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Abstract. In this manuscrit, we establish some results on the existence and uniqueness of fixed
points by using b-multiplicative metric spaces(MMS) endowed with a binary relation. We also
find result on the coincidence of points involving a pair of mappings. Finally some examples are
presented to illustrate the suitability of our results.
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1. Introduction and Prilimaries

In 1922, Banach [1] laid the important result of fixed point theory in metric spaces.
Later on, several authors generalized the Banach contraction principle, see[2-4]. Inspired
by Turinici [5] work, Ran and Reurings [6] in 2004 worked on Banach contraction prin-
ciple in ordered metric space and assumed the contractive condition only to hold on the
comparable elements instead of the whole space. Fixed point in ordered metric space has
been extensively studied in the literature [7-9].

The idea of MMS, which is a generalization of metric space, was first introduced by
Bashirov et al. [10] in 2008. The main idea behind introducing MMS was to replace usual
triangular inequality by the multiplicative triangle inequality. Later on, many research
papers were written on fixed points in MMS [11-16, 18-20]. Czerwik [17] introduced the
notion of b-metric space which is a generalization of metric space. There are some fixed
point results in b-metric space. Later on, Muhammad Usman et al. [21] introduce the

*Corresponding author.
DOLI: https://doi.org/10.29020/nybg.ejpam.v16i4.4953

Email addresses: iealshamri@uhb.edu.sa (I. Alshammari), shahbazali4786@gmail.com (S. Ali),
ghkhan.ssitm@gmail.com (Q.H. Khan), tawseefrashid123@gmail.com (T. Rashid),
cenap.ozel@gmail.com (C. Ozel)

https://www.ejpam.com 2405 © 2023 EJPAM All rights reserved.



I. Alshammari et al. / Eur. J. Pure Appl. Math, 16 (4) (2023), 2405-2418 2406

new notion of b-multiplicative metric space and proved fixed point theorems for single and
multivalued mapping on b-multiplicative metric spaces, endowed with a graph.

In this paper we prove fixed point theorems for mapping on b-multiplicative metric
space endowed with a binary relation and also prove a coincidence of points involving a
pair of mapping and provide some examples to demonstrate our results.

Definition 1. [21]. Let H be a non-empty set and let k > 1 be a given real number. A
mapping p : HxXH — R is called a b-multiplicative metric with coefficient k, if the following
conditions hold:

(M1) p(w,p) >1 for all w,peH and p(w,p) =1 if and only if w = p;

(M2) p(w,p) = p(w@, p) for all w,p € H;

(M3) p(w,p) < p(w,2)*.p(z,p)* for all @, p,z € H.
The triplet (H,p,k) is called a b-multiplicative metric space.

Definition 2. /4. Let (H,p, k) be any b-MMS, {w,} be a sequence in H and w € H. If
for every multiplicative open ball Be(z) = {p : p(w, p) < €},e > 1, there exists a natural
number N € N such that n > N and wy,, € Be(w). Then the sequence {wy} is said to be
multiplicative converging to w. We denote as w, — w (n — +00).

Lemma 1. [21] let (H, p, k) is a b-multiplicative metric space. If a sequence {wn} is a
multiplicative convergent, then the multiplicative limit point is unique. Let (H,p) be a
MMS, {w,} be a sequence in H and w € H. Then

wy, = w(n — +00) & p(wy, w) = 1(n — +00).
Definition 3. [{]. Let (H,p) be a MMS and {w,} be a sequence in H.

o Then {wy} is said to be multiplicative Cauchy sequence if for € > 1, there exists a
positive integer N € N such that d(wy,,wy) < € for all n,m > N.

o Then {wy} is said to be multiplicative Cauchy if and only if p(wy, wm) — 1(n,m —
+00).

Definition 4. [4]. If every multiplicative Cauchy sequence in (H,p) is multiplicative
convergent in H, then MMS (H, p) is said to be multiplicative complete

Definition 5. [22]. Let H be a nonempty set. A subset R of H? is called a binary relation
on H. The subsets, H? and ¢ of H? are called the universal relation and empty relation
respectively.

Definition 6. [22]. Let R be a binary relation on a nonempty set H. For w P E H, we
say that w and p are R-comparative if either (w, p) € R or (p,w) € R. We denote it by
[, 0] € R
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Proposition 1. If (]HI p, k> 1) s a b-metric space, R is a binary relation on H Fisa
self-mapping on H and X € [0, ) then these conditions are equivalent.

