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Abstract. The aim of this research is to study the oscillatory properties of higher -order delay
half linear differential equations with non-canonical operators. Two techniques for establishing new
oscillation conditions for all solutions of higher-order differential equations will be presented. The
first method to employ the Riccati transformations, which differ from those described in some pub-
lished works. The second method employs comparison principles with first-order delay differential
equations, from which it is straightforward to deduce oscillation for all studied equation solutions.
In addition to improving, extending, and significantly simplifying the previously established crite-
ria, the newly proposed criteria have the potential to serve as a benchmark for the theory of delay
differential equations of higher order, which is still in its infancy of development. We were able to
determine three fundamental theorems regarding the oscillation of this equation. Some examples
will be provided to illustrate the findings.
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1. Introduction

Delay differential equations (DDEs) are a mathematical tool employed to address a
wide range of challenges in various fields such as physics, medicine, engineering, aviation,
and biology. In addition, they are utilized for the purpose of producing cardiac rhythms
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and facilitating the oscillations of bridges. Symmetric properties can have an impact on
the Euler equation in certain variational problems. The selection of an optimal solution
methodology for the given equation is facilitated, as evidenced in references [9, 16]. The
findings of [2, 10, 11, 22] as well as [25] were extended with respect to a wide range of
classes of 2nd order non-linear equations. In 2016, some new oscillatory behaviors of a
class of non-linear second-order neutral DEs were achieved, given by:(

µ(u)
(
(x(u) + p(u)x(τ(u)))′

)α)′
+ q(u)xα(σ(u)) = 0.

Utilizing the generalised Riccati transformations and comparison method with the first
order DDE, some additional oscillatory criteria were discovered. A class of second order
DDE solutions oscillations is addressed in the findings, which extend and enhance nu-
merous previous findings in the field. Examples are used to demonstrate how well the
proposed criteria work. The manner in which the study’s findings are presented is both
fundamentally novel and highly generic ((author?) [15]).

In order to solve a class of second-order half-linear neutral DEs having delayed argu-
ments of the type, (author?) [19] developed new oscillation criteria:(

µ(u)
(
ϖ′(u)

)α)′
+ q(u)xα(σ(u)) = 0, u ≥ u0.

Here, including those for non-neutral DEs, it substantially enhanced the renowned find-
ings given in the work. By accounting for the portion of the delay’s total impact that
was overlooked in the previous findings, the method adopted improves the traditional Ric-
cati transformation technique. The oscillation of second-order DDEs was researched by
(author?) [5], given as follows[

a(y)w′(y)
]′
+ q(y)f(w(τ(y))) = 0, y ≥ y0.

Using the generalized Riccati substitution, new oscillation criterion was developed. How-
ever, it is not obvious how symmetry considerations aid in choosing the most appropriate
method of inquiry. (author?) [12] presented oscillation criteria for the third-order non-
linear DDE [

c2(u)
{(

c1(u)
(
x′(u)

)α1
)′}α2

]′
+ q(u)g(x(f(u))) = 0.

They rely on novel comparison concepts that make it possible to determine the character-
istics of the first-order non-linear DDE’s oscillation in the third-order non-linear DE. The
solutions’ oscillation to a particular class of third-order non-linear DDE of the type was
examined by (author?) [21], given by

ϖ′′′(u) + p(u)ϖ′(u) + q(u)f(ϖ(τ(u))) = 0.

The newly presented technique could perhaps act as a benchmark in the less studied
theory of non-canonical equations of higher order. The criteria not only improved but
also extended and greatly simplified the current ones. The significance of the results
is demonstrated by the Euler-type equations, which are crucial to the oscillation theory
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because they are typically used to compare the merit of various criteria. The study of
non-canonical equations was significantly streamlined by the recently developed method.
It is still unclear how to apply these findings to higher-order non-canonical equations.

