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1. Introduction

The concept of a generalized topological space was introduced by Csészar in [3].
Some researchers have defined various concepts in this space and examined their signif-
icance in a generalized topological space. Especially, in a generalized topological space,
dense sets were introduced by Ekici [8]. He has proven few results for dense sets in a
generalized topological space. Based on this, some mathematicians have proved various
properties for dense sets e.g. [11, 12, 15, 17, 19].

In [10], J.C. Kelly introduced the concept namely, a bitopological space. Using these
aspects, Boonpok founded the notion of a bigeneralized topological space in 2010 [2]. He
examines the significance of (m,n)-closed sets in a bigeneralized topological space.
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Inspired by all this, we define a new dense set, namely, (s, v)*-dense set using semi-open
sets in a bigeneralized topological space. Find various interesting results for (s, v)*-dense
sets.

Next section, the preliminary definitions, and lemmas are remembered.

In sections 3 & 4, in a bigenerlized topological space, examined the significance of
(s,v)*-dense set. The relationship between u-dense and (s,v)*-dense sets are proven.
Further, few results for (s,v)*-dense sets using functions are launched. In the last section,
we defined a soft set using (s, v)*-dense sets and various types of open sets defined in a
bigeneralized topological space.

2. Preliminaries

In [3], let X be any non-null set. A family p of subsets of X is a generalized topology
in X if it contains the empty set and is closed under arbitrary union. The pair (X, u)
is called a generalized topological space (GTS). If X € p, then (X, pu) is called a strong
generalized topological space (sGTS).

In [6], if @ € u, then @Q is called a p-open set and if X — @ € p, then @Q is said to be
a p-closed set. The interior of @ C X denoted by i,(D), is the union of all p-open sets
contained in D and the closure of D denoted by ¢, (D), is the intersection of all y-closed
sets containing D [12]. Here, the interior and closure of the set ) are notated by iQ and
¢, respectively, when no confusion can arise.

In [11], notated by;
fi={Dep|D#0}
pla) ={D € p|ze D}

Definition 1. [8] A subset @ of a GTS (X, i) is said to be;
o p-nowhere dense if ic@ = (.

e y-dense if cQ = X.

o y-codense [7] if ¢(X — Q) = X.

Definition 2. [11] A subset @ of X is called as;
o p-meager if Q = J,,cny @m Where each @, is a p-nowhere dense set.
e 1-second category if @) is not u-meager.

In [11], defined two new generalized topologies;
= UL A LSO IS (o N L) | T, Ty T, €

pw*={D C X | D is of u-II category}.
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Obviously, u C p* and p* is closed under finite intersection [11].

Definition 3. [6] Let (X, 1) be a GTS and Q C X is called;
o p-semi-open if Q C ¢, (1,(Q)).

o p-pre-open if Q C i,(cu(Q)).
o p-c-open if Q Ciy(cu(in(Q))
e pi-B-open if Q C ¢ (iu(cu(Q))
o p-b-open (1] if Q C ¢, (iu(Q))

)-

)-

Uin(cu(@Q))-

Moreover, o(p) or o(u(X)) = {Q C X | @ is p-semi-open set in X} [12]. The u-

semi-interior of a subset @ of (X, u), denoted by i,(Q), is defined by the union of all
p-semi-open subsets of X contained in @ [12].

Definition 4. [2] Let p; and ps be two generalized topologies defined a non-null set X.
A triple (X, u1, o) is called a bigeneralized topological space (briefly, BGTS).

e The closure and interior of Q C X with respect to us are denoted by ¢s(Q) and is(Q),
respectively, for s =1, 2.

e () is called (s,v)-closed if cs(cy(Q)) = D, where s,v =1 or 2 ; s # v.

e () is called (s,v)-open if X — @ is (s,v)-closed where s,v =1 or 2 ; s # v.

A subset @ of a BGTS (X, pu1, o) is said to be
(1) (s,v)-p-regular open if @ = is(cy(Q)) where s,v =1 or 2 ; s # v.
(2) (s,v)-p-semi-open if Q C ¢, (is(Q)) where s,v =1 or 2 ; s # v.
(3) (s,v)-p-preopen if Q C is(cy(Q)) where s,v =1or 2 ; s # v.
(4) (s,v)-p-a-open if Q Cis(cy(is(Q))) where s,v =1or 2 ;s # v [2].

Lemma 1. [2, Proposition 3.4] Let (X, p1, 12) be a BGTS and @ C X. Then Q is (s, v)-
closed if and only if @ is both p-closed in (X, ) and (X, p,,) where s,v =1,2 ; s # v.

Lemma 2. [5] In a GTS (X, u), r € cP if and only if LN P # () for all L € a(r).

Lemma 3. [12, Lemma 3.2] Let (X, u) bea GTSand K, P C X. If K € iand KNP =),
then K NeP = .

Lemma 4. [13, Proposition 2.2] Let (X, u) be a GTS. For subsets @, P C X, then the
following properties holds:

(a) cu(X — Q) = X —iy(Q) and 1, (X — Q) = X — u(Q).

(b) If X —Q € pu, then cu(Q) = Q and if Q € p, then i,(Q) = Q.

(c) If Q@ C P, then ¢,(Q) C cu(P) and i, (Q) C i, (P).
(d) Q € cu(Q) and i, (Q) € Q.
(6) cu(en(@)) = cu(@) and i, (ix(@) = iu(Q).

3. Nature of (s, v)*-dense sets

Here, we define another branch of dense set namely, (s,v)*-dense set and study its
significance in a BGTS.
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In a bigeneralized topological space, various interesting results for (s,v)*-dense sets
are derived which is helpful for examining the given set is (s, v)*-dense or not.

Definition 5. A GTS (X, i) is called as;
o hyperconnected [8] if ¢, (Q) = X whenever @ € fi.
e generalized submazximal [7] if @ € fi whenever ¢,(Q) = X.

Definition 6. [16] A GT p on X is said to satisfy the Z-property whenever Wy, Wo, .., W,,, €
pwith WinWen---NWy, #0,i,(WinWon---NWp,) # 0.

Definition 7. [9] A non-null subset @ of a BGTS (X, p1,u2) is called (s,v)-dense if
cs(cy(Q)) = X where s,v =1,2 and s # v.

