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Abstract. Let G be a connected graph. A function f : V(G) — {0,1,2} is a geodetic Roman
dominating function (or GRDF) if every vertex u for which f(u) = 0 is adjacent to at least one
vertex v for which f(v) =2 and V; UV; is a geodetic set in G. The weight of a geodetic Roman
dominating function f, denoted by wéR(f), is given by w%R(f) = Zvev(c) f(). The minimum
weight of a GRDF on G, denoted by v4r(G), is called the geodetic Roman domination number
of G. In this paper, we give some properties of geodetic Roman domination and determine the

geodetic Roman domination number of some graphs.
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1. Introduction

Roman domination was inspired by the strategies for defending the Roman Empire
against invaders, as presented by Stewart [22] and ReVelle and Rosing [20]. Motivated
by this strategy, Cockayne, Dreyer and Hedetniemi introduced the concept of Roman
domination in 2004 [12]. Roman domination in a graph is a well studied concept under
the topic of domination. As a protection strategy involving field armies, the Roman
domination concept ensures that an unsecured location is made secured by sending an
army to the location from an adjacent secured location subject to the constraint that one
army must be left behind in the secured location. Other applications of the concept and
some of its variations can be found in [1], [2], [3], [4], [5], [10], [12], [15], [16], [17], and [19].

Another variant of domination is the concept geodetic domination which was
introduced by Buckley, Harary and Quintas [6]. Geodesics refers to the shortest paths
between two vertices in a graph. The concept of geodesics is closely related to the
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notion of distance in a graph. As a matter of fact, the distance between two vertices
is defined as the length of the shortest geodesic between them. In simple terms, the concept
represents the minimum number of edges that must be traversed to travel from
one vertex to another. Geodetic sets and geodetic domination have plenty of applications
and researchers continue to investigate various concepts involving them. Some studies on
geodetic sets and related concepts can be found in [7], [8], [11], [13], [14], [18], [21], [23]
and [24].

In this study, we introduce the concept of geodetic Roman domination, a concept
which combines the concepts of geodetic set and Roman domination. Geodetic Roman
domination as a protection strategy (involving of field armies) guarantees, in addition to
what the Roman domination requires, that every unsecured location lies along a shortest
path between two secured locations.

2. Terminologies and Notations

Let G be a connected graph. For vertices u and v in G, a u-v geodesic is any shortest
path in G joining u and v. The length of a u-v geodesic is called the distance dg(u,v)
between u and v. For every two vertices u and v of G, the symbol Ig[u,v] is used to
denote the set consisting of u and v and the vertices lying on any of the u-v geodesics.
The set Ig(u,v) is the set Ig[u,v] \ {u,v}. The geodetic closure of a subset S of G is the
set Ig[S] = Uu,ngIG{Uav]‘ Also, Ig(S) = Uu,vGSIG(U,U)-

The open neighborhood of u € V(G) is given by Ng(u) = {v € V(G) : vu € E(Q).
The closed neighborhood of w is the set Nglu] = Ng(u) U {u}. If X C V(G), the open
neighborhood of X is the set Ng(X) = Uyex Ng(u). The closed neighborhood of X is the
set Ng[X] = Ng(X)UX. The degree of a vertex v in G is given by dega(v) = |Ng(u)|. A
vertex of a connected graph G is an extreme or simplicial vertex if its open neighborhood
induces a complete subgraph of G. The set of extreme vertices of G is denoted by Ezt(G).

A set S C V(G) is said to be a dominating set of a graph G if for every vertex
v € V(G) \ S there exists an element of w € S such that vw € E(G), i.e., N[S] = V(G).
The smallest cardinality of a dominating set in G is called the domination number of G
and is denoted by v(G). Any dominating set in G with cardinality v(G) is called a ~y-set
in G.

