22) becomes

k
RHS =(1+4uX)”® [Mga,)\{(l + At~ k“)f } H (1 + lu)\)
=1

a—k k—i—1

a0 I ()
(1 + lu)\)

1+lu)\).

N
Il
—

:?v

=G {1+ M) ()}

N
I
—

k—i—1

k—1
o ua—k Z ui—i—lf(i) (O) H
=0

=1

/N

So, the RHS of equation (24) becomes

k—1 k—i—1
—u kz i+1f(’L H 1—|—lu)\ osz(o)
1=0 =1

k—i—1

—u®" kZqu() H (l—i—lu)\).

Hence, Go A {f*#T1(¢)} holds. Therefore, by induction equation (22) holds for all
n > 1.

4.2. Degenerate Laplace-type Integral Transform of an Integral
Theorem 15. Let G, z{f(t)} = Far(u). Then

Gan{f()} = igw{(l +At)7! /Ot f(s)ds}.
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Proof.

Let g(t / f(s)ds. Then ¢'(t dt{/ f(s } (t) and g(0) = 0.

Note that by Theorem 14 (i.) we have
Garld (1) = Gar{(1 4+ ) 9(0)} — u?9(0)
1 t
=—Ga At~ ds ¢.
Gon{(1 4207 [ f(s)as}

u

4.3. The First Translation Theorem for the Degenerate Laplace-type In-
tegral Transform

Theorem 16. If G, \{f(t)} = Fua(u) then

Gur {4 (OF(O} = (1= au)* Fy s (1_“ua> fora# .
Proof. From Definition 8, it follows that
Gax{ex(t)f (1)} :ua/o e (t)ey ™ (1) (1)t

:8 - ZZ;ZW /000(1 F AL TEa f(n)de

1—au

—(1—a“)a< . ) /ooo(HAt)(i%”f(t)dt

1
=(1- au)aFaA< Y >, for a # —.
N1l —ua U

4.4. The Change of Scale Property for the Degenerate Laplace-type In-
tegral Transform

Theorem 17. If Go \{f(t)} = Fox(u) then

1
ga,)\{f(at)} = WFOC%(GU), for a > 0.

Proof. From Definition 8, it follows that

Gonlfat)} =u® [~ e ¥ 0 (at)dt = ™43 K platsar
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Let w = at, then dw = adt and t = @ Hence
a

Gax{f(at)} =u® /000(1 + )\t)*ufle(at)dt

_ ! (ua)® /000 (1 + <2>w>(él>“"f(w)dw]

T gotl
1

:THFQ A(GU/), for a > 0.

a Ta

5. Generalization of the Degenerate Laplace, Degenerate Sumudu and
Degenerate Elzaki Transform

Definition 9. The degenerate Laplace-type integral transform

1

[e.e] [e.@]
1
Gonl ()} = Fanlw) =u® [~ ¥ (Ot = u [~ (14 20) 5 (0.
0 0
is the generalization of the degenerate Laplace, degenerate Sumudu and degenerate Elzaki

transform, where a = 0, = —1 and a = 1, respectively.
That is, when a = 0, we can have the degenerate Laplace transform, that is

_1

Gon{F(B)} = Fo(u) =0 /OOO e (0 f(t)dt = /000(1 ) F()dt
:/Oooe/\’l*(t)f(t)dtzﬁ/\{f(t)}-
When a = —1, we can have the degencrate Sumudu transform, that is
G A1)} = Faa(u) :u—l/ooo e " () f(8)dt = i/ooo(l )T S () de
Z% /OOO e (0 F(1)dt = Sy {f (1))

Lastly, when o = 1, we can have the degenerate Elzaki transform, given by

GiALf(1)}) = Fiau) =u! /0 T () f(dt = /0 (1 A (e
- (

€x
0 31
u
U/ €>\
0

t)f(t)dt = Ex{f(t)}.
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Table 1 gives the summary of some elementary functions of the degenerate Laplace-

type and degenerate Laplace [8, 14—16].

e2 () sin{ (1)

(1 — au — uX)? + b2u?

f(®) Gax{f ()} Goa{f®} = La{f(®)}, =0
uet! U
1
1—u 1—Au
ua+2 u2
t - -
(1 —uX)(1 —2uN) (1 —uX)(1 —2uN)
nlyatit+n nlyltn
t"(n=0,1,2,---
n=012--) (I—uN) - (L— (n+ 1)ur) (1—uN) - (L— (n+ 1)u)
u(¥+1 u
a(t S — . —
ex® 1—ula+ ) 1—ula+ )
sin(a)(t) L L
A (1= 2u)? + u2a? (1—Au)? +u?a?
cos(a)(t) w _ A-duwu
A (1= u)? + u2a? (1 —Au)? +u?a?
a+2 2
h (@ (¢ au au
sinb (1) (1 —Au)?2 —u2a2 (1 — )2 — u2a?
() (1 = du)uxtt (1—Au)u
hy (¢ —_— _
coshy () (1= 2u)? —u2a? (1—Au)? —u?a?
buot? bu?

