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Abstract. Let G = (V(G), E(G)) be an undirected graph with v(C) # 1 for each component
C of G. Let S = (v1,vs, -+ ,vk) be a sequence of distint vertices of a graph G, and let S =
{v1,v2,...,v5}. Then S is a legal open hop neighborhood sequence if NZ(v;) \ U;;ll N&(v;) # @
for every i € {2,...,k}. If, in addition, S is a total hop dominating set of G, then S is a Grundy
total hop dominating sequence. The maximum length of a Grundy total hop dominating sequence
in a graph G, denoted by 'y;};(G), is the Grundy total hop domination number of G. In this paper,
we show that the Grundy total hop domination number of a graph G is between the total hop
domination number and twice the Grundy hop domination number of G. Moreover, determine
values or bounds of the Grundy total hop domination number of some graphs.
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1. Introduction

Domination has attracted many researchers because of its nice applications in various
fields and in networks. A number of variations of the domination concept (see for example,
[7, 18, 19, 21]) have been introduced and studied. Recently, hop domination was defined
and studied by Natarajan and Ayyaswamy in [17]. From then on a lot of investigations of
the concept and some of its variants have been done (see [1, 2, 8-15, 20]).

In 2014, Bresar et al. [4] introduced another concept called Grundy dominating se-
quence in a graph. The newly defined concept has subsequently attracted other researchers
in the area to study and generate more interesting results (see [6, 16]) on it.

*Corresponding author.
DOL: https://doi.org/10.29020/nybg.ejpam.v16i4.4877

Email addresses: javierhassan@msutawi-tawi.edu.ph (J. Hassan),
sergio.canoy@g.msuiit.edu.ph (S. Canoy)

https://www.ejpam.com 2597 © 2023 EJPAM All rights reserved.



J.A. Hassan, S. Canoy / Eur. J. Pure Appl. Math, 16 (4) (2023), 2597-2612 2598

In 2016, the concept of Grundy total domination in graphs was investigated by Bresar
et al. [5]. Bresar [3] studied further the concept on the product of graphs.

In this study, the concept of Grundy total hop domination number of a graph will be
introduced and investigated. Its relationship with total hop domination, and Grundy hop
domination numbers of a graph will be given. Bounds for the parameter will be determined
for the shadow graph as well as the join and the corona of two graphs.

2. Terminology and Notation

Two vertices u,v of a graph G are adjacent, or neighbors, if uv is an edge of G.
Moreover, an edge uv of G is incident to two vertices u, v of G. The set of neighbors
of a vertex u in G, denoted by Ng(u), is called the open neighborhood of u in G. The
closed neighborhood of u in G is the set Ng[u] = Ng(u) U{u}. If X C V(G), the open
neighborhood of X in G is the set Ng(X) = U Ng(u). The closed neighborhood of X in

ueX
G is the set Ng[X] = Ng(X)U X.

Let G be a graph. A set D C V(G) is a total dominating set of G if for every v € V(G),
there exists u € D such that uv € E(G), that is, Ng(D) = V(G). The total domination
number of G, denoted by v4(G), is the minimum cardinality of a total dominating set of
G. Any total dominating set with cardinality equal to v;(G) is called a ~y;-set.

Let S = (v1,v2,--- ,v;) be a sequence of distint vertices of a graph G, and let S =
{v1,v2,...,vx}. Then S is a legal open neighborhood sequence if Ng(w)\U;;ll Ng(vj) # @
for every i € {2,...,k}. If, in addition, S is a total dominating set of G, then S is called
a Grundy total dominating sequence. The maximum length of a Grundy total dominating
sequence in a graph G is called the Grundy total domination number of G, and is denoted
by 74.(G).

A vertex v in G is a hop neighbor of vertex u in G if dg(u,v) = 2. The set Ni(u) =
{v € V(G) : dg(v,u) = 2} is called the open hop neighborhood of u. The closed hop
neighborhood of u in G is given by NZ[u] = NZ(u) U {u}. The open hop neighborhood of
X C V(G) is the set NZ(X) = U NZ(u). The closed hop neighborhood of X in G is the

ueX
set NA[X] = NA(X)UX.

A set S C V(G) is a hop dominating set of G if N3[S] = V(G), that is, for every
v € V(G)\S, there exists u € S such that dg(u,v) = 2. The minimum cardinality among
all hop dominating sets of G, denoted by v4(G), is called the hop domination number of
G. Any hop dominating set with cardinality equal to v, (G) is called a ~p-set.