Less attention has been paid in the literature to the determination of the qualita-
tive behavior of fourth-order DE, particularly the fourth-order DDE. Nevertheless, some
fourth-order DE findings are well known and have some applications in physics and biology
mathematical modelling. The fourth-order DE’s oscillatory behavior has been examined
by (author?) [20], given by(

a(u)
(
x′(u)

)α)′′′
+ q(u)f(x(g(u))) = 0.

Furthermore, (author?) [13] studied the asymptotic behavior with respect to the solutions
of higher-order DE and derived a new oscillation criterion expressed by(

µ(v)
(
w(m−1)(v)

)α)′
+ p(v)f

(
w(m−1)(v)

)
+ q(v)g(w(σ(v))) = 0.

In order to create new oscillation conditions for a specific even order DDE, (author?)
[26] used the generalized Riccati approach and the integral averaging technique expressed
by (∣∣∣x(n−1)(h)

∣∣∣e−1
x(n−1)(h)

)′
+ F (h, x[g(h)]) = 0, (n even).

(author?) [7] established new criteria with regard to the oscillatory behaviour of even
order DDEs containing the neutral component by using the comparison approach, the
Riccati transformation, and the integral averaging method. All three of these methods are
statistical in nature. (

γ(u)ϖ(r−1)(u)
)′

+

j∑
i=1

ai(u)φ (h (wi(u))) = 0.

The researchers utilized the Riccati transformation and integral averaging technique to
extend the results presented in the study under∫ ∞

t0

1

γ(a)
da = ∞.

(author?) [1] presented several oscillatory properties of higher-order non-linear DE with
a middle term(

α1(ε)
(
w(j−1)(ε)

)γ)′
+ α2(ε)

(
w(j−1)(ε)

)γ
+

n∑
i=1

σi(ε)w
γ (βi(ε)) = 0.

The subsequent condition is met:∫ ∞

ε0

(
1

α1(ϱ)
exp

(
−
∫ s

z0

α2(x)

α1(x)
dx

))1/Y

dϱ = ∞.
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They produced several novel oscillation results that expanded upon and enhanced existing
findings in the literature. Their findings do not necessitate that τ ′(u) ≥ 0 in order to
guarantee that all solutions to the equation is oscillatory or that it approaches zero as
u tends to ∞, where some necessary conditions were created. In 2020 (author?) [14]
established new oscillation results of solutions to a class of even-order advanced differential
equations with a p-Laplacian like operator.(

a(v)
∣∣∣y(κ−1)(v)

∣∣∣p−2
y(κ−1)(v)

)′
+

j∑
i=1

qi(v)g (y (ηi(v))) = 0, v ≥ v0.

Riccati transformation and the theory of comparison with first and second-order delay
equation had been used. In addition, their results were continue by (author?) [3] discussed
the properties of non-oscillatory solutions of neutral differential equations related to p-
Laplacian operators (

φ(1)
(
y′′′(1)

)p−1
)′

+ ω1(1)w
p−1 (ω2(1)) = 0,

by applying the comparison method. Recently, the Galpha-transform in (author?) [24]
was used to study, solutions of higher-order differential equations with polynomial coeffi-
cients (HODEPCs) and based on some characterizations,the solutions of HODEPCs were
investigated. (author?) [4] studied n-th order neutral nonlinear differential equation[

r(t)[x(t)− p(t)x(t− τ)](n−1)
]′
+ (−1)n [f1 (t, x (σ1(t)))− f2 (t, x (σ2(t)))− g(t)] = 0,

They used the Banach contraction principle and some sufficient conditions are estab-
lished for the existence of nonoscillatory solutions.