Moreover, (s,v) — D(X) ={Q C X | Q is a (s,v)-dense set in X} where s,v =1,2 ;
s #£ .
Definition 8. Let @ be a non-null subset of a bigeneralized topological space (X, pu1, pt2).
Then Q is called (s, py)*-dense (briefly, (s,v)*-dense) if ¢,(Q) N M # 0 for every M € 65
where s,v =1,2; s #v;05s = o(ls).

For simplification we noted;

(s,v)* =D(X)={Q C X | Q is a (s,v)*-dense set in X}
where s,v =1,2 ; s # v.
Remark 9. In a BGTS, if P € (s,v)* — D(X) and P C Q, then Q(s,v)* — D(X).
Example 10. Consider the bigeneralized topological space (X, u1, u2) where X = {p, q,r, s};
H1 = {@7 {p7 Q}v {Qa T}v {p> q, T}}

and

p2 = {0, {p, s}, {q, s}, {p, ¢, s} }-
Then

01 = {(2)7 {p7 Q}, {Q7 7’}, {p7 q, T}? {p7 q, 8}7 {Q7 T, 5}7 X}

Take K = {q,7}. Then co(K) = K. Also, KNM # () for all M € 1. Thus, co(K)NM # 0
for all M € ;. Therefore, K € (1,2)* — D(X).

(b) Consider the bigeneralized topological space (X, p1, p2) where X = {p, q,r, s};

H1 = {®7 {Q7 T}? {qv 5}? {qv r, S}}

and

p2 =1{0,{p,q}, {p;r},{p, ¢, 7}}.
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Then

oy = {0, {p,a}. {p,v}. {p, @, 7}, {p. @ s}, {p, 7, s}, X}.
Take J = {p,r}. Here ¢1(J) N H # () for all H € 5. Hence J € (2,1)* — D(X).
Theorem 11. Let (X, p1,pu2) be a BGTS and ¢, (Q) = X. If pus is a sGT, then Q €
(s,v)* = D(X) where s,v =1,2 ; s #v.

Proof. Take s =1 and v =2. Assume that, c,,(Q) = X and p1 is a sGT. Let P € &;.
Then P C ¢y, (i, (P)) and so iy, (P) # 0, since py is a sGT. This implies i,, (P) € i
which implies that i, (P)NQ # 0. Thus, Q N P # (. Therefore, Q € (1,2)* — D(X).

Take s = 2 and v = 1. Suppose c,,(Q) = X and po is a sGT. Let M € &o. Then
M C ¢y, iy, (M)) and so iy, (M) # 0, since po is a sGT. Thus, i,,(M) € iz so that
i (M) N Q # 0. This implies Q@ N M # O which implies that Q € (2,1)* — D(X).

The below Example 12 shows that the hypothesis in Theorem 11 can not be dropped.
Example 12. (a). Consider the BGTS (X, p1, u2) where X = {p, ¢, 7, s};

H1 = {(Da {q7 8}, {"”7 8}7 {Q7 T, 8}}
and
M2 = {Q)v {p7 T}a {Qa T}v {p) q, 7"}, {pa q, 5}, X}
Fix s = 1;v = 2. Obviously,
0-1 = {97 {p}7 {Q7 8}7 {T.7 8}7 {p7 q7 S}? {p7 r? 8}7 {Q7 r’ S}? X}'

Choose L = {q, s} so that ¢,, L = X and ¢,,L = L. Thus, L = {q, s} is p1-dense. But
cus LN {p} = 0 where {p} € &, for that L ¢ (1,2)* — D(X).

(b). Consider the BGTS (X, ut1, p2) where X = {p,q,r, s};
i =0, {p.r}. {q,7}, {r, s}, {p, ¢, 7}, {p, 7, s}, {a,r, s}, X}
and
p2 =1{0,{p, s},{q,s},{p,q,s}}.
Fix s = 2;v = 1. Obviously,
o2 ={0,{r}, {p, s}, {a,s}. {p,a. s}, {p.7, s}, {q, 7, s}, X}.

Choose K = {s} so that ¢,, K = K and c,, K = X. Here, K = {s} is up-dense. But
¢ K N{r} =0 where {r} € g for that K ¢ (2,1)* — D(X).
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Theorem 13. Let (X, u1, u2) be a BGTS. Then the following are true.
(a) If ¢, (Q) = X, then Q € (s,v)* — D(X) where s,v =1,2; s # v.
(b) If us C py, then every (s,v)*-dense is pugs-dense where s,v = 1,2 ; s # v.

Proof. (a). Assume that, ¢,,(Q) = X for v =1,2.

Fix s =1 and v = 2. We get ¢,,(Q) = X so that ¢, (Q) N H # () for all H € &;. Therefore,
Q is (1,2)* — D(X).

Take s = 2 and v = 1. Then ¢, (Q) = X and so ¢, (Q)N K # () for all K € 5. Therefore,
Qis (2,1)* — D(X).

(b). Suppose that pus C p, for s,v =1,2; s #v. Let K € (s,v)* —D(X) where s,v = 1,2
;S8 F .

Consider s = 1 and v = 2. Then py C po and K € (1,2)* — D(X). Let G € fi1. Then
G € &1 so that GNey,, K # (0. By hypothesis and Lemma 3, GNK # (. Hence K is p1-dense.

Take s = 2 and v = 1. Then ps C 1y and K € (2,1)* — D(X). Let H € fip. Then H € &9
so that H N ¢y, K # (0. By hypothesis and Lemma 3, H N K # (). Hence K is pp-dense.

The below Example 14 (b) shows that the converse part of Theorem 13 (a) need not
be true and the hypothesis of Theorem 13 (b) can not be neglected as shown by Example
14 (a).

Example 14. Consider the bigeneralized topological space (X, u1, o) where X = {p, q,r, s};
H1 = {(Da {pa T}y {p7 S}v {p7 T, 5}}

and
M2 = {(Z)v {Qa T}’ {Q7 S}> {T‘, 8}7 {Qa T, 3}}
We get
o1 = {®7 {Q}v {p, T}a {p, 8}, {p7 q, T}’ {pa q, 8}7 {p, T, 3}7 X}
and

o ={0.{p}.{a,7}.{q. s}, {r. s}, {p. ¢, v}, {p, ¢, s}. {p, 7 s}, {q, 7, s}, X}
(a). Fix s = 1;v = 2. Here, p1 € po. Choose Q = {q,r} we get Q € (1,2)* — D(X).
Because, coQ N L # () for all L € 61. But ¢1Q = Q # X so that @ is not u;-dense.