(1 — au — uX)? + b2u?

es(t) cosf\b) ()

(1 —au —uX)uet?
(1 —au —ur)? 4+ b2u?

(1 —au—uN)u
(1 —au — ur)2 4+ b2u?

Table 1: The degenerate Laplace-type and degenerate Laplace transform.
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Table 2 gives the summary of some elementary functions degenerate Laplace-type and

degenerate Sumudu transforms[4].

£ Gax{f(®)} G/} =Sx{f®)},a=-1
uetl 1
1
1—Au 1—Au
uet? u
t - -
(1 —uN)(1 —2uN) (1 —uX)(1 —2uN)
nlyotitn nlu™
t"(n=0,1,2,---
(=012 (T—ur) - (1—(n+ Dur) (1 —uN) - (1— (n+ Du)
uotl 1
a t - N
A 1—ula+XN) 1—u(a+A)
a+2
. (a) au au
S t - -
siny () (1 —Au)? +u2a? (1—Au)? +u?a?
cos(@ ) (1 = du)uxtt 1—u
A (1 —2u)? +u2a? (1 —Au)? +u?a?
a+2
b (@ (¢ au au
sinh) " () (1= du)? —u2a? (1 — )2 — u2a?
(a) (1 = du)uxtt 1—u
hy ™ (¢ —_— —_—
coshy (1) (1 —2u)? —u2a? (1—Au)? —u?a?
o . (b) but2 bu
t t
eA(®)siny" (1) (1 — au — uX)2 + b2u? (1 — au — uX)? + b2u?
“ (b) (1 - au — u)u>t?! 1—au—uA
t t
eA(B) cos3 () (1 —au—u)? 4+ b2u? (1 — au — ur)2 4+ b2u?

Table 2: The degenerate Laplace-type and degenerate Sumudu transform.
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Table 3 gives the summary of some elementary functions degenerate Laplace-type and

degenerate Elzaki transforms [1].

f(®) Gax{f ()} G{r@Oy=a{f®}ra=1
wotl w2
1
1—u 1—Au
ua+2 uS
t - -
(1 —uX)(1 —2uN) (1 —uX)(1 —2uN)
nlyotitn nly2tn
t"(n=0,1,2,---
(=012 (1 —uN) - (1— (n+ Dux) (1 —uN) - (1— (n+ Du)
ua+1 u2
a t N N
ex(®) 1—ula+ ) 1—ula+ )
a+2 3
. () au au
t - -
siny () (1= 2u)? +u2a? (1—Au)? +u?a?
cos(@ @ (1 = du)uxtt (1 — du)u?
A (1 —Au)? + u2a? (1 —Au)? +u?a?
a+2 3
h (@ (¢ au au
sinb; " () (1 —Au)? —u2a? (1 —Au)? —u?a?
() (1 = du)uxtt (1 — du)u?
hy ™ (¢ —_— _—
coshy (1) (1= Xu)? —u2a? (1—Au)? —u?a?
o . (b) but2 bu3
t t
eA(®)siny" (1) (1 — au — uX)? + b2u? (1 — au — uX)? + b2u?
“ (b) (1 — au — u\)u>t?! (1 — au — ud)u?
t t
eA(®) cos, " () (1 —au—ur)? 4+ b2u? (1 — au — ur)2 4+ b2u?

Table 3: The degenerate Laplace-type and degenerate Elzaki transform.

6. Conclusion and Recommendations

The concept of degenerate Laplace-type Integral Transform is introduced in this work,
and it includes three essential degenerate integral transforms: the degenerate Laplace Inte-
gral transform, the degenerate Sumudu Integral transform, and the degenerate Elzaki In-
tegral transform. These transformations offer potentially powerful mathematical tools for
addressing a wide range of problems in engineering, physics, and other scientific fields. The
degenerate Laplace-type Integral Transform is a unifying framework from which the degen-
erates of several current Integral Transforms may be derived. This degenerate Laplace-type
Integral Transform has a lot of promise and is still being researched and developed. As
a result, more study may uncover new applications, features, and generalizations of this
groundbreaking concept.
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