Let S = (v1, v, -+, vk) be a sequence of distinct vertices of G and let S = {v1,--+ , v}
Then S is a legal closed hop neighborhood sequence of G if NZ[v;] \ U;;llNé[vj] # & for

each i € {2,---,k}. If, in addition, S is a hop dominating set of G, then S is called
a Grundy hop dominating sequence. The maximum length of a Grundy hop dominating
sequence in a graph G, denoted by vg‘r(G), is called the Grundy hop domination number

of G. Any Grundy hop dominating sequence S with ]5’ | = ’yg,,(G) is called a maximum
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Grundy hop dominating sequence or a ’ygr—sequence of G. In this case, we call S a Wgr—set
of G.

A subset S of V(G) is a total hop dominating set of G if for every v € V(G), there
exists u € S such that dg(u,v) = 2. The smallest cardinality of a total hop dominating
set of G denoted by v (G), is called the total hop domination number of G. Any hop
dominating set with cardinality equal to v, (G) is called a ~yp-set.

Let G be any graph with v(C) # 1 for each component C of G. Let S = (vq,va,- -+, vk)
be a sequence of distint vertices of a graph GG, and let S = {v1,v2,...,v}. Then S is a legal
open hop neighborhood sequence if N(Q;(Uz)\U;;ll N&(vj) # @ forevery i € {2,...,k}. If, in
addition, S is a total hop dominating set of G, then S is called a Grundy total hop dominat-
ing sequence. The maximum length of a Grundy total hop dominating sequence in a graph
G is called the Grundy total hop domination number of GG, and is denoted by 'yé’;(G). Any

Grundy total hop dominating sequence S with |§ | = ’y;’;(G) is called a maximum Grundy

total hop dominating sequence or a ygﬁ—sequence of GG. In this case, we call S a ’yg’;—set of
G. A legal open hop neighborhood sequence S = (v1, v, -+ ,vx) with maximum length,
i.e., k = max{p € N : 3 a legal open hop neighborhood sequence (z1,--- ,zp) of G}, will
be referred to as a maximum legal open hop neighborhood sequence. We say that vertex v;
hop-footprints the vertices from NZ[v;] \ U}ZIN% ;] ( resp. N&(v;) \ U}ZlNé(vj)>, and
that v; is their hop-footprinter. Two sequences S and S’ in G are loh-identical if they are
legal open hop neighborhood sequences (or Grundy total hop dominating sequences) and
S =& (i.e., one is a reaarrangement of the terms of the other).

A sequence S = (vi,ve, -+ ,v) of distinct vertices of a graph G is a co-legal open
neighborhood sequence in G if [V(G) \ Ng[uvi]] \ Ué;ll [V(G) \ Nglv;]] # @ for each i €
{2,...,k}. A co-legal open neighborhood sequence S = (vi,ve,...,vx) is a co-Grundy
total dominating sequence if V(G) = UX_|[V(G) \ Ng[vi]]. The maximum length of a co-
Grundy total dominating sequence in a graph G is called the co-Grundy total domination
number of G, and is denoted by 7., (G).

Let S = (v1,-+-,vn) and Sz = (u1,--+ ,um), n,m > 1 be two sequences of distinct
vertices of G. The concatenation of S; and Ss, denoted by S7 @ So, is the sequence given
by S1 @ Sy = (v, ,Up, Uty "+, Up)-

The shadow graph S(G) of a graph G is constructed by taking two copies of G, say
(G1 and G2 and joining each vertex u € G to the neighbors of the corresponding vertex
= Go.

Let G and H be any two graphs. The join of G and H, denoted by G+ H is the graph
with vertex set V(G+ H) =V(G)UV(H) and edge set E(G+ H) = E(G)UE(H) U {uv :
u € V(G),v € V(H)}. The corona G and H, denoted by G o H, the graph obtained by
taking one copy of G and |V (G)| copies of H, and then joining the ith vertex of G to every
vertex of the ith copy of H. We denote by HY the copy of H in G o H corresponding to
the vertex v € G and write v + H" for ({v}) + H".
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3. Results

Theorem 1. Let G be a graph of order n with v(C) # 1 for each component C of G.
Then the following statements hold.

(0) If wn(G) =t and D = {uy,ug,...,u} is a minimum total hop dominating set of G,

then S = (ui,ug2, -+ ,u) is a Grundy total hop dominating sequence. In particular,
Yn(G) < AIH(G).

(1) If S = (uy,ug,--- ,us) is a minimum Grundy total hop dominating sequence, then
1 (G) = 15].

Proof. (i) Suppose that there exists i € {2,3,...,t} such that Né(uz)\ug;llNé(u]) =
@. Then N&(u;) C U;;llNé(uj). This means that D\ {u;} is a total hop dominating set of
G, which is a contradiction to the minimality of D. Hence, N&(u;) \ U;;ﬁ]\%(uj) # @ for
each i € {2,3,...,t}, and so S is Grundy total hop dominating sequence. Consequently,
Yn(G) < AH(G).