Take s = 2,v = 1 and L = {p,q}. Here, ;L N D # ( for each D € &9 so that
L e (2,1)* = D(X). Since coL = L # ) we have L is not po-dense.
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(b). Fix s = 1;v = 2. Choose W = {p, ¢} we get W € (1,2)* — D(X), since coW N L # ()
for all L € &1. Here, oW = W # X so that W is not a uo-dense set.

Take s = 2;v = 1. Consider the BGTS (X, p1, p2) where X = {p, q,r, s};
H1 = {®a {p7 ’l“}, {pa 5}7 {7", S}a {p> T, 5}}

and

H2 = {@, {‘L T}v {q¢ S}? {Q7 T S}}

Clearly, we have

o1 =1{0,{qa}, {p,7}, {p, s}, {r, s}, {v, ¢, 7}, {p, ¢, s}, {p, 7, s},{q, 7, s}, X}

and

02 = {(Da {p}v {Q7 T}a {(L S}a {p, q, T‘}, {p, q, 5}7 {Q7 T, S}> X}

Consider K = {p, q}. Since c; K N M # () for all M € &5 we get K € (2,1)* — D(X). But
c1K = K # X. Thus, K is not pi-dense.

Theorem 15. Let (X, p1,p2) be a BGTS. Then (s,v)* — D(X) C (s,v) — D(X) where
s, u=1,2 ;s F#v.

Proof. Let Q € (s,v)* — D(X).

Take s = 1;v = 2. Then Q € (1,2)* — D(X) so that c2(Q) N M # O for every M € 6.
Since p1 C o1, c2(Q) N K # 0 for every K € fiy1. Therefore, Q € (1,2) — D(X).

Fiz s = 250 = 1. We get Q € (2,1)* — D(X) for that c1(Q) N L # O for every L € &3.
Since pz C 02, c1(Q) NG # 0 for every G € fia. Therefore, Q € (2,1) — D(X).

The below Example 16 shows that in a bigeneralized topological space, the reverse
implication of the above Theorem 15 need not be true in general.

Example 16. Consider the bigeneralized topological space (X, pu1, p2) where X = {p, q,r, s};

H1 = {®a {pv ’I“}, {7”, 5}7 {pv T 5}}

and

p2 = {0,{p,a}, {p,}, {a, v}, {p,a, 7} }-
Then

01 = {(D’ {q}v {p’ T}a {T7 8}7 {p7 q, T}a {pa T S}v {q’ T S}a X}

and
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oo ={0,{s}, {p.a}, {p.v} . {a, 7} {p, ¢, 7} {p, @, s}, {p, 7, s} {g, 7y s}, X}

e Firs =1 andv = 2. Choose K = {p, s} we get K is (1,2)-dense. But K ¢ (1,2)*—D(X).
For, if we choose D = {q}, then D € 61. But D Nca(K) = 0. Thus, there is D € 61 such
that D N ey(K) = 0.

e Fix s =2 and v = 1. Take L = {p,q}, then we get L € (1,2) — D(X). Here, we take
H = {s} so that H € &3 but HNc1(L) =0. Thus, L ¢ (1,2)* — D(X).

Theorem 17. Let (X, 1, pu2) be a BGTS. If us is a sGT, then (s,v) — D(X) C (s,v)* —
D(X) where s,v =1,2 ; s #v.

Proof. Assume that, us is sGT and Q € (s,v) — D(X).

Take s = 1;v = 2. Then Q € (1,2) — D(X) so that ¢1(c2(Q)) = X. Thus, co(Q)NM # 0
for all M € ji1. Let H € 1. Suppose H € [i1. Then there is nothing to prove. Suppose
H ¢ [1y. Here H C c1(i1(H)). This implies ¢1(i1(H)) # 0 which implies that i1(H) # (), by
hypothesis. Thus, i1(H) € i1 so that co(Q) N H # 0. Thus, co(Q)NH # (0 for all H € 71.
Hence Q € (1,2)* — D(X).

Fix s = 2;v = 1. We get Q € (2,1) — D(X) such that c2(c1(Q)) = X which implies
a(Q)NL #0 for all L € fig. Let K € &9. Suppose K € [io. Then there is nothing to
prove. If K ¢ [ia, then from the definition of K such that K C ca(io(K)). This implies
ca(i2(K)) # O which implies that ia(K) # 0 since 2 is a sGT. Thus, i2(K) € fiz so that
(Q)NK #0. Thus, c1(Q)N K # 0 for all K € 9. Hence Q € (2,1)* — D(X).

The above Example 16 also proves that the hypothesis of Theorem 17 can not be
dropped.

Theorem 18. Let (X, u1,pu2) be a BGTS and py C po. If pp C (s,v)* — D(X), then
(X, p1) is hyperconnected for s,v =1,2 ; s # v.

Proof. Let Q) € [i.

Choose s =1 and v = 2. Then Q € (1,2)* — D(X). By hypothesis and Theorem 13, @ is
u1-dense so that (X, p1) is a hyperconnected space.

Fixrs=2;v=1. Then Q € (2,1)* — D(X) so that c;(Q) N M # O for every M € &5. Let
K € [11. By hypothesis, K € [io which implies K € G2, since pa C oo which turn implies
that c1(Q) N K # (0. Thus, QN K # (. Since K is an arbitrary non-null pi-open set, Q is
u1-dense. Therefore, (X, 1) is a hyperconnected space.

Theorem 19. Let (X, u1,pu2) be a BGTS. If pus C pyr and if pa C (s,v)* — D(X) where
s,v=1,2; s #wv, then (X, p2) is hyperconnected.
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Proof. Let P € [is.

Take s =1 and v = 2. Then P € (1,2)* — D(X) so that co(P) N M # 0 for every M € 7.
Let K € [ia. By hypothesis, K € i1 which implies K € &1, since py C o1 which turn
implies that co(P) N K # (. Thus, PN K # 0. Since K is an arbitrary non-null us-open
set, P is pa-dense. Hence (X, p2) is hyperconnected.