(1) p(Fw,5p) < p(w, p)* for all @,p € H with (w,p) € R,

(1) p(§=.3p) < p(w,p)* for all w,p €M with [=,p] € R.

Proof. The implication (II) = (I) is trivial. Coversely, we assume that (I) holds.
Take w, p € H with [, p] € R. if (@, p) € R, then (II) directly follows from (1). But, if
(p,w) € R, then using the symmetry of p and (I), we obtain

pFw,§p) =pEp,$@) < plp, @) = plp, ™).
which shows that (I) = (II).

Proposition 2. If (H p,k>1) s a b-metric space, R is a binary relation on H, § and S
are self-mapping on H and ) € [0, ) then these conditions are equivalent.

(1) p(§w,$p) < p(Sw, Sp)* for all w,p € H with (w,p) €R,

(2) p(§w,§p) < p(Sw,Sp)* for all w,p € H with [w,p] € R.

Definition 7. [23]. “Let H be a non-empty set and R be a binary relation on H.

(1) The inverse, transpose or dual relation of R, denoted by R is defined by
B = {(w,p) € HE : (p,) € R}

(2) The reflexive closure of R, denoted by R¥ is defined to be the set R U Ay

(i.e,R¥*¥ =R U Ay).

(3) The symmetric closure ofR denoted by RS, is defined to be the set R UR™!

(i.e.,R#* := R UR™1).

Proposition 3. [24] For a binary relation R defined on a nonempty set H,

(w,p) €eR® = [w,p] €R.

Definition 8. [24/ Let H be a non- empty set and R a binary relation on H. A sequence
w, C H is called R- preserving if

(Wn, Wnt1) € R for all n € Ny.

Definition 9. [24] Let (H,p) be a metric space. A binary relation R defined on H is called
p-selfclosed if whenever {wy,} is an R-preserving sequence and

D
Wy — W

then there exists a subsequence {wy,, } of {wn,} with [wy,, @] € R for all k € Ny.
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Definition 10. [2/] Let H be a nonempty set and § a self-mapping on H. A binary
relation R defined on H is called §-closed if for any @ ,pE H

(w,p) eR = (§w,$p) € R.

Proposition 4. [2/] Let H, § and R be same as in definition 1.10. R® must also be
§-closed if R is §-closed.

Definition 11. /2] Let S and V are self mappings on a nonempty set H. A binary re-
lation R on H is called (S,V)-closed if for all w,p € H, (Vi,V,) € R yield that (S, S,)
belong to R.

if we take V= identity mapping, then we conclude that R is S-closed.
if R is S-closed, then R® is also S-closed.

Definition 12. [25] Let (H, p,k > 1) be a b-metric space and let R a binary relation on
H.

(i) we say that (w,p) is R-complete if every R-preserving b-Cauchy sequence in H con-
verges.

(i) A subset G of H is called R-closed if every R-preserving b-convergent sequence in G
converges to a point of G.

Definition 13. [25] Let (H,p,k > 1) be a b-metric space and let V : H — H. A binary
relation R defined on H is called (V, by)-self closed if, whenever {wy} is an R- -preserving

sequence and wy, —, w, there ezists a subsequence {wy,} of {wy} with [Vwy,,, Vw] € R
for all i € N.

If V is the identity mapping, then we get the following definitions:

Definition 14. [25] Let (H,p,k>1) be a b-metric space. A binary relation R defined on
H is called b,-self closed if, whenever {wy} is an R-preserving sequence and ww, —p @
there exists a subsequence {wn;} of {wn,} with (w,,;,@) € R for all j € N.

Definition 15. [26] Let H be a nonempty set and R a binary relation on H. A subset G
of H is called R-directed if for each w ,p € G, there exists z € H such that (w,2) € R and

(p,2) € R.

Definition 16. [27] Let H be a nonempty set and R a binary relation on H. For w,pE H,
a path of length k (where k is a natural number) in R from w to p is a finite sequence
{to,t1,ta, ....ts,} C H satisfying the following conditions:

(i) to = w and t, = p

(i) (tj,tj+1) €R for each j (0<j <k —1).

Note that although they are not necessarily distinct, a path of length k involves k+1 ele-
ments of H”.



I. Alshammari et al. / Eur. J. Pure Appl. Math, 16 (4) (2023), 2405-2418 2409

Definition 17. [25] Let (H,p,k > 1) be a b-metric space, let R be a binary relation on
H, and let S and V be two self-mappings on H. we say that S and V are R-compatible if,
for any sequence {w,} € H such that {Sw,} and {Vw,} are R-preserving and

lim V(w,) = lim S(w,),

w—r+00 w—r+00

we have

lim d(VP(wy), PVw,) = 0.

w—r+00

Lemma 2. /28] Let H be a non empty set and let S be a self mapping on H. Then there
exists a subset G C H such that §(G) = §(H) and § : G — H is one-to one.