(ii) From (i), every y-set of G forms a Grundy total hop dominating sequence. Since
S is a minimum Grundy total hop dominating sequence, it follows that |§ | < v (Q).
On the other hand, since every Grundy total hop dominating sequence forms a total hop
dominating set by definition, it follows that v, (G) < |S|. Consequently, v, (G) = |S|. O

Theorem 2. Let G be a graph of order n with v(C) # 1 for each component C of G.
Then S = (u1,us, -+ ,u;) is a maximum legal open hop neighborhood sequence of G if and
only if S is a Grundy total hop dominating sequence of G and 'yg;(G) =1

Proof. Let S = (uy,---,u;) be a maximum legal open hop neighborhood sequence
of G. Suppose on the contrary that S is not a total hop dominating set of G. Then
there exists u € V(G) such that u ¢ NZ(S). This means that u ¢ NZ(v) for every
v € §. Since u is not hop dominated by any v € S, u € NZ(t) for some t € V(Q) \ S.
This means that NZ(t) \ Ule N&(u;) # @. Thus, S’ = (u1, - ,u;,t) is a legal open
hop neighborhood sequence of G, a contradiction to the maximality of S. Therefore, S
is a total hop dominating set of G. Consequently, S is a Grundy total hop dominating
sequence of G and v(G) = 1.

The converse is clear. O

The next result follows from Theorem 2.

Corollary 1. Let G be a graph of order n with v(C) # 1 for each component C of G and let
T = (z1,--- ,x;) be a legal open hop neighborhood sequence of G. Then |T'| =j < fny(G).

Theorem 3. Let G be a graph of order n with v(C) # 1 for each component C of G.
Then 4 < 'y;’;(G) <n and these bounds cannot be improved.
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Proof. Clearly ’y;};(G) = 1 is not possible. Suppose vg’;(G) =2, say, S = (v1,v2) is a
Grundy total hop dominating sequence. Since S is a total hop dominating set, v € Né(vg).
Let v € Ng(v1) N Ng(v2). Then v ¢ NZ(vi) U NZ(v2), a contradiction. Next, suppose
'ygﬁ(G) = 3, say S = (v1,v2,v3) is a Grundy total hop dominating sequence. Since S is
a total hop dominating set, vy is hop dominated by vy or vs. Suppose dg(vi,vy) = 2
and let p € Ng(v1) N Ng(v2). Then p € NZ(vs) and vs € NZ(vi) U NZ(v2). Let S* =
(p,v1,v2,v3). Then S* is a total hop dominating set. Moreover, observe that vs € Ng(p),
vy € N2(v1) \ N3(p), v1 € [N2(02) \ (NZ(v1) U N2(p))] and p € [N3(es) \ (N&(v2) U
NZ(vi) U N&(p))]. Hence, S* is a legal open hop neighborhood sequence, and so S* is a
Grundy total hop dominating sequence of GG, contrary to our assumption that 'yglﬁ(G) =3.
Therefore, 'y;’?} (G) > 4.

For tightness of the bounds, consider G = Cy and H = Fs. Then 'y;if(G) = 4 and
Vor(H) = 8. O

Theorem 4. Let G be a connected graph of order n such that v(G) # 1. If n =2m,m > 2
and the vertices of G can be labeled as u1,...,Um,V1,...,Vm 0 such a way that
(1) dg(us,v;) =2 for each i,
(13) {ui,...,um} is a hop independent set of G, and
(¢4i) dg(ui,vj) =2 implies that i > j,
then v!(G) = n.

R Proof. Suppose the vertices of G can be labeled as described. Clearly,
S = {ui, - ,Um,Um, - ,v1} is a total hop dominating set of G. Observe that

v; € N&(u;) \ Ui=1 NZ(uj) for each i € {2,...,m} by (i) and (i) and uy, € NE(vm) \
Uiz, NZ(uj) by (i) and (ii). Now, for any k < m,

k+1

wp € N2 | | U N&w) u(U Néw)) by (i), (id), and (iii).
j=1 i=m

Therefore, S is a Grundy total hop dominating sequence, showing that ’y;},i(G) =n. O

Proposition 1. Let n and m be any positive integers such that n > 4. Then

n—2ifn=4m+2
V;ﬁ(Pn) =<n—14fn>5 and odd
nif n=4m

Proof. Let P, = [v1,v2,...,v,]. Clearly, 7;’7}(136) =4. Forn = 4m + 2 > 10, let
S = (v1,v2,...,0,—2). Clearly, S is a Grundy total hop dominating sequence of P,,. Thus,
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Vg’,f(Pn) > n — 2. On the other hand, let S" = (wy,w2,...,w;) be a Grundy total hop
dominating sequence of P,. Notice that one of the vertices vi,vs,v9,...,Un_5,VUp_1 is
not in 9. Suppose all the vertices vy, vs,vg, ..., Un_5, Up_1 are in S. If vs comes before
v1, then Nl%n(vl) C Nl%n (vs), a contradiction. So, vs comes after v;. Next, suppose vy
comes before vs, then N3 (vs) € N3 (v1) U N (vg), a contradiction. Thus, vy comes
after vs. Continuing in this manner, we find that the following order of appearance (not
necessarily consecutive) of the given vertices in the Grundy total hop dominating sequence