Now we choose s =2 ;v =1. We get P € (2,1)* —D(X). By Theorem 13 and hypothesis,
we get Q is ua-dense. Therefore, (X, u2) is a hyperconnected space.

Theorem 20. Let (X, p1,p2) be a BGTS and Q € (s,v) —D(X); Q € p; J € (v,8)" —
D(X). If py C ps and if py, has the Z-property, then QNJ € (v, s) —D(X) where s,v = 1,2
;8 F£ .

Proof. Fix s = 1,v = 2. Assume that, Q € (1,2) — D(X); Q € pg and J € (2,1)* —
D(X). Then
(a) a(e(Q))=X.
) caJNM#£0 for all M€ b

Suppose po has the Z-property and uo C p1. Let K € Jia. By hypothesis, K € fiy so that
KNea(Q) # 0, by (a) which implies that K N Q # (0, by Lemma 3. By our assumption,
io(KNQ) # 0. By (b), c1JNia( KNQ) # O which implies coJ Nia(KNQ) # O by hypothesis
which turn implies that J Nig(K N Q) # 0, by Lemma 3. Thus, JN (K N Q) # 0 so that
(JNQ)NK #10. Therefore, c1(J NQ)NK # (. Hence QN J € (2,1) — D(X).

Take s = 2,v = 1. Assume that, Q € (2,1) —D(X); Q € p1 and J € (1,2)* — D(X). We
get
(¢) c2(a(Q)) =X.
(d) coJNH#O for all H €.

Suppose w1 has the Z-property and py C pe. Let L € fi1. By hypothesis, L € [is so that
LNci(Q) # 0, by (c) which implies that LN Q # (0, by Lemma 3. By our assumption,
iW(LNQ) #0. By (d), coJNir(LNQ) # 0. This implies c1J Nir(LNQ) # O by hypothesis
which implies that J N i1 (LN Q) # 0, by Lemma 3. Thus, JN (LN Q) # 0 so that
(JNQ)NL#0D. Therefore, co(JNQ)NL #P. Hence QN J € (1,2) — D(X).

Moreover, in a BGTS every p,-dense set is (s, v)-preopen where s,v = 1,2 ; s # v.

Theorem 21. Let (X, u1,pu2) be a BGTS and m ={Q C X | Q € (1,2)* —D(X);m2 =
(PCX|Pe(21) —D(X)}. Then

(a) If ¢ =y U{0} and if @ # ¢ C py N g, then (X, ¢) is a hyperconnected space.

(b) If ¢ =na U {0} and if () # ¢ C p1 N pe, then (X, ) is a hyperconnected space.
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Proof. (a) Assume that, ¢ = 7 U {0} and 0 # ¢ C py N po. Let K € ¢. Then
K e (1,2)* = D(X) and so caK N J # 0 for all J € ;. Let D e . By hypothesis, D € i
so that D € &1. Thus, coK N D # (). Since D € ps we have K N D # (), by Lemma 3.
Hence K is (-dense. Therefore, (X, () is a hyperconnected space.

(b) Suppose that, ¢ = 1o U {0} and @ # ¢ C p1 N po. Let P € (. Then P € (2,1)* — D(X)
and so c;PNJ # () for all J € 5. Let M € 5 By hypothesis, M € ps so that M € a».
Thus, ey PN M # (). Since M € p1 we have PN M # (), by Lemma 3. Hence P is (-dense.
Therefore, (X, () is a hyperconnected space.

Definition 22. Let (X, u) be a GTS. A GT p is said to satisfy the Ip-property if P € i
and c,@Q = X, then i,(PNQ) # 0.

Theorem 23. Let (X, u1,u2) be a bigeneralized topological space and n1 = {P C X |
P =X}m={Q C X |cuw®=X}. Then

(a) If 0 #£ ¢ =n1 U{0} and if 1 has Ip-property, then (X, () is a hyperconnected space.
(b) If ) # ¢ = na U {0} and if uy has Zp-property, then (X, () is a hyperconnected space.

Proof. (a) Suppose § # ¢ = n U {0} and if p; has Zp-property. Let K € (. Then
¢ K = X and so KN J # 0 for every J € [i;. Take H € ¢ which implies that H N M # 0
for all M € fi;. Thus, there is D € fi; such that KND % () and HND # (. Since ¢, H = X
and D € fi; we have i, (HN D) # (), by hypothesis. Thus, i,, (H N D) € fi; which implies
that K Ni,, (H N D) # 0 which turn implies that K N H # (). Therefore, K is (-dense.
Hence (X, () is a hyperconnected space.

(b) Assume that, ) # ¢ = 1o U {0} and if uy has Zp-property. Let L € ¢. Then ¢,, L = X
and so LN J # 0 for every J € fis. Take H € ¢ which implies that H N K # @ for all
K € fig. Thus, there is D € fig such that LN D # () and H N D # (. Since ¢,, H = X and
D € [ip we have i,,(H N D) # 0, by hypothesis. Thus, i,,(H ND) € jio which implies that
LNiy,(H N D) # ( which turn implies that L N H # (). Therefore, L is (-dense. Hence
(X, () is a hyperconnected space.

Theorem 24. Let (X, pu1,u2) be a bigeneralized topological space where py = p and
e = W #£ 0, pois a generalized topology on X. Then every p**-dense set is (2,1)*-
dense set in X.

Proof. Let K be a p*-dense set. Then co(K) = X. By hypothesis, po is a sGT. By
Theorem 11, K is a (2,1)*-dense set in X.

Theorem 25. Let (X, u1, pu2) satisfy the condition; if P € [11;Q € fia and PN Q # 0,
then i, (PN Q) # 0 here i = p and py = ™ # () where p is a GT on X. Then every
(1,2)*-dense set is pa-dense set in X.
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Proof. Let P € (1,2)* — D(X). Then coPNK # 0 for all K € &1. Let L € fia. Then
L is of p-second category and so L is not a p-meager set which implies i1(c1(L)) # 0.
Take D = i1(c1(L)). Then D € fi; so that D NcoP # 0. Thus, c1tL N caP # (). Choose
t € (L NceP). Then t € ¢1 L which implies H N L # 0 for every H € py(t), by Lemma
2. By hypothesis, i, (H N L) # 0. This implies coP N iy, (H N L) # 0 which implies
coP N (H N L) # 0 which turn implies that coP N L # (). Since L € ji3 we have PN L # (),
by Lemma 3. Hence P is pa-dense.