2. Main Result

In this manuscript, we utilize the following notations:

(i) F(§) = the set of all fixed points of ,
(il) H(F;R) := {w € H: (w, §w) € R},
(iii) 7 (w,p,R) := the class of all paths in R from @ to p

Theorem 1. Let ( ,p,k > 1) be a b-complete b-multiplicative metric space and R a binary
relation on H. §: H x H be a self-mapping satisfying the following conditions given below.

(i) H(§;R) is non-empty.
(i) R is §-closed.
(iii) Either § is b-continuous or R is by-self closed.

(iv) There exists A € [0, 1) such that.

P(F@.5p) < p(w, p)*
Then § has a fixed point. i.e., there exists wk € H such that Foox = wx.
(v) 'y(w,p,Rs) is non- empty, for each @, p € H, then § has a unique fized point.

Proof. Let wq € (3 ]R) be an arbltrary element. Now we define the sequence wp
of picard iterates i.e., @, = Fwn_1 = §"wo for all n € N. As (wo,Swo) € R and R is
F-closed, we get.

(§wo, §2m0), (F2@0, §°w@0), ovn-o.. , (§"w0, 5 @), .., €R
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so that

(@Wn, @ny1) €ER,  foralln €N (1)

therefore the sequence w, is R-preserving. Applying the contractivity condition (iv) to
(1). We deduce, for all n € N. that

p(wna wn—i—l) < p(wn—ly Wn))\,

which by induction yield that

p(wwn, Wni1) < p(wo,§wo)’\n forall n e N (2)

By using (2) and multiplicative triangular inequality, for all n € N, r € N, we have

n kn+1 kn+'r— 1

IN
s

p(wna wn+r> ' p(wn—i-la wn+2) T 'p(wn—i—r—ly wn—H’)

(
nLn n+1zn+1 n+r—1gn+r—1
< p(wn, wﬂ+1)>\ L d(wn+1awn+2)>\ F co 'p(wnJrrfl,wnﬂ"))\ F
. n n+1l_y .. n+r—1
< p(wmng)()\k) +(Ak) 4+ (AE)
. )\k)n
< p(wo, Fwo) -8

This implies that p(cw,, @wn+r) —p 1, (as n — +00) Hence, the sequence w;, is multi-
plicative Cauchy sequence in H. As (H, p, £k > 1) is b-complete, there exists ww* € H such
that

oy, — w.

Now, in lieu of (iii) assume that § is b-continuous, we have

. p o
Wpi1 = Jw, — Foo'.
owing to the uniqueness of limit, we obtain Fww* = w* i.e., w* is a fixed point of F.

Alternately, suppose that R is b, — selfclosed. since w, is an R—preserving sequence
and

p
W, — .

by the b, — sel fcloseness of R, there exists a subsequence {@n,} of {w,} with

[@n;w] € R forallj € N
using (iv), Proposition (1.1), we obtain

p(w*,ﬁw*) < [p<W*7wn+1) -p(wn_:,_l,@w*)]k
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. k
= [p(W*7 wn+1) : p(wn+la gw*)]
< [p(w", @wnt1) -p(wnﬂ,gw*)’\]k — 1 as n — +oo.
Hence, @w* = w" and @w” is a fixed point of S

suppose that p* is another fixed point of §.

By assumption (v), there exists a path (say {to,?1,?2,.....t, }) of some finite length k
in R® from w to p so that

to=w, ty = p, [tj,tj11] ER for each j (0 < j<k—1). (3)
As R is {?—closed, by using proposition (1.3) , we have
[§7t;,&"tj11] €R for each j (0 < j < k—1) and for each n € N (4)

Making use of (3), (4), (5), triangular inequality, assumption (iv) and proposition (1.1),
we obtain

k—1
p(w,p) = p(E"t0,§"tk) < || (E"t;,8"tj41)
j=0
kil .. ..
< J[p@E" '8 00
j=0
k—1
o O 2
< Hp(gn th’gn Qtj+1)/\
j=0
k—1
< e < et
=0
— lasn— 4+ (5)

so, that ww=p. Hence § has a unique fixed point.

Theorem 2. Let (H,d,k > 1) be a b-complete b-multiplicative metric space and R a binary
relation on H. S,V: H — H be a self-mapping satisfying the following conditions given
below.