. 2 <
St v1,v5,v9, ..., Un—5,vn—1. However, Np (vn—1) € Np, (vn—5). Hence, v,—1 ¢ S5', a
contradiction. Similarly, one of the vertices vs, vg, v10, - - - , Un—4, Un, is not in S’. Therefore,

V;ﬁ(Pn) =k < n — 2. Consequently, ’y;};(Pn) =n—2forall n=4m+ 2.
Next, let n > 5 and odd. Clearly, 73,5(P5) = 4. Suppose n > 7 and odd. For
ne{7,11,15,...}, let

S1 = (1,02, V5,06, ** , Un—6, Un—5 Un—2s Uny Un—3, Un—4, Un—7, Un—8y * =+ , U4, U3).
Then S is a Grundy total hop dominating sequence of P,. Hence,
7;};(Pn) zn—1L
Next, for n € {9,13,17,...}, let
S = (1,02, V5,06, ** , Un—d, Un—3, Un—2, Un—1, Un—6s Un—5y * * * V3, V4).
Observe that S is a Grundy total hop dominating sequence of P,. Hence,

*y;ff(Pn) >n—1.

Suppose *y;’;‘(Pn) = n, say Sp = (wi,ws, - ,wy,) is a Grundy total hop dominating se-
quence of P,,. Observe that forn € {7,11,15,...}, one of the vertices vy, vg, V10, - - - , Un—1, U
is not in Sy. Suppose all vertices vo, vg, V10, . - - , Un—4, Up are in Sy. If vg comes before vo,

then NI%n (v2) C Nén (vg), a contradiction. So, vg comes after ve. Next, suppose viy comes
before vg, then NI%n (vg) C Nl%n (v2) U Nl%n (v10), a contradiction. Thus, viy comes after vg.
Continuing in this manner, we find that the following order of appearance (not necessar-
ily consecutive) of the given vertices in the Grundy total hop dominating sequence Sp:
V9, Vg, V10, - - - , Un—4, Up. However, N}%n (vn) € Np, (vp—4). Hence, v, ¢ Sy, a contradiction.
Similarly, for n € {9,13,17,...}, one of the vertices vi,vs,v9,...,Uy—5,Uy—1 iS nOt in the
Grundy total hop dominating sequence, say S”. Thus, ’ygf(Pn) < n — 1. Consequently,
Vi (Py) =n —1 for all n > 5 and odd.
Lastly, assume that n = 4m. Clearly, v;*(P;) = 4. For n = 4m > 8, let

C == (U17U27U57067 o, Un—3,Un—2,Un—-1,Un, Un—5,Un—-4," " ,1)3,1)4).

Then C is a Grundy total hop dominating sequence of P,. Thus, fygif(Pn) = n for all
n = 4m. O
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Proposition 2. Let G be a graph of order n with v(C) # 1 for each component C' of G.
If INZ(v)| > m for every v € V(G), then 'y;’,f(G) <n-—(m-1).

Proof. Suppose 'ygl,? (G) = k,say S = (w1, ws, -+ ,wy) is a Grundy total hop dominating
sequence of G. Assume w; = v; for some i € {1,...,n}. Then |NZ(w1)| = |N&(vi)] > m
for some i € {1,...,n}. It follows that there are at most n — m remaining vertices of G
that could be hop footprinted by the next terms of S. Therefore,

V@) =k<n-m+|{v}=n-m+l=n—(m-1). O

The next result follows from Proposition 2.

Corollary 2. Let G be a graph of order n with v(C) # 1 for each component C of G. If
INE(uw)| > 2 for every u € V(G), then 'y;’?}(G) <n-1.

Proposition 3. Let n and m be any positive integers such that n > 4. Then

(4 ifn=4,5,6

6 ifn=23

V(O = n— 4 ifn=4m > 12
n—2ifn=4m+2> 10
n—14n>7and odd

Proof. Clearly for n = 4,5,6 and n = 8, 7;};(0,1) = 4 and 7;]7?(0”) = 6, respectively.
For n = 4m > 12, let V(C,) = {v1,v2,...,v,}. Observe that S = (v1,v2, "+ ,Vn_4)
is a Grundy total hop dominating sequence of C,. Thus, VE’}”(Cn) > n —4. On the

other hand, let S = (wi,ws,...,wg) be a Grundy total hop dominating sequence of
C,,. Notice that one of the v1,vs5,v9,...,v,_7,v,—3 is not in S’. Suppose all the vertices
V1, V5,09, . ..,0n_7,Un_3 are in S’. WLOG, assume that wy = vy. If vg comes before vs,

then N%n (vs) C N(%n (v1)U N(%" (vg), a contradiction. So, vg comes after vs. Next, suppose
v13 comes before vy, then N& (vg) € Ng (v1)UNE (vs)UNE (v13), a contradiction. Thus,
v13 comes after vg. Continuing in this manner, we find that the following order of appear-
ance (not necessarily consecutive) of the given vertices in the Grundy total hop dominat-