Theorem 26. Let (X, p1,pu2) be a BGTS here puy = p and po = p* where p is a GT on
X. If uy1 has the Z-property, then every (1,2)*-dense set is ua-dense in X.

Proof. Let Q € (1,2)* —D(X). Then coQNK # O for every K € &1. Let L € fig. Then
L =, (LiNL4N---NLE ) where each Lt € fiy fori =1 tony. Choose D = L¥NL5N. - ﬂLka
for some k ; each LE, € iy for m =1 to ny, with D # ). By hypothesis, iy D # 0 which
implies that i,, D € fiy which turn implies that i,, D Nca@ # 0. Thus, coQND # 0 so that
coQ N L #(. Since L € fig we have QN L # 0, By Lemma 3. Therefore, Q is jo-dense.

Theorem 27. Let (X, 1, p2) be a BGTS here py = p and po = p** where p is a gener-
alized topology on X. If (X, u1) is a hyperconnected space and if py is a sGT, then every
non-null pa-open set is (1,2)*-dense in X.

Proof. Let P € [io. Then P is of ui-second category so that P is not a pi-meager
set which implies iy, (c,, (P)) # 0. Thus, iy, (cu, (P)) € fu. Let K € &1. By hypothests,
i I € fir. Since (X, p1) is a hyperconnected space we have i,, K is p1-dense. Therefore,
iy (cpy (P)) Niy K # 0. This implies ¢, P N iy K # 0 which implies that i, K N P # 0,
by Lemma 3. Thus, PN K # (. Therefore, P € (1,2)* — D(X).

Theorem 28. Let (X, u1,u2) be a BGTS here p1 = p and pg = p* where p is a sGT
on X. If (X, u1) is a hyperconnected space and if puy has Z-property, then every non-null
uz-open set is a (1,2)*-dense set in X.

Proof. Let P € i*. Then P =J,(Pf N PN ---NPL) where each P! € jiy fori=1 to
ng. Choose D = Plkﬂpzkﬂ- . -ﬂPﬁk for some k ; each P* € fiy form =1 to ny, with D # ().
By hypothesis, i,,D # O which implies that i, D € fi1. Since (X, p1) is a hyperconnected
space, i, D is pi-dense which implies P is p1-dense. By hypothesis and Theorem 11, P
is (1,2)*-dense.

Theorem 29. Let (X, u1, p2) be a bigeneralized topological space. If (X, us) is a hyper-
connected space and if ps is a sGT for s =1,2, then

(a) Every non-null us-semi-open set is (s, v)*-dense.

(b) Every non-null ps-pre-open set is (s, v)*-dense.

(c) Every non-null ps-a-open set is (s, v)*-dense.

(d) Every non-null ps-5-open set is (s,v)*-dense.
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(e) Every non-null ps-b-open set is (s,v)*-dense where s,v =1,2; s # v.

Proof. Assume that, (X, us) is a hyperconnected space and us is a sGT for s = 1, 2..
Choose s =2 and v = 1. Then (X, p2) is a hyperconnected space, uo is a strong general-
ized topology.

(a). Let @ be a non-null us-semi-open set. Then @ is po-semi-open set in X. Let
H € G5. Suppose H € j[ip. Then there is nothing to prove. Suppose that, H ¢ [io.
Here H C c3(i2(H)) which implies io(H) € fi2, by our assumption. Since (X, pu2) is a
hyperconnected space we have iosH is a po-dense set in X. Also, @ C c2(i2(Q)) which
implies i5(Q) € jiz which turn implies that i5(Q) NigH # (). Thus, QNizH # (. Therefore,
c1Q N H # (. Hence Q € (2,1)* — D(X).

(b). Let P be a non-null ps-preopen set. Then P is ug-preopen set in X. Let G € 9. If
G € [ig, then the proof is trivial. Assume that, G ¢ fi2. Here G C c2(i2(G)) which implies
i2(G) € fi2, by our assumption which turn implies that i2G is a po-dense set in X. Also,
P Cia(c2(P)) so that iz(ca(P)) € fig for that ia(ca(P)) NiaG # 0. Thus, caP NiaG # 0 so
that P Ni2G # (), by Lemma 3. Therefore, c; P NG # (. Hence P € (2,1)* — D(X).

(c). Let K be a non-null ps-a-open set. Then K is ps-a-open set in X which implies K
is po-semi-open set. Hence K € (2,1)* — D(X), by (a).

(d). Choose L be a non-null u,-3-open set. Then L is po-S-open set in X. Let M € &9. If
M € [ig, then there is nothing to prove. Suppose M ¢ fiz. Since M C ca(ia(M)) we have
i9(M) € f[ig, by our assumption. By our assumption, ioM is a ps-dense set in X. Also,
L C ca(iz2(ca(L))) for that ia(ca(L)) € fig which turn implies that ig(ca(L)) NiaM # 0.
Thus, coL NisM # () so that L NiyM # (), by Lemma 3. Therefore, c;L N M # (. Hence
Le(2,1)*—D(X).

(e). Take F' be a non-null ps-b-open set. We get F'is ua-b-open set in X. Let V € 69. If V €
fia, then the proof is obvious. Assume that, V' ¢ fio then V' C c2(i2(V)) so that i2(V') € fig,
by our assumption. Thus, 5V is a ps-dense set in X. Here, F' C co(ia(F')) Uia(ca(F))
which implies
(1) ia(ca(F)) € fio
or
(2) i2(F) € fi2
or
(3) d2(c2(F)) € iz and ia(F) € fia
From the above three cases, we get F N i3V # (). Therefore, cyF NV # (). Hence
Fe(2,1)" - D(X).

By similar considerations, we can prove this theorem for the case s =1 and v = 2.
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Theorem 30. Let (X, 1, p2) be a BGTS. If (X, ps) is a hyperconnected space and if ps
1s a SGT for s =1,2, then

(a) Every non-null (s, v)-u-pre-open set is (s, v)*-dense.

(b) Every non-null (s,v)-p-a-open set is (s,v)*-dense where s,v = 1,2 ; s # v.

Proof. Assume that, (X, us) is a hyperconnected space and s is a strong generalized
topological space for s = 1,2. Take s = 2 and v = 1. Then (X, u2) is a hyperconnected
space, ug is a sGT.