(i) H(S,V;R) are non-empty and S(H) C V (H);
(ii) R is (S,V)-closed.
(iii) There exists \ € [0, 1) such that

d(Sw,Sp) < d(Vw,Vp)*
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() Either S is (VR )-continuous or S and V are continuous.
or

(v’) S and V are R- compatible, V is R- continuous, and either S is R-continuous or R
is (V,bq) — sel f — closed,
Then S and V have a point of coincidence.

Proof. let wy € H(S,V,R) be an arbitrary element. Then (Vwg, Stwg) € R. If V(wp) =
S(wp), then wy is a coincidence point of S and V and, hence, we are through. )
otherwise, if V(wo) # S(wo), then, in view of S(H) C V(H), we can choose w; € H

such that V(1) = S(wo). Again from S(H) C V(H), we can choose ws € H such that
V(wsq) = S(wy). construct the sequence {c,} C H such that

V(wnt+1) = S(wy) forallmeN (6)
Now,we claim that {Vw,} is R- preserving sequence, i.e.,
(Von, Vni1) € R for all neN (7)

we can show this fact by induction. By equation (6) (with n= 0) and fact that @, €
H(S, V,R), We conclude that (Vwy, Vw;) € R. which means that (7) holds for n=0.

suppose (7) is true for n =7 > 0 ie., (Vw,, Vw,41) € R. As R is (S,V)- closed, we
get (Swy, Swyry1) € R. by using , this yield that (Vw, 41, Vwri2) € R, i.e., inclusion (7)

holds for n=r+1. Hence by induction, inclusion (7) is valid for all n € N.
in view of (6) and (7), the sequence {Sw,} is also an R-preserving, i.e.,

(Swn, Swni1) € R for all neN

By using (6), (7)and assumption (iii), we find

p(Vwp, Voont1) = p(Swp-1, Swn) < p(Vw,—1, an)A for all neN (8)

which by induction yield that

p(Vwon, Voop+1) = p(Swp-1, Swn) < p(Vw,-_1, an)An for all neN (9)

By using (9) and multiplicative triangular inequality, for all n € N, r» € N, we have
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+1 kn+7‘71
)* )

p(Vwon, Vaonir) p(Vonir—1, Vonir

PR L

p(Vwop, an+1)kn : p(vwn—l-b Vwonio
)Ank7l .

VARVAN

p(Vwni1, Vonia
))\n+7‘71kn+r71

p(Voon, Vaop

3

)(/\k)”—l—()\k)”Jrl+...+(>\k)n+r71

IN

p(Vwyg, Vo

(
(
(an+r—l7 V@onir
(
(AK)™

< p(Vwo, Veoy) =08

This implies that p(Vwy,, Vwnir) —b 1, (as n — +00) Hence, the sequence Ve, is
multiplicative Cauchy sequence in H. By using (3), we have V@, C S(H) and hence Vw,

is an R-preserving b-multiplicative Cauchy sequence in H. As (H p, k > 1) is b-complete,
there exists u € V (H) such that

lim V(wy,)="V(u) (10)

w——+00

By using (6) and (10), we get

lim S(wy,) =V (u) (11)

w—r—+00

Now we show that u is a coincidence point of S and V.
Now, in lieu of (iv) consider that p is (V, R)-continuous, Thus utilizing (7) and (10) we
obtain

tim () = S(u) (12)

In view of (11) and (12), we obtain V(u)= S(u). Hence, we are completed. second
, we assume that S and V are continuous and owing to the Lemma 1.1, there exists a
subset G C H such that V(G) = V(H) and V : G — H is one to one. Now we define
§:V(G) = V(H) by §(Va) = S(a) for all V(a) € V(G) where a € G

AsV:G —His injective and S(H) C V(H), we get to the conclusion that T is well
defined. Additionally, Sis continuous because S and V are continuous. As V(H) = V(G)
and S(H) € V(H), we get S(H) € V(G). This means that, it is possible to construct
{wn} € G satisfying relation (6) and we choose u € G. Utilizing equation (10) and (11)
and the continuity of §, we find

S(u) = §(Va) = §( lim V) = lim §(Ve) = lim_S(w,) = V(w)
Hence, u € H is a point of coincidence of a pair of maps. This end the proof.
Owing to (6), we have {Vw,} C S(H) and hence, {Vw,} is b-multiplicative Cauchy
sequence in H. As H is b-complete, there exists u € V(H) such that