: /. 2 2

ing sequence S": v1,vs5,v9, ..., Vp—7,Vn-3. However, N& (v,—3) € N§ (v1) U Ng, (vn-1)-
Hence, v,_3 ¢ S’, a contradiction. Similarly, one of the vertices va, vg, V10, - - - , Un—6, Un—2,
V3, V7, U1, - - -, Un—5, Un—1, and vg, vg, V12, - . . , Un_4, Un, Tespectively, is not in S’. Therefore,

Vi (Py) = k < n — 4. Consequently, 7*(P,) =n — 4 for all n = 4m.
Next, for n = 4m + 2 > 10, let

Sl = (Ul, V5y+++yUn—5,Un—-1,V3,V7,...,Un—-7,02,V6,...,Un—-4,Un,V4,VU8,..., Un_@-).

Then S; is a Grundy total hop dominating sequence of C),. Hence, ’ygﬁ(Cn) >n—2. On
the other hand, let S = (wy,ws,...,w) be a Grundy total hop dominating sequence of
Cy. Then applying the same arguments with the first part, one can show that one of the
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V1,V5,V9, ... ,UZZ_5, Un—1,V3,V7,...,Un—-7,Un—-3 and V2,V6,UV10y -+ yUn—4,Un,V4,0U8,...,Un—6,
n—2 is not in Sy, respectively. Hence, 7(C,,) = k < n—2. Consequently, y2(C,) = n—2.

Let n > 7 and odd. Clearly, 72?(07) = 6. Suppose n > 9 and odd. For n €
{9,13,17,...}, let

SQ = (U].?/US? <oy Un, V45 ... ,Un—-1,03,...,Un-2,02,... 7vn—7)-

Then Ss is a Grundy total hop dominating sequence of C,,. Hence, 'yg,f(Cn) >n—1. Next,
for n € {11,15,19,...}, let

S3 = (V1,V5, .+« Un—2,V2, ooy Up—1, U3y« « s Upyy Udy « -+« y Up—7)-

Then S5 is a Grundy total hop dominating sequence of C,. Hence, ’yz';(Cn) >n—1. On
the other hand, since |N¢, (v)| = 2 for every v € V(C,,), it follows that 'yéiﬁ(C'n) <n-1
by Corollary 2. Therefore, ’yéI;(Cn) =n—1. O

Theorem 5. Let G be a graph of order n with v(C) # 1 for each component C of G.
Then v (G) < 274.(G).

Proof. Let S = (vi,ve, -+ ,vx) be a Grundy total hop dominating sequence of G,
where k = 'ygf(G). We will prove that at most k/2 vertices can be removed from S in
such a way the resulting sequence S’ forms a legal closed hop neighborhood sequence of
G. Notice that a vertex v; € S prevents S from being a legal closed hop neighborhood
sequence only if NZ[v;] \ U;-;l NE[vj] = @ for each i € {1,...,k}. Since S is a Grundy
total hop dominating sequence, v; hop footprinted only vertices from S that precedes v;.
That is, hgl(vi) C {v1,...,vi—1}, where hg : V(G) — S is a hop footprinter function,
mapping each vertex to its hop footprinter. Set T' = {v; € S : hg'(vi) € {v1,...,vim1}}
Since v, ¢ T, T # S. Suppose that h'(v;)NT # @ for some v; € T. Let v; € hg'(v;)NT.
Since v; € T, the vertex v; that is hop footprinted by v; satisties ¢ < j. Since v; € T, v; hop
footprints some vertex v;, where ¢ < 4. This means that hg(v;) = v;, where 1 <t <i — 1.
It follows that v; ¢ NZ(v;)\ Uf;llNé(vk), that is, hg(v;) # v, contrary to the assumption
that v; € hg'(v;). Therefore, hg' (v;)NT = @ for every vertex v; € T. Now, suppose that
v;,vj € T, where i < j. By definition,

h;l(vi) g {’Ul, e 7vi—1} and hgl(vj) g {2)1, ey Uj_l}.