(a). Let @ be a non-null (s,v)-u-pre-open set where s,v = 1,2 ; s # v. Then @ is (2, 1)-
p-pre-open. Let K € 9. If K € [ig, then there is nothing to prove. Assume that, K ¢ fis.
Here K C c2(i2(K)). By our assumption, ioK is ps-dense. Since @ C ia(c1(Q)) we have
i2(c1(Q)) € fiz. This implies i2(c1(Q)) Ni2 K # O which implies ¢1(Q) N 2K # 0 which
turn implies that ¢;Q N K # (). Hence Q € (2,1)* — D(X).

(b). Take P be a non-null (s,v)-u-a-open set where s,v = 1,2 ; s # v. We get P is
(2,1)-p-a-open. Let G € G5. If G € [ia, then the proof is trivial. Suppose G ¢ [is. By our
assumption, ioG is po-dense. Since P C ia(cy(i2(P))) we have ia(ci(i2(P))) € fig. This
implies ia(c1(i2(P))) NieG # O which implies ¢;(i2(P)) NieG # () which turn implies that
c1PNiaG # 0. Thus, ;P NG # 0. Hence P € (2,1)* — D(X).

Similarly we can prove this theorem for the case s =1 and v = 2.

Theorem 31. Let (X, p1,p2) be a BGTS. If (X, ps) is a hyperconnected space, pis C fiy
and if s is a strong generalized topology, then every non-null (s,v)-p-semi-open set is
(s,v)*-dense where s,v =1,2 ; s # .

Proof. Assume that, (X, ps) is a hyperconnected space; ps C py, and ps is a strong
generalized topological space for s =1,2.

Take s =1 and v = 2. Then (X, pu1) is a hyperconnected space; 1 C po and py is a sGT.

Let @ be a non-null (s,v)-u-semi-open set where s,v = 1,2 ; s # v. Then Q is (1,2)-u-
semi-open. Let H € G1. Suppose H € [i1, then there is nothing to prove. Assume that,
H ¢ [1y. Here H C ¢1(i1(H)). By our assumption, i1 H is pi-dense. Since Q C c2(i1(Q)))
we have i1(Q) € fi1, p1 C po and py 18 a sGT. This implies i1(Q) Niy H # () which implies
c2Q N H # 0. Hence Q € (1,2)* — D(X).

Choose s =2 and v = 1. We get (X, u2) is a hyperconnected space; pa C py and pg is a
sGT.

Consider P is a non-null (s,v)-u-semi-open set where s,v = 1,2 ; s # v. Then P is
(2,1)-pu-semi-open. Let G € &9. If G € [ig, then the proof is obvious. Suppose G ¢ [io.
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Here G C c3(i2(G)). By hypothesis, i9G is uz-dense. Since P C ¢q(ig(P))) we have
i2(P) € 12, by hypothesis so that ia(P) NisG # 0 which implies that ¢y P NG # (. Hence
Pe(2,1)* —D(X).

In the rest of this section, we analyze the nature of (s,v)*-dense sets in a subspace.

Let (X,u) be a GTS, Q@ C X and pug = {PNQ | P € p}. Then pugq is called relative
generalized topology on @ [7].

Theorem 32. Let (X, p1, pu2) be a bigeneralized topological space, Q be a ps-dense sub-
space of X for s = 1,2. If P is a psqy-dense and ps is a sGT, then P € (s,v)* — D(X)
where s,v =1,2 ; s # v.

Proof. Assume that, Q) is us-dense in X and us is a strong generalized topology for
s=1,2. Let P be a ps,-dense set in Q) where s =1,2.

Take s =1 and v = 2. Then Q is pi-dense, py is a sGT and P is p1,-dense in Q. Let
K € 61. If K € 1, then further proof investigation no longer required. Suppose K ¢ [i1.
By hypothesis, i,, K € fi1 which implies i,, K N Q € pi,. Take L = i,, K N Q. Then
LNP #0 so that i, K NP # 0. This implies K N P # () which implies K N coP # ().
Therefore, P € (1,2)* — D(X).

Fiz s =2,0=1. Then Q is pz-dense, pz is a sGT and P is pa,-dense in Q. Let M € o2.
If M € f[ig, then the proof is directly follows. Assume that, M ¢ [o. By hypothesis,
iuyM € fig which implies i,, M N Q € pa,. Take V =i, M N Q. Then VNP # () so that
iy M N P # 0 which implies M N P # () which turn implies that M N coP # 0. Hence,
Pe(2,1)* - D(X).

Theorem 33. Let (X, pu1,u2) be a BGTS, us satisfy the Z-property and Q be a ps-open
subset of X for s =1,2. If us C py and if P € (s,v)* —D(X), then P is ps,-dense set in
Q where PC Q; s,v=1,2 ; s#wv.

Proof. Assume that, Q is ps-open subset of X;us C p, and P € (s,v)* — D(X) for
s, u=1,2 ;s F#v.

Choose s = 1 and v = 2. Then Q € fi1 ; 11 C p2 and P € (1,2)* — D(X). Let L € pi,.
Then L = KNQ where K € fi1. By hypothesis, i,, L € ji1. This implies LN caP # () which
implies that LN P # (), by Lemma 3. Hence P is a H1g-dense set in Q.

Fiz s =2 andv = 1. We get Q € fiz ; i C 1 and P € (2,1)* — D(X). Let V € 3.
Then V.= M N Q where M € fip. By assumption, i,,V € fia so that V N c1 P # 0 which
implies that V-0 P # 0, by Lemma 3. Therefore, P is a jiz,-dense set in Q.
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Theorem 34. Let (X, py1, pu2) be a bigeneralized topological space, @ be a ps-open subset
of X and ps satisfy the Z-property for s = 1,2. If ps, is a sGT and P € (s,v)* — D(X),
then P € (psq, pw) — D(Q) where P C Q; s, =1,2 ; s #v.

Proof. Suppose that, Q € fis, s satisfy the Z-property and ps, is a strong generalized
topology for s = 1,2. Let P € (s,v)* — D(X) where s,v =1,2 ; s # v.