A set S of vertices in a graph G is a geodetic set if I¢[S] = V(G). The minimum
cardinality of a geodetic set in G, denoted by ¢g(G), is the geodetic number of G. A set
S C V(Q) is called a geodetic dominating set if S is both a geodetic and a dominating
set. The minimum cardinality of a geodetic dominating set in G, denoted by v4(G), is
the geodetic domination number of G. Any geodetic dominating set in G with cardinality
74(G) is called a y4-set in G.

A set S C V(G) of a graph G is 2-path closure absorbing if for each z € V(G) \ S
there exist uw,v € S such that dg(u,v) = 2 and = € Ig(u,v). The minimum cardinality
of a 2-path closure absorbing set in G is denoted by p2(G). Any 2-path closure absorbing
set in G with cardinality p2(G) is called a po-set.

A function f : V(G) — {0,1,2} is a Roman dominating function (or just RDF) if
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every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2.
The weight of an RDF f is given by wg(f) = ZveV(G) f(w). The Roman domination
number of a graph G, denoted by vg(G), is the minimum weight of an RDF on G. Any
RDF f on G with wg(f) = vr(G) is called a yr-function. If f is an RDF on G and
Vi={veV(G): f(v) =i} for i € {0,1,2}, then we denote f by f = (Vp, V1, V3). In this
case, wa(f) = |Vi| + 2|Val.

A Roman dominating function f = (Vp, V1, V2) on G is a geodetic Roman dominating
function (or GRDF) if V; U V4 is a geodetic set in G. The weight of a geodetic Roman
dominating function f = (Vp, V1, V2) on G is given by w%R(f) = |V1|+2|V2|. The minimum
weight of a GRDF on G, denoted by v4r(G), is called the geodetic Roman domination
number of G. Any GRDF f on G with ngR(f) = v4r(G) is called a 74r-function.

The join of two graphs G and H, denoted by G + H, is the graph with
V(G+H)=V(G)UV(H) and E(G+H) = E(G)UE(H)U{uw :u € V(G) and v € V(G)},
where “U” refers to a disjoint union of sets.

3. Known Results

We state some results that will be needed in this study.
Remark 1. [9] Every geodetic set in a graph contains the extreme vertices.
Remark 2. [11] Let n be a positive integer. Then
(1) 79(Crn) = [5]
(i1) 7g(Pn) = ["$2].
Theorem 1. [13] Let G be a connected graph of order n > 2. Then the following hold:

(1) 74(G)
d(u,v)

if and only if there exists a geodetic set S = {u,v} of G such that

IA

3.
(i1) v4(G) =n if and only if G is the complete graph on n vertices.

(111) v¢(G) = n—1 if and only if there exists a vertex v in G such that V(G)\{v} C Ng(v)
and G \ v is the union of at least two complete graphs.

Remark 3. [24] Every 2-path closure absorbing set in a connected graph G is a dominating
set in G.

4. Results

Proposition 1. Let G be a graph of order n and let f = (Vo, Vi1, Va2) be a ygr-function.
Then each of the following statements holds:

(1) Vi UVay contains all the extreme vertices of G.
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(13) |Vo| =0 if and only if |Va| = 0.
(ii3) If |Vo| =0, then v4r(G) = n.
(iv) If |[Vi| = 0, then Vs is y4-set of G and v4r(G) = 274(G).
Proof.
(i) By Remark 1, V3 U V5 contains all the extreme vertices of G.

(73) Suppose |Vp| = 0. Suppose further that |Va| # 0. Define g = (&, V(G), ). Then
wf;R(g) =n = |Vi| + V2| < [Vi| + 2|V2| = v4r(G), a contradiction. Thus, |Va| = 0.

The converse is clear.
(¢43) Suppose |Vp| = 0. Then |[Va| = 0 by (i7). Hence, v4r(G) = |Vi| = n.

(iv) Suppose |Vi| = 0. Then V, is a geodetic dominating set of G. Suppose V3 is not a
vg-set. Let D be a v4-set of G. Then |D| < |V3|. Define h = (V(G)\ D, @, D). Then
h is a GRDF on G. Hence, ngR(h) = 2|D| < 2|Va| = v4r(G), a contradiction. Thus
Vo is a yg-set in G and v4r(G) = 2|Va| = 2794(G). O

Proposition 2. For any graph G, 1 < v4(G) < v4r(G) < min{n, 2v4(G)}.