Since every vertex is hop footprinted by a unique vertex in S, it follows that hgl(vi) N
hs'(v;) = @. Since hg'(v;) NT = & for every vertex v; € T, {h5'(v) + v € T}
forms a partition of a subset of S\ 7. Note that for each v; € T, |hg'(v;)| > 1, and so
T < |Uy,erhs' (vi)| < [S| = |T| implying that 2|T| < |S| = k. Hence, |T| < 4. Let S’
be a sequence obtained from S by deleting vertices from 7. Then S’ is a legal closed hop
neighborhood sequence of G. Thus, 'ygr(G) >SN =k—1|T| >k — % = % = %W;Q(G).
Consequently, 72(G) < 29/ (G). O
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Remark 1. The bound given in Theorem 5 is tight.

To see this, consider Cy in Fig. 1. Let S = (u1, ug, us, uq). Then S is a ’y;},f—sequence of

Cy. Thus, y22(Cy) = 4. Next, let S* = (u1,u2). Then S* is a ~/".-sequence of Cy. Hence,

vh.(Cy4) = 2. Consequently, 7(Cy) = 4 = 29/.(Cy).

u1l

C4 . Uyg U2

u3
Figure 1: A graph Cy with y%(Cy) = 4 =271 (Cy)

Remark 2. Let G be a graph of order n with v(C) # 1 for each component C' of G. Then
'y;ff(G) > 'y;’T(G) does not hold in general.

To see this, consider K5 o Ky in Fig. 2. Let S = (v1,v2,...,v19). Then S is a 'ygr—
sequence of K5 o K», that is, 'y;LT(K5 o K9) = 10. Next, let S’ = (v1, v12,v3,v13). Then S’
is a fy;};—sequence of K5 o0 Ky. Thus, fygif(K5 o Ky) =4.

Figure 2: A graph K5 o Ko with v (K5 0 K2) =4 < 10 = v}, (K5 0 K3)

Lemma 1. Let G be a non-trivial connected graph and let G1 and Ga be two copies of G
in the graph S(G). If v € V(G1) and v' € V(G2) is the corresponding vertex of v, then
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(1) Ng(G)(v) = N (v) U N, [v'] and
(1) N2 () = N, [o] U NZ, ().

Proof. (i) Let a € Ng(G)(v). Then dg(g)(a,v) = 2. If a € V(G1), then a € Ng;l (v).
Suppose a € V(G2). By assumption, it follows that dg,(a,v') = 2. Thus, a € Ng_(v').
Hence, N2 (G)( v) € Ng (v)UNE, [v']. Clearly, N& (v)UNE, [v] C N2(G)( v). Consequently,

S(G)( v) = NGl (v) UNéQ [v].
(ii) can be proved similarly. O

Theorem 6. Let G be a graph of order n with v(C) # 1 for each component C of G. If
S is a Grundy total hop dominating sequence of G1 or Ga, then S is a Grundy total hop
dominating sequence of S(G). Moreover, ’y;’?}(G) < V;ﬁ(S(G)).

Proof. Let G1 and G2 be two copies of G. Let S = (v1,vg,...,v;) be a Grundy total
hop dominating sequence in G and let v' € V(G2). Then
i—1
Ng, (i) \ | N&, (v)) # @ for each i € {2,3, ..., k}.
j=1

Thus, by Lemma 1

i—1

Ny (i) \ | N (v5)
j=1
i—1

= [Ng, (vi) UNG, [i]] \ | [N&, (v)) U N&, [v]]
j=1

= (NG1 (’UZ) @] NG2 \ U NG1 U] @] (NGl ('UZ U NG2 \ U NG2

# & for each i € {2,..., }

Since S is a total hop dominating set of Gy, there exists w € SN N(2¥1 (v). By Lemma 1,
we SN Ng(G) (v'), ie., w € S and dg(cy(v',w) = 2. Consequently, S is a Grundy total
hop dominating sequence of S(G). O

Remark 3. The bound given in Theorem 6 is tight. Moreover, strict inequality can also
be attained.

For equality, consider Cy. Then 7;}7}(04) = 4. Now, consider the shadow graph of C4
given in Fig. 3. Let S = (a,d’,b,b"). Observe that S is a Grundy total hop dominating
sequence of S(Cy). Moreover, it can be verified that 7}7};(3(04)) = 4. Consequently,

Yor(S(C4)) = 4 =~ (S(Cu)).
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Figure 3: A graph Cy with v (Cy4) = vI2(S(C4))

For strict inequality, consider P5. Then ’7;’77:(P5) = 4. Now, consider the shadow graph
of P5 given in Fig. 4. Let S = (a,d’,e,¢/,d,d"). Observe that S is a Grundy total hop

dominating sequence of S(Ps). Moreover, it can be verified that ’y;};(S (Ps)) = 6. Hence,
Vor (S(P5)) = 4 < 6 = 7y (S(P5)).

a’ v c d e
A )
S(Ps)
\j \j
a b c d e

Figure 4: A graph G with 'yé}f.(G) < Wgﬁ(S(G))

Lemma 2. Let G be a graph of order n with no isolated vertices. If |[Ng(v)| > 1 for every
v e V(G), then 4, (G) <n— (I —1).