Choose s = 1 and v = 2. Then Q € [u1, p1 satisfy the Z-property, p1, is a sGT and
P e (1,2)" = D(X). Let J € G1,. If J € fu1, then there is nothing to prove. Sup-
pose J ¢ fug- Since J € 61, and pu,, is a strong subspace generalized topology we have
i15J € 1. Take K =iy,J. Then K # () and K = LNQ where L € j1;. Since L,Q € [iy
and p1 satisfy the I-property, i,, (K) € fi1. This implies i, K N caP # O which implies
K N caP # 0 which turn implies that J N caP # 0. Hence P € (p14, p2)* — D(Q).

Take s =2 and v =1. We get Q € iz, p2 satisfy the Z-property, pa, is a sGT and P €
(2,1)* = D(X). Let V € Gag,. If V € fia,, then the proof is obvious. Assume V ¢ fia,. by
the definition of V' and s, is a strong subspace generalized topology we have iz, V € fia,.
Take L = ia,V. Then L # ) and L = M N Q where M € fiz. Here, M,Q € fiz and iz
satisfy the Z-property, iu,(L) € fiz so that i,, LN c1 P # 0 which implies LNe1 P # 0 which
turn implies that V N ¢y P # 0. Therefore, P € (2, i1)* — D(Q).

Theorem 35. Let (X, p1, u2) be a BGTS and Q be a ps-dense subset of X for s =1,2. If
ps s a strong generalized topology and if P € (jisq, oy )™ —D(Q), then P € (s,v)* —D(X)
fors,v=1,2 ; s #v.

Proof. Assume that, P € (pisg, pog)* — D(Q) where s,v =1,2 ; s # v.

Choose s = 1 and v = 2. Then P € (u14, p2,)* — D(Q). Let H € G1. Suppose H € fi.
Then HNQ € i1, Take K = HN Q. Then K Nca, P # 0 so that K N coP # 0. This
implies H N ca(P) # O which implies that P € (1,2)* — D(X). If H ¢ ju1, then i1H € [i;.
Take L = i1 H. Then by similar arguments in the above case, we get P € (1,2)* — D(X).

Fiz s =2 and v =1. We get P € (ua,, p1,)* — D(Q). Let G € Go. Suppose G € fiz we get
GNQ € fizg. Choose K =GNQ so that K N ey, P # O which implies that K N cy P # 0.
Thus, GN e (P) # 0 so that P € (2,1)* — D(X). Assume that, G ¢ fi2, then i2G € [ia.
Take L = isG. By similar considerations, we get P € (2,1)* — D(X).

4. Images of (s,v)*-dense sets

A function f : (X, u) — (Y,n) is said to be (u,n)-continuous [4] (resp. (i, n)-open)
(18] if f~H(Q) € u whenever Q € n (resp. f(P) € n whenever P € p).
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Lemma 5. [12, Lemma 7.3] A map f : (X,u) — (Y,n) is (u,n)-open if and only if
f~YcP) Ce(f~1(P)) for any P C Y.

Theorem 36. Let (X, u1,u2) and (Y,n1,m2) be two BGTSs. If f : X — Y is (e, me)-
continuous for t = 1,2 and ns is sGT for s = 1,2, then image of a (s,v)*-dense set is
(s,v)*-dense where s,v =1,2 ; s # v.

Proof. Assume that, f is (ut, nt)-continuous fort = 1,2. Let Q € (s,v)* — D(X) where
s, v=1,2;8F#.

Fiz s =1 and v =2. We get Q € (1,2)* — D(X) so that ¢,, QN H # 0 for H € G,,. Let
K € 6y,. By assumption, m is a sGT so that i, K € 1. This implies f_l(imK) € i1,
by hypothesis which implies that ¢, Q N f~(in, K) # 0. Thus, f(cu,@Q N f (i K)) # 0
50 that f(cu,Q) Niy K # 0. Since f is (11, m)-continuous we have ¢y, (f(Q)) Ny K # 0.
Therefore, f(Q) € (1,2)* = D(Y).

Take s =2 and v = 1. Then Q € (2,1)* —D(X) and so ¢,, QNM # 0 for M € 6,,. Choose
L € 6,,. By hypothesis, nz is a sGT so that i,, L € 12 which implies f_l(imL) € fi2, by
assumption which turn implies that ¢, QN f 1 (in, L) # 0. Thus, f(c,, QN f~ (i, L)) # 0

for that f(cu, Q) Niy, L # 0. By hypothesis, ¢y, (f(Q)) Nin, L # 0. Hence f(Q) € (2,1)* —
D(Y).

Theorem 37. Let (X, p1,p2) and (Y,n1,m2) be two bigeneralized topological spaces. If
f:X =Y is (u,m)-open for t = 1,2 ; one-one map and ps is sGT for s = 1,2, then
inverse image of a (s,v)*-dense set is (s,v)*-dense.

Proof. Let P € (s,v)* =D(Y) for s,v =1,2 ; s #v.

Fiz s =1 and v =2. Then P € (1,2)* — D(Y) so that c;,, PNL # () for all L € &,. Let
D €6y, so thati,, D € fi1, by assumption. Since f is (u1,m1)-open we have f(i,, D) € .
This implies ¢y, PN f (i, D) # 0 which implies that f~(cp, P)N f~1(f (i D)) # 0. Here f
is an injective map, f~(cp,P) Niy D # 0. By Lemma 5, cuy(f~H(P)) N1, D # 0. Hence
F7H(P) € (1,2)*D(X).

Choose s = 2 and v = 1. We get P € (2,1)* — D(Y') implies that c,, P N M # ( for all
M € G,,. Choose V € G, so that i,V € [iz, by hypothesis which implies f(i,V) € .
Thus, ¢y P 0 f(ig,V) # 0 so that f= ey P) N f7Hf(iu,V)) # 0. Since f is an injective
map, f~1(cy, P)NiuV # 0. By Lemma 5, ¢,y (f~1(P)) N1,V # 0. Therefore, f~1(P) €
(2,1)* = D(X).

5. Applications for (s,v)*-dense sets

In 1999, Molodstov introduced a new mathematical tool namely, soft set theory [14].
It has been used for dealing with uncertainty. Most of the researchers presented an appli-
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cation of soft sets in decision-making problems.

Motivated, by this we try to give an example of the soft set using (s, v)*-dense and
some subsets defined in a bigeneralized topological space and also in generalized topological
space.