The theory of higher-order differential equations has many connections with various
branches of mathematics and applied sciences (we recall for example the models of sus-
pension bridge and noise removal). The present investigation aims to establish specific
oscillation and asymptotic criteria for delay terms of higher order in the structure of half-
linear equations. The oscillatory behaviour of the following is the subject of our study,(

r(u)
(
ϖ(n−1)(u)

)α)′
+

m∑
i=1

qi(u)ϖ
β (τi(u)) = 0, u ≥ u0, (1)

under the conditions ∫ ∞

u0

1

r1/α(u)
du < ∞, and r′(u) ≥ 0. (2)

In this work we suppose that

• α, β, where β ≤ α, are the ratios of odd positive integers,

• r(u) ∈ C1 [u0,∞) , r(u) > 0,

• qi(u), τi(u) ∈ C [u0,∞) , qi(u) > 0, τi(u) < u and limu→∞ τi(u) = ∞, i = 1, . . . ,m.
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A solution of equation (1) is defined as a function that exhibits the property r(u)
(
ϖ(n−1)(u)

)α ∈
C1 [Tz,∞) and satisfies the equation on the interval [Tz,∞). The solutions of (1) that sat-
isfy sup{|ϖ(u)| : u ≥ T} > 0 for all T ≥ Tz are the only ones that we consider. It is
postulated that a viable solution exists for equation (1).

Definition 1. A solution ϖ(u) of (1) is called oscillatory if it has arbitrary large zeros
on [Tz,∞), and otherwise, it is said to be nonoscillatory.

We point out that there are only two cases in the investigation of the asymptotic
behaviour of the positive solutions of (1):

Case 1 : ϖ(u) > 0, ϖ(n−1)(u) > 0, ϖ(n)(u) < 0,
(
r(u)

(
ϖ(n−1)(u)

)α)′
< 0,

Case 2 : ϖ(u) > 0, ϖ(n−2)(u) > 0, ϖ(n−1)(u) < 0,
(
r(u)

(
ϖ(n−1)(u)

)α)′
< 0.

The following lemma will serve as our starting point.

Lemma 1. [17]. Let g ∈ Cm ([h0,∞) ,R+) such that g(m−1)(h)g(m)(h) ≤ 0 for all h ≥ h1.
If limh→∞ g(h) ̸= 0, ∀λ ∈ (0, 1), there exists hλ ∈ [h1,∞) such that

g ≥ λ

(m− 1)!
hm−1

∣∣∣g(m−1)
∣∣∣ . (3)

For convenience, we write

δ(η) =

∫ ∞

t

∫ ∞

v

[
1

r(x)

∫ ∞

x

m∑
i=1

qi(s)

(
τi(s)

s

)β

ds

]1/α
dx

 dv,

ϕ(σ) =

∫∞
t (η − u)n−4δ(η) dη

(n− 4)!
.

2. Oscillation criteria

In this section, we will determine some oscillation criteria for (1).

Theorem 1. Assume that n ≥ 2 and (2) holds.If

w′(u) +
m∑
i=1

qi(u)

(
λ0τ

n−1
i (u)

(n− 1)!r
1
α (τi(u))

)β

w
β
α (τi(u)) = 0, (4)

is oscillatory for λ0 ∈ (0, 1), then (1) is oscillatory.

Proof. Assume that the non-oscillatory solution ϖ to equation (1) exists. We can
make the assumption that ϖ will eventually be positive without losing generality. Let

w(u) := r(u)
(
ϖ(n−1)(u)

)α
,
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which when combined with (1) yields

w′(u) +

m∑
i=1

qi(u)ϖ
β (τi(u)) = 0. (5)

Since limu→∞ϖ(u) ̸= 0 and by Lemma (1), we get

(ϖ (τi(u)))
β ≥

λβτβn−β
i

((n− 1)!)βr
β
α (τi(u))

(
r

1
α (τi(u))ϖ

(n−1) (τi(u))
)β

, ∀λ ∈ (0, 1) (6)

From (5) and (6), it can be observed that

w′(u) +

m∑
i=1

qi(u)
λβτβn−β

i

((n− 1)!)βr
β
α (τi(u))

(
r

1
α (τi(u))ϖ

(n−1) (τi(u))
)β

≤ 0.

So, we obtain w(u) > 0 and

w′(u) +
m∑
i=1

qi(u)

(
λτn−1

i (u)

(n− 1)!r1/α (τi(u))

)β

wβ/α (τi(u)) ≤ 0.

By applying Corollary 1 from reference [8], it can be observed that (4) possesses a solution
that is positively valued. This leads to a clear contradiction, thereby establishing the
completion of the proof.