Proof. Suppose W;T(G) =k, say S = (wy,ws, -+ ,wg) is a Grundy total dominating
sequence of G. Assume w; = v; for some i € {1,...,n}. Then |[Ng(w1)| = |Ng(vi)| > 1
for some i € {1,...,n}. It follows that there are at most n — [ remaining vertices of G
that could be footprinted by the next terms of S. Therefore,

V(@) =k <n—I+[{v}=n—Il+1=n—-(1—-1). O

Proposition 4. Let n > 4 be any positive integer. Then
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Proof. Clearly, ’Y;r(?zl) =4. Forn > 5, let P, = [u1,ug, -+ ,up] and S = (us, ug, u1, uy).
Notice that S is a total dominating set of P,. Now, observe that v, € Np, (v2) \ Np_(v3),
v3 € Np (v1) \ (Np, (v2) UNp (v3)), and vz € Np (va) \ (Np, (v1) UNp, (v2) UNp (v3)).
It follow that S is a Grundy total dominating sequence of P,. Hence, ’y;r(ﬁn) > 4. On
the other hand, suppose fy;r(Fn) =k, say S = (w1, ws, - ,wg) is a Grundy total domi-
nating sequence of P;,. Since [Ny (vj)| > n — 3 for every j € {1,...,n}, it follows that
Yor(Pn) =k <n—(n—3—1) =4 by Lemma 2. Therefore, v}.(P,) = 4.

Next, let Cy, = [v1,v2, -+ ,Up,v1] and S = (v1,va, v3,v4). Clearly, S is a total dominat-
ing set of C;,. Observe that v, € Ng (v2) \ Ng (v1), v1 € N (v3) \ (Ng, (v2) UNg (v1)),
and v2 € Ng (v4) \ (Ng, (v3) U Ng (v2) U Ng (v1)). Thus, S is a Grundy total domi-
nating sequence of C, and 7/,(Cy) > 4. On the other hand, suppose 7;,.(Cy,) = k, say

S = (u1,ug, -+ ,ug) is a Grundy total dominating sequence of C,. We may assume that
uy = v1. Then [N (u1)] = [Ng (v1)] =n —3. Thus, 4} (Cp) =k <n—-(n—-3-1)=4
by Lemma 2. Therefore, 7/, (Cy,) = 4. O

Throughout, [n] = {1,2,...,n} for each positive integer n.

Lemma 3. Let G be a graph such that v(G) # 1. A sequence S is a co-legal open
neighborhood sequence in G if and only if S is a legal open neighborhood sequence in G.
Moreover, S is a co-Grundy total dominating sequence in G if and only if it is a Grundy
total dominating sequence in G. In particular, %y, (G) = 75,.(G).

Proof. Let S = (u1,--- ,u) be a sequence in G. Notice that V(G) \ Ng[u;] = Neg(u;)
for each i € [t]. So,

[V(G)\ Na[uwil] \ UiZ1[V(G) \ Nelu;]] = Ng(ui) \ UiZ] Ng(uy).

Hence, S is a co-legal open neighborhood sequence in G if and only if it is a legal open
neighborhood sequence in G. Clearly, a co-legal open neighborhood sequence in G is a co-
Grundy total dominating sequence if and only if it is a Grundy total dominating sequence
in G. Consequently, Y., (G) = 5. (G). O

Theorem 7. Let G and H be any two graphs such that v(G) # 1 and v(H) # 1. A
sequence S of distinct vertices of G + H is a legal open hop neighborhood sequence if and
only if one of the following holds:

(i) S is a co-legal open neighborhood sequence in G (legal open neighborhood sequence
in G).

(13) S is a co-legal open neighborhood sequence in H (legal open neighborhood sequence
in H).

(1it) S is loh-identical to ' = S @ Sg, where S and Sy are co-legal open neighborhood
sequences in G and H, respectively.
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Proof. Suppose that S = (u1,--- ,u) is a legal open hop nelghborhood sequence in
G + H and let S be the corresponding set of S. Suppose further that S C V(G). Then
by the legality condition in S, we have

NéJrH(ui) \ Uj-;llN%+H(uj) # & for each i€ {2,3,...,t}.
Since NZ, ;;(u;) = V(G) \ Nglu;] for each i € [t], it follows that

[V(G)\ Ngw]] \ U;;ll [V(G) \ Ngluj]] # @ for each i€ {2,3,...,t}.

Hence, S is a co-legal open neighborhood sequence in G, and so (i) holds. Similarly, (i7)
holds if S C V(H).