Example 38. Consider the BGTS (X, 1, p2) where X = {a, b, c,d};
H1 = {®7 {b}’ {a’ d}v {b’ Cl}, {a, b, d}}a

and

M2 = {@, {6}7 {a7 b}7 {a7 6}7 {a, b, C}}

Here,
o o1 = {0,{b},{c},{a,d}, {b,c},{b,d},{a,b,d},{a,c,d},{b,c,d}, X}.
e o9 = {0,{c},{d},{a,b},{a,c},{c,d},{a,b,c},{a,b,d},{a,c,d}, X}.

Then we get,
o (1,2)* = D(X) ={{a,c},{b,c},{a,b,c},{a,c,d}, {b,c,d}, X}.
e (2,1)*—D(X) = {{d},{a,b},{a,d}, {b,d},{c,d},{a,b,c}, {a,b,d},{a,c,d}, {b,c,d}, X}.

Let U = {a,c,d} be a subset of X and E = {(1,2)*-dense set, (2,1)*-dense set, (1,2)*-
dense but not (2,1)*-dense, (2,1)*-dense but not (1,2)*-dense, (1,2)*-dense and (2,1)*-
dense } = {e1,e2,e3,e4,€e5} is the set of parameters. Define a map F' from E to exp(U)
by, F'(e1) = {a,c}; F(e2) = {d}; F(e3) = {a,c}; F(e4) = {c,d}, F(es) = {a,c,d}. Then the
pair (F, E) is a soft set over U.

Example 39. Consider the BGTS (X, u1, u2) where X = {p,q,r, s};
H1 = {Qa {p}7 {pa 3}7 {Q7 3}7 {p7 q, 8}}

and

p2 = {0,{a},{p,r},{a¢; 7} {p,q;r}}

Here,

e y1-semi-open sets = {0, {p}, {r},{p,r}, {p, s}, {a, s}, {p, ¢, s}, {p, 7, s}, {q, 7, s}, X}.
e up-pre-open sets = {0, {p}, {s}, {p,q}, {p, s}, {q, s}, {p,q,s}}.

e j11 — a-open sets = {0, {p}, {p, s}, {¢, s}. {p, ¢ s} }.

e 11 — B-open sets = exp(X) — {{q},{q,7}}.

e 111 — b-open sets = exp(X) — {q}.

Let U = {q,r, s} be asubset of X and E' = {u1-semi-open set, u1-pre-open set, j1 —a-open
set, p1 — B-open set, up — b-open set } = {e1, e, e3,e4, €5} is the set of parameters. Define
a function F from a set E to exp(U) by, F(e1) = {r}; F(e2) = {s}; F(e3) = {q, s}; F(e4) =



D. Elgezouli et al. / Eur. J. Pure Appl. Math, 16 (4) (2023), 2286-2305 2303

{r,s}; F(es) = {q,r}. Then the pair (F, E) is a soft set over U.

Here,

b :U’Q‘Semi'open sets = {®7 {q}7 {8}7 {p7 T}’ {Q7 7’}, {Q7 8}7 {p7 q, 7”‘}, {p7 Ty 8}7 {q7 Ty S}? X}
e po-pre-open sets = {0, {¢}, {r}, {p,q},{p, 7}, {¢, 7}, {p,q, 7} }.

e uz — a-open sets = {0, {q},{p,7},{q,7}, {p,q, 7} }.

e ji2 — B-open sets = exp(X) — {{p}, {p, s}}.

® i3 — b-open sets = exp(X) — {{p}, {p,s}}.

Let U = {p,r, s} be asubset of X and E = {u9-semi-open set, pa-pre-open set, fi2 —a-open
set, pg — f-open set, g — b-open set } = {eq, e, e3, €4, €5} is the set of parameters. Define
a function F from a set E to exp(U) by, F(e1) = {s}; F(e2) = {r}; F(es) = {q}; F(e4) =
{r,s}; F(es) = {p,r}. Then the pair (F, E) is a soft set over U.

Example 40. Consider the BGTS (X, u1, u2) where X = {p,q,r, s};
M1 = {®7 {7"}, {p7 3}7 {Ta 8}7 {pa r, 3}}

and
M2 = {®7 {CJ}, {Q7 S}v {Tv 5}’ {Qa T, S}}
Here,
e (s,v)-pp-regular open sets = {0, {r},{p,r,s}}.
b (87 v)—ﬂl—semi—open sets = {®7 {p}7 {7”}, {p7 T}, {pa 5}7 {7”, 8}7 {p7 T, S}}
e (s,v)-puy-pre-open sets = {0, {r}, {s},{p, s}, {r, s}, {p,r, s}, }.
e (s,v)-p-a-open sets = {0, {r},{p, s}, {r, s}, {p,r, s}}.

Let U = {p,r, s} be asubset of X and E' = {(s,v)-p1-regular open, (s, v)-ui-semi-open set,
(s,v)-p1-pre-open set, (s,v)-pu1 — a-open set } = {e1, e, €3, €4, } is the set of parameters.
Define a map F' from a non-null set E to exp(U) by, F(e1) = {r}; F(e2) = {p}; F(e3) =
{s}; F(e4) = {r, s}. Then the pair (F, F) is a soft set over U.

s,v)-po-regular open sets = {{q}, {q, s}, {q, 7, s}}.

s,v)-pg-semi-open sets = {0, {q},{q, s}, {r, s}, {p,q, s}, {p,r, s}, {q, 7, s}, X}.
)-pz-pre-open sets = {0, {q}, {s}, {q, s}, {r, s}, {q, 7, s}, }.

s,v)-pg-a-open sets = {0, {q},{q, s}, {r,s},{q,r,s}}

Let U = {q,r,s} be a subset of X and E = {(s,v)-puo-regular open, (s, v)-puz-semi-open
set, (s,v)-pe-pre-open set, (s,v)-puy — a-open set } = {ey, €9, e3,eyq, } is the set of param-
eters. Define a map F' from a set E to exp(U) by, F(e1) = {q}; F(e2) = {q,s}; F(e3) =
{s}; F(e4) = {r, s}. Then the pair (F, F) is a soft set over U.
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6. Conclusion

In this article, we are given additional tricks for finding the significance of a given

set in a bigeneralized topological space. Also, we have proven some results for checking
whether the given set is (s,v)*-dense or not. Finally, we defined soft sets using various
open sets and (s, v)*-dense sets.
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