Proof. Let f = (Vo, V1, V2) be a y4g-function. Then Vi U V5 is a geodetic dominating set
of G. Hence, 1 < 74(G) < [Vi] + [Va| < [Vi| + 2|Va| = v4r(G). Now, let Vj = V) = @
and V/ = V(G). Then g = (Vy,V{,V3) is a GRDF on G and v4r(G) < |V{| = n. Finally,
let S be a v4-set of G. Define h = (Vy/, V{", V') by setting V3’ = S, Vi’ = V(G) \ S, and
V/" = @. Then h is a GRDF on G and v4r(G) < ng(G) = 2|Vy'| = 274(G). Therefore,
1 < 74(G) < gr(G) < min{n, 294(G)}. O

Theorem 2. Let G be any graph of order n. Then each of the following statements holds.
(1) vgr(G) =1 if and only if G = K.
(i1) vyr(G) =2 if and only if G = Ky or G = Ks.

(iii) vor(G) = 3 if and only if G € {K3,K3, K1 UK>} or G = Ko+ H for some graph H
of order n — 2.

Proof. Let f = (Vo, Vi, Va) be a y4g-function on G.

(7) Assume that v4r(G) = 1. Then |Vi| =1 and |Vp| = 0. Hence G = Kj.
The converse is clear.

(#7) Suppose vgr(G) = 2. Then wéR(f) = |Vi| + 2|Va| = 2. Suppose |Vo| = 1. Then
Vil =0 and @ # Vo = V(G) \ V2 C Ng(V2). This implies that V3 is not a geodetic set in
G, a contradiction. Hence, |Va| = 0 and |Vi| = n. It follows that G = K or G = K.
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Conversely, if G = Ky or G = Ko, 7yr(G)=2.

(#ii) Suppose vgr(G) = 3. Then [Vi| + 2|V3| = 3. Hence |V5| < 1. Consider the following
cases:

Case 1: |Va| =0
Then |Vy| = 0 and |V;]| = n = 3. This implies that G € {P5, K3, K3, K1 U K>}.
Case 2: |Va| =1

Then |Vi| = 1. Let Vj; = {z} and V5 = {y}. Then Vj = V(G) \ {z,y} € Ng(y). Since
Vi U Vs is a geodetic set, zy ¢ E(G). Let w € Ng(x). Then w € V. This implies
that dg(z,y) = 2. Since Vo C Ig(z,y), Vo = Ng(xz) N Ng(y). Let H = (Vy). Then
G = ({x,y}) + H (isomorphic to Ko + H).

For the converse, suppose that G € {K3, K3, K1 U K2}. Then v,p(G) = 3. Next,
suppose that G = Ko + H for some graph H. Let V(K32) = {p,q} and let Vo = V(H),
Vi = {p}, and V5 = {q}. Then g = (V,V1,V2) is a GRDF on G. It follows that
14r(G) < wli(g) = 3. By (i) and (if), 1r(G) = 3. 0

Lemma 1. Let G be a graph of order n. Then v4(G) = n if and only if every component
of G is complete.

Proof. Suppose 74(G) = n. If G is connected, then G is complete by Theorem
1(ét). Suppose G is disconnected with components G1,Go,...,Gg. Suppose G has a
component G; that is not complete. Then ~4(G;) < |V(G;)| by Theorem 1(ii). Hence,
v4(G) = Zle v¢(Gi) < n, a contradiction. Thus, every component of G is complete.

The converse is clear. O

Theorem 3. Let G be a graph of order n. Then v4(G) = v4r(G) if and only if every
component of G is complete.