Next, suppose that SN V(G) # @ and SNV (H) # @. Since Ng., p(u;) € V(G) for
all u; € SNV(G) and Ng., p(us) CV(H) for all u, € SNV (H), S is loh-identical to S’ =
Se @® Sy, where Sg = SNV(G) = {ur,ug, ..., um}, Sg = SOV (H) = {w,ws, ..., w}
\5’ | = m+t, and the orders of appearances of the terms of both sequences in S are retained.
Since S is a legal open hop neighborhood sequence, it follows that

[V(G)\ Neluil] \UiZ1[V(G) \ Nelug]] = Néy iy (ui) \ UZ i Néy i (ug) # 2

for each ¢ € {2,3,...,m}. Thus, Sg is a co-legal open neighborhood sequence in G.
Similarly, Sg is a co-legal open neighborhood sequence in H, and so (éii) holds.
The converse is clear. O

The next result follows from Lemma 3 and Theorem 7.

Corollary 3. Let G and H be any two graphs such that v(G) # 1 and v(H) # 1. A
sequence S of distinct vertices of G + H is a Grundy total hop dominating sequence in
G+ H if and only if S is loh-identical to 8" = Sq & Sy, where Sg and Sy are co-Grundy
total dominating sequences in G and H, respectively (Grundy total dominating sequences
in G and H, respectively). Moreover,

’Ygr(G + H) = ’}éogr(G) + ’}/éogr(H) = Vzr(a) + VZT(F)

In particular, we have

(1) Yo (Komn) = Y (K + Kn) = 2 (Kn) + 74, (Kn) = 4 for any m,n > 2,
(i) ’Ygr(K + Pp) = ;T(Kn) + ’y;r(im) =6 for anyn > 2 and m > 4,
(iid) YKy + C) = 75 (Kn) +25,(Ci) = 6 for any n > 2 and m > 4,
(10) A (Pa+ Pon) = 1y (P) +28, (P) = 8 for amy m,m > 4,
(v) 'ygr( Crm) = Ve (Pr) +7L,.(Ci) = 8 for any n,m > 4, and
(vi) ’ygr(C + C) = 75.(Crn) +744,.(Crn) = 8 for any n,m > 4.
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Theorem 8. Let G be a non-trivial connected graph on n vertices and let H be any graph
such that v(H) # 1. Then vth(G o H) >n oy (H) =n-~.(H).

Proof. Let V(G) = {u1,ua,...,u,} and let S, = (wl , w2 ,--- ,wk ) be a co-Grundy
total dominating sequence in H* for each i € [n], where k = 7, .(H). Let S = S, ®
Sy @@ S,,. Let v e V(GoH)\ S and let u; € V(G) such that v € V(ug + H") for
some t € [n]. Suppose first that v = u. Let us € Ng(ur) and pick any wi, € S,, for some
s € [n]. Then wl,, € SN N2, (ug). Suppose v # uy. Then v € V(HY)\ Sy,. Smce Sy, is
a co-Grundy total domlnatmg sequence in H", it follows that there exists w!, , € Sut cs

such that dpw (v,w!,) # 1. It follows that dgo H(v w!, ) = 2. Therefore, S is a total hop
dominating set in GoH Now, we relabel the terms in S say S = (v1,v9, Uk, "+, Unk)-
Let i € [nk] \ {1} and let v; = w!_ for some r € [n] and ¢ € [k]. Then

Néor (i) \ U1 Néor (v) = Neon(wy,) \ [(UZ1 Néop (w,) U
(U{NEop(wh ) :p €[k and 1 < g <r—1})].
If t = 1, then N2, 5wl )\ (ULZINZ g (ws ) = N&,(wh,). Clearly,
wy, € Néop (wy,) \ [W{Néop (wh) :p € [k and 1 < ¢ <r —1}].
Suppose t # 1. Since 5, is a co-legal open neighborhood sequence in H"",

Néor (Wi, )\ (U2 Néor(wy,)) = [VH")\ Nygur (w, )]\

[
(UL (V(H") \ Ngur (w],)]
£ 2.

Observe that
Néor(w,) \ (UZiNGom (w5, ) N [U{NGop(wh ) :p € [kl and 1 < g <7 —1}] =
Hence, N2 (vi)\ Ul “INZ, . (v;) # @ for all i € [nk]\ {1} and so S is a Grundy total hop

dominating sequence in G o H. Consequently,

Vgr(GOH Z|sz| n: Vcog'r( )—’I’L’y;,r(ﬁ) O

Remark 4. The bound given in Theorem 8 is tight.

To see this, consider the graph K5 o Py in Fig. 5. Let S = (a1, a9, -+ ,a2). Then S
is a Grundy total hop dominating sequence of K5 o Py. Moreover, it can be verified that
V(K5 o Py) = 20. Since 7}, (P4) = 4, the assertion follows.



REFERENCES 2611

l{g @) fﬁ :

ai3

ale ari

Figure 5: A graph K5 o Py with i (K5 0 Py) = | K5}, (Pa).
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