Theorem 2. Let n ≥ 2, and assume (2) holds and there exists a constant λ0 ∈ (0, 1). If

lim sup
u→∞

∫ u

u0

[
Hβ−α

m∑
i=1

qi(s)

(
λ1

(n− 2)!
τn−2
i (s)

)β

θα(s)− αα+1

(α+ 1)α+1

1

θ(s)r1/α(s)

]
ds = ∞

(7)
for some λ1 ∈ (0, 1) and ∀H > 0, then each solution to (1) is oscillatory or converges to
zero, i.e.

θ(u) :=

∫ ∞

u

1

r1/α(s)
ds.

Proof. Let

ω(u) =

(
ϖ(n−1)(u)

)α(
r(−1/α)(u)ϖ(n−2)(u)

)α . (8)

ω(u) < 0 for u ≥ u1.
Divided (8)by r1/α(s) and integrated from u to ζ yields

ϖ(n−2)(ζ) ≤ ϖ(n−2)(u) + r1/α(u)ϖ(n−1)(u)

∫ ζ

t

1

r1/α(s)
ds.



S. A. Balatta et al. / Eur. J. Pure Appl. Math, 16 (4) (2023), 2234-2246 2240

Given that the function r(u)
(
ϖ(n−1)(u)

)α
has a decreasing trend, it can be concluded

that
r1/α(s)ϖ(n−1)(s) ≤ r1/α(u)ϖ(n−1)(u), s ≥ u ≥ u1.

Hence we obtain
0 ≤ r1/α(u)ϖ(n−1)(u)θ(u) +ϖ(n−2)(u),

when ζ → ∞. This leads to

−r1/α(u)ϖ(n−1)(u)

ϖ(n−2)(u)
θ(u) ≤ 1.

Therefore, based on (8), it can be observed that

−ω(u)θα(u) ≤ 1. (9)

According to (8)

ω′(u) =

(
r(u)

(
ϖ(n−1)(u)

)α)′(
ϖ(n−2)(u)

)α − α
r(u)

(
ϖ(n−1)(u)

)α+1(
ϖ(n−2)(u)

)α+1 . (10)

Employing Lemma 1 yields

ϖ(u)

ϖ(n−2)(u)
≥ λ

(n− 2)!
un−2, ∀λ ∈ (0, 1).

Then a constant H > 0 exists so that

ω′(u) = −
m∑
i=1

qi(u)
(
ϖ(n−2) (τi(u))

)β−α ϖβ (τi(u))(
ϖ(n−2) (τi(u))

)β
(
ϖ(n−2) (τi(u))

)α(
ϖ(n−2)(u)

)α
−α

ω(α+1)/α(u)

r1/α(u)
,

≤ −Hβ−α
m∑
i=1

qi(u)

(
λ

(n− 2)!
τn−2
i (u)

)β

− α
ω(α+1)/α(u)

r1/α(u)
. (11)

Multiplying this inequality by θα(u) and integrating it, we obtain

θα(u)ω(u)− θα (u1)ω (u1) + α

∫ u

t1

r−
1
α (s)θα−1(s)ω(s) ds

+

∫ u

u1

Hβ−α
m∑
i=1

qi(s)

(
λ

(n− 2)!
τn−2
i (s)

)β

θα(s) ds+

∫ u

u1

α
ω(α+1)/α(s)

r1/α(s)
θα(s) ds ≤ 0.

Now let B := r−1/α(s)θα−1(s), A := θα(s)/r1/α(s) and ε := −ω(s). When we use the
inequality

Aε(α+1)/α ≥ − αα

(α+ 1)α+1

Bα+1 +AαB

Aα
ε,
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we have∫ u

u1

[
Hβ−α

m∑
i=1

qi(s)

(
λ

(n− 2)!
τi

n−2(s)

)β

θα(s)− αα+1

(α+ 1)α+1

1

θ(s)r1/α(s)

]
ds ≤ θα (u1)ω (u1) + 1,

due to (9), which contradicts (7). This completes the proof.