Proof. Suppose v4(G) = v4r(G). Let f = (Vo,Vi,Va) be a yyp-function on G. Then
19(G) < Vi + [Va] < V| 4 2|Va] = 4r(G). Since v4(G) = v4r(G), it follows that
Y9(G) = [Vi| + [V2| = [Va| + 2|V3|. Consequently, V3| = 0, [Vo| = 0, and [V4| = [V(G)|.
Thus, 74(G) = n. By Lemma 1, every component of G is complete.

For the converse, suppose that every component of G is complete. Then v4(G) = n by
Lemma 1. Thus, v4r(G) = n by Proposition 2. O

Proposition 3. Let n be a positive integer. Then

3, ifn=3

i if n = 0(mod 3)

‘ c)=1{23"
(i) vgr(Ch) %7 if n = 1(mod 3)

%, if n = 2(mod 3)
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1, ifn=1

M43 ifn = 0(mod 3)
y P = 30
(1) Ygr(Pn) et - ifn = 1(mod 3)

2 if n = 2(mod 3)

Proof.
() Clearly, v4r(C3) = 3. Let n > 4 and let C,, = [v1,v2, ..., vp,v1]. Consider the following
cases:

Case 1: n = 0(mod 3)
Let n = 3r for some positive integer r. Let Vi = @, Vo = {v1,v4,v7,...,03,_2}, and
Voo = V(Cp) \ Va. Then f = (Vp,V1,V2) is a GRDF on C,. Hence,
19r(Cn) < we, (f) = 2|Va| = &

Let g = (V{,V{,V3) be a yyp-function on C,. Since yyr(G) < 2, it follows that
Vy # @. Suppose |V{| = k. Then k + 2|V3| < %n This implies that |[V5]| < r — % and
Vil = n— (|V{| + |V4]) > 2r — £. Suppose that k > 1. Then |VJ| < r — £ implies that
Vgl < 2|V5| < 2r — k. This contradicts the fact that |Vj| > 2r — g > 2r — k. Therefore,

k = 0. By Proposition 1(iv) and Remark 2(2), v4r(Cp) = wg:(g) =2

Case 2: n = 1(mod 3)
Let n = 3s+1 for some positive integer s. Let Vi = {vss}, Vo = {v1,v4,v7,...,v35_2}, and
Vo = V(G)\ (Vi UVy). Thus f = (V,Vi,V2) is a GRDF in C,. Hence,
Ygr(Cn) < W& (f) = 2L

Suppose g = (Vi,V{,V3) is a ygr-function on Cy. Since y4r(G) < %, it follows
that Vj # @. Suppose |V{| = k. Then k + 2|V3| < 2% Thus |Vj| < s — $(k — 1)
and |Vj| = n— (/| + |V4]) > 25 — 4(k —1). If k = 0, then [V3| < s+ % and
V| > 2s+ 4. Hence, |V4| < s and [Vj| > 2s+ 1. This is not possible. Hence
k > 1. Suppose k > 2. Then [V5| < s — 4(k — 1) implies that [Vj| < 2s — (k — 1).
However, |Vj| > 2s — 3(k — 1) > 2s — (k — 1), a contradiction. Therefore, k¥ = 1 and

R
Y9r(Cn) = Wi, (9) = 25

Case 3: n = 2(mod 3)

Let n = 3t+2 for some positive integer ¢. Let Vi = {vss, vary1}, Vo = {v1,v4, 07, ..., 032},

and Vy = V(G)\ (Vi U V). Thus f = (V,V1,V2) is a GRDF in C,. Hence,
gR _ 2n+2

Ygr(Cn) < we, = 3 -

Let g = (V§,V{,VJ) be a y4p-function on C,. Since vyr(G) < Z%E2 it follows that
V3| # @. Suppose |V{| = k. Then k + 2|V3| < 22 Thus V5] < ¢+ %5£ and
Vil = n—(V/|+|V4]) > 2t + 255 If k = 0, then |V3| < t+1 and |Vj| > 2t + L.
Hence, |V3| <t and |Vj| > 2t + 1. If k = 1, then |V3| < t+ 3 and |V{| > 2t + 5. Hence,
V5| <t and |V{§| > 2t + 1, which is not possible. Thus, k # 1. Suppose k > 3. Then
V3| < t+ 25" implies that |Vj| < 2|VJ| < 2t+2—k. However, |Vj| > 2t+ 3£ > 2t +2—k,
a contradiction. Therefore, k = 0 or k = 2. If k = 0, by Proposition 1(iv) and Remark
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2(i), vgr(Cn) = w%lj(g) = 22 Jf k = 2, then g is of the same type as the function f