I. Alshammari et al. / Eur. J. Pure Appl. Math, 16 (4) (2023), 2405-2418

lim V(w,)=V(u).

w—+00

By using (6) and (13), we get

lim S(wy,) =V (u).

w—+00

As V is R-continuous, we find

lim V(Vwn)=V( lim V(wy)) =V(V(w)

w—400 n—-4o0o

moreover, we get

lim V(Sw,) =V( lim S(wn)) = V(V(w)

w—r+00 n—-+o0o

since {Sw,} and {Vw,} are R-preserving

lim S(w,)=V(u) = lim V(w,)

w——+00 n—-+o0o

and S and V are R—compatible, we obtain

lim p(VS(wy), SV (w,)) =0.

w——+00

Now, we demonstrate that V(u) is a coincidence point of S and V.

We assume that S is R-continuous. By using (7), we get

lim S(Vw,) =S lim V(w,)==SV(u))

w—r—+00 n—-+0o
suppose that V(u) = z, utilizing triangle inequality, we get
p(Vz,Sz) [p(Vz,V(Swy,)) - p(V(Swy), Sz)]k
p(Vz, V(Swn))*

[p(V(Swn), S(Van) - p(S(Van), S2)F

2414

(13)

(14)

(15)

(16)

Making n — 400 , we get p(Vz,5z) = 1, which implies Vz = Sz, i.e., z = V(u) is coincidence

point of S and V.

Alternatively, assume that R is (V, by)-self closed. Since {Vw,} is R-preserving and
V@, — Vu, in view of the (V,by)-self closeness of R, there exists a subsequence {Vwy, }
of {Vw,} such that [VVw,,, VVu] belongs to R for all i € NU{0}. Since Vw,, — Vu,

in the view of proposition 1.3, we get

p(SVwn,,, SVu) < p(VVw,,, VVu)r for all i € NU{0}
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we choose Vu = z. By the triangle inequality , we get

p(Vz,8z) < [p(Vz,V(Swy,)) -p(V(Swni),Sz)]k
< p(V2, V(S@a))* - [p(V(Swn,), S(Veon,) - p(S(Vey,), S2)F
< p(VZ (Swm))k : p(V(Swm)v S(Vwﬂz)k2 : p(S(anl), SZ)')\W

Making i — 400, we get p(Vz,5z) = 1, which implies Vz = Sz, that is, z = V(u) is a
coincidence point of S and V.

Now we can give examples in support of theorem 1.
Example 1. Let H = Rt and p = ]E\ then (]HI p) is a complete multiplicative metric

space. Define binary relation R = {(w,p) € ]R2 f > 1, w,p € RT} on H. consider
mapping §H — H defined by

wln

g(w) =w

obviously, R is § closed and § is continuous. Now, forw,p € H with (w,p) € RT. We
have

i.e., § satisfies assumption (iv) of Theorem (2.1) for A = %. Consequently, every condi-
tions (i)-(iv) of Theorem (2.1) also holds and therefore, § has a unique fized point (for
w=1).

wn
>

p(§@, $p) = i p)

< p(w,p)

Example 2. Let H = [0.1,1] and p = 12|, then (H,p) is complete B-MMS. Define binary

relation R = {(w,p) € [0.1,1]2: Z > 1, w,p € RT} on H. consider mapping § : H — H
defined by

.. =3
§(w) =T
obviously, R is §-closed and § is continuous. Now, for w,p € [0.1,1]. We have

A
P(Fw.5p) = Sw' ‘w =p(w,p)  forall w,p € X

Sp

where, A = 0.997, finally , we can say that § has a unique fized point 0.7411317711 € X.
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Example 3. Let H = [1,3] and p = \%|, then (H,p) is complete b-MMS. Define binary
relation R={(1,1),(2,1),(2,2),(3,1),(3,2)} on H and a mapping §H — H defined by

1 if1<w <2
S(w)_{z if 2<w <3,

Obviously, R is § - closed but § is not continuous. Take an R-preserving sequence {wn}
such that

o B w
so that (wwy, wnt1) € R for all n € N. Here, one can observe that

(wna zﬂnJrl) ¢ {(37 1)’ (3’ 2)}
So that

(wm wn+1) € {(L 1)7 (27 1)7 (27 2)}

which gives rise to {w,} C {1,2}.{1,2} is closed, we have [w,,w] € R. Therefore, R

is p-closed. Assumption can be verified (iv) of Theorem 2.1 with \ = % Thus, all the

condition (i)- () of Theorem 2.1 are satisfies and § has a fized point in H (for w=1).
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