The next Corollary presented is derived from the oscillation of (4) and Theorem 2.1.1
of [23].

Corollary 1. Let n ≥ 2. Suppose that (2) holds and α = β. If

lim inf
u→∞

∫ u

τ(u)

m∑
i=1

qi(s)

(
τn−1
i (s)

)α
r (τi(s))

ds >
((n− 1)!)α

e
, (12)

and

lim sup

∫ u

u0

[
m∑
i=1

qi(s)

(
λ1

(n− 2)!
τn−2
i (s)

)α

θα(s)− αα+1

(α+ 1)α+1

1

θ(s)r1/α(s)

]
ds = ∞,

(13)
for λ ∈ (0, 1), then all solutions of (1) are oscillatory or tend to zero.

The following Corollary is derived from (4) and Theorem 1 of [6].

Corollary 2. Let n ≥ 2. Suppose that (2) holds and

lim sup
u→∞

∫ u

τ(u)

m∑
i=1

qi(s)

(
τn−1
i (s)

)β
rβ/α (τi(s))

ds > 0. (14)

for α > β and τ is an increasing function. If (7) holds for some λ ∈ (0, 1) and ∀H > 0,
then all solutions of (1) are oscillatory or tend to zero.

Theorem 3. If all solutions of

φ′(u) +Hβ−α
m∑
i=1

qi(u) + α

∫∞
t (η − u)n−4δ(η) dη

(n− 4)!
φ

α+1
α (u) = 0 (15)

are oscillatory, then (1) is oscillatory.

Proof. By Lemma 1 and Case 2, and integrating (1) from u → a, we have

r(a)
(
ϖ(n−1)(a)

)α
= r(u)

(
ϖ(n−1)(u)

)κ
−
∫ a

u

m∑
i=1

qi(s)ϖ
β (τi(s)) ds. (16)

By Lemma 1 we get
ϖ (τi(u))

ϖ(u)
≥ λ

τi(u)

u
,
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which with (16) gives

r(a)
(
ϖ(n−1)(a)

)α
− r(u)

(
ϖ(n−1)(u)

)α
+ λβ

∫ a

u

m∑
i=1

qi(s)

(
τi(s)

s

)β

ϖβ(s) ds ≤ 0. (17)

Since ϖ′ > 0, we find

r(a)
(
ϖ(n−1)(a)

)α
− r(u)

(
ϖ(n−1)(u)

)α
+ λβϖβ(s)

∫ a

u

m∑
i=1

qi(s)

(
τi(s)

s

)β

ds ≤ 0. (18)

Taking a → ∞, we obtain

−r(u)
(
ϖ(n−1)(u)

)α
+ λβϖβ(s)

∫ ∞

t

m∑
i=1

qi(s)

(
τi(s)

s

)β

ds ≤ 0,

that is

ϖ(n−1)(u) ≥ λβ/α

r1/α(u)
ϖβ/α(u)

(∫ ∞

u

m∑
i=1

qi(s)

(
τi(s)

s

)β

ds

)1/α

.

Integrating from u to ∞,

−ϖ(n−2)(u) ≥ λβ/αϖβ/α(u)

∫ ∞

u

(
1

r(x)

∫ ∞

x

m∑
i=1

qi(s)

(
τi(s)

s

)β

ds

) 1
α

dx.

Integrating from u to ∞, we find

−ϖ(n−3)(u) ≥ λβ/αϖβ/α(u)

∫ ∞

u

∫ ∞

v

(
1

r(x)

∫ ∞

x

m∑
i=1

qi(s)

(
τi(s)

s

)β

ds

) 1
α

dx

 dv.

Integrating the above inequality (n− 4) times from u to ∞, we get

−ϖ′(u) ≥ −r1/αλβ/α(u)ϖ(n−1)(u)

(n− 4)!

∫ ∞

u
(η − u)n−4δ(η) dη. (19)

In the same way, integrating (19) from u to ∞ implies that

ϖ(u) ≥ −r
1
α (u)λβ/α(u)ϖ(n−1)(u)

(n− 3)!

∫ ∞

u
(η − u)n−3δ(η) dη.

Define φ by

φ(u) :=
r(u)

(
ϖ(n−1)(u)

)α
(ϖ(u))α

, u ≥ u1. (20)

Then φ(u) < 0 for u ≥ u1. Differentiating (20), we have

φ′(u) =

(
r(u)

(
ϖ(n−1)(u)

)α)′
(ϖ(u))α

− α
r(u)

(
ϖ(n−1)(u)

)α
ϖ′(u)

(ϖ(u))α+1
.



S. A. Balatta et al. / Eur. J. Pure Appl. Math, 16 (4) (2023), 2234-2246 2243

It can be concluded from equations (1) and (19) that

φ′(u) ≤ −
m∑
i=1

qi(u)
ϖβ (τi(u))

(ϖ(u))α
− α

∫∞
u (η − u)n−4δ(η) dη

(n− 4)!
φ(α+1)/α(u).

Recalling τ(u) < u and ϖ′ < 0, then there exists a constant H > 0 such that

φ′(u) ≤ −
m∑
i=1

qi(u)
ϖα (τi(u))

(ϖ(u))α
ϖβ−α (τi(u))− α

∫∞
u (η − u)n−4δ(η) dη

(n− 4)!
φ(α+1)/α(u),

we get

φ′(u) +Hβ−α
m∑
i=1

qi(u) + α

∫∞
u (η − u)n−4δ(η)dη

(n− 4)!
φ

α+1
α (u) ≤ 0.

From [18] Theorem 2.6, we obtain (15) is non-oscillatory, which is a contradiction, so the
proof of this theorem is complete.

3. Examples

This section presents examples that are intended to demonstrate the validity of the
findings stated in the previous part.

Example 1. Consider the following differential equation

(
u2ϖ′′′(u)

)′
+
(√

10eu
(
2earcsin

√
10

10 − 1
)
+
√
10eu

)
ϖ

(
u− arcsin

√
10

10

)
= 0, u ≥ 1,

(21)

where α = 1, β = 1, q(u) =
√
10eu

(
2earcsin

√
10

10 − 1
)
+
√
10eu, τ = u− arcsin

√
10
10 .

Using Corollary 1, we have

lim
u→∞

inf

∫ u

τ(u)

(√
10es

(
2earcsin

√
10
10 − 1

)
+
√
10es

)(
s− arcsin

√
10

10

)
ds

= lim
u→∞

inf 2
√
10

∫ u

τ(u)

(
s es+arcsin

√
10
10 − arcsin

√
10

10
es+arcsin

√
10

10

)
ds

= ∞ >
6

e

and condition (13) becomes

lim sup
u→∞

∫ u

u0

2√10es+arcsin
√
10

10

 λ1

2 s

(
s− arcsin

√
10

10

)2
− 1

4s

ds = ∞.

It is clear to notice that all conditions of Corollary (1) hold. Hence every solution of (21)
is oscillatory or tends to zero.
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Example 2. Consider the following differential equation(
u6(ϖ(u))′′′

)′
+
(η
u

(
u2 + u+ 1

)
(u− 1) +

η

u

)
ϖ
(u
2

)
= 0, (22)

where u ≥ 1 and η > 0.
We observe that α = 3, β = 1, r(u) = u6, τ(u) = u/2 and q(u) = η

u(u
2+u+1) (u− 1)+ η

u .
Thus, it is easy to verify Condition (14). Obviously, all conditions for Corollary (2) are
achieved. Thus, all solutions of (22) are oscillatory or tend to zero.

4. Conclusion

As explained in the Introduction, the theory of higher-order differential equations has
connections with many different fields of mathematics and the applied sciences. The topic
of oscillation in relation to (1) is heavily emphasised in the present study. Utilising Riccati
transformation and comparison strategies involving first order differential equations has
resulted in the discovery of new oscillatory properties. The previously mentioned criteria
serve as a supplement to the documented outcomes in the currently available collection of
literature.
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