defined earlier. Hence, v4r(Cp) = w%}:(g) = nt2

(77) Let P, = [v1,v2,...,vy). Clearly, ygr(P1) = 1. Suppose n > 2. Consider the following
cases:

Case 1: n = 0(mod 3)

Let n = 3r for some positve integer r. Let Vo = {vi,v3,...,v3—2}, Vi = {vs,} and
Vo = V(P,)\ (Vi UV, Thus f = (W, V,Vs) is a GRDF on P,. Hence,
Yor(Pa) < wh'(f) = [Vi| +2|Va| = 1+ 2(%) = 252,

Let g = (Vy,V{,V3) be a yyp-function. Since y,r(G) < 243, it follows that Vj # @.
Suppose |V{| = k. Then k + 2|V§| < 2% Thus [Vj| < r — 1(k — 1) and
Vgl = n— (IV{| +|V3]) = 2r — 4(k +1). Suppose k = 0. Then |V;| < r+ 3 and
|V§| > 2r — 3. This implies that [V;| < r and [V{j| > 2r. Since [V{| =0, |V{| < 2|Vj] (as
vy € V3 or v, € Vy; hence, at least one of them has only one neighbor in V{j). Thus, |V3| <r
implies that |V{j| < 2r. This contradicts the fact that |Vj| > 2r. Suppose k = 2. Then
V3| <r—1% and |V§| > 2r—3. This implies that |V§| <r—1 and |Vj| > 2r —1. This is not
possible. Suppose k > 4. Then |Vj| < r—(k—1) implies that |V{| < 2r—(k—1). However,
Vgl = 2r — 4(k+1) > 2r — (k — 1), a contradiction. Thus, k =1 or k = 3. If k = 1, then

g is of the same type as the function f defined earlier. Hence v4r(P,) = 2”3“' 3. If k=3,
then we may consider h = (Vy/, V{", V') where V" = {v1,ve,v3,}, V3’ = {v4,v7,..., 03,2}

and VJ' =V (P,) \ (V{UVY'). Hence, h is a GRDF on P, and w%}:(h) = 2043

Case 2: n = 1(mod 3)
Let n = 3s + 1 for some positive integer s. Let Vi = @ V5 = {v1,v4,v7,...,03541}, and
Vo = V(P,)\ ViUV, Thus f = (Vp,V1,V2) is a GRDF in P,. Hence,
Yor(Pa) < why = 2(242) = 204,

Let g = (Vy,V5,V3) be a vygr-function on P,. Since vyr(P,) < 2";4, it follows that
Vj # @. Suppose that [V{| = k. Then k + 2|V;| < 2%, Thus |Vj| < s — 1(k — 2) and
Vil =n—(|V{|+|V3]) > 2s—%. Suppose that k = 1. Then [V3| < s+ 3 and |V{| > 2s— 1.
This implies that |Vj] < s and |Vj| > 2s. Since |V{| = 1, |Vj] < 2|V5| (as v1 € V4 or
v, € V; hence, at least one of them has only one neighbor in Vj). Thus, |Vj| < s implies
that |V{j| < 2s. This contradicts the fact that |V{j| > 2s. Suppose that k¥ = 3. Then
|Vj| < s— 3 and |V{| > 2s — 3. This implies that |Vj| < s — 1 and |V{j| > 2s — 1. This is
not possible. Suppose k > 5. Then [Vj| < s — $(k — 2) implies that |V]| < 2s — (k — 2).
However, |Vj| > 2s — % > 2s — (k — 2), a contradiction. Thus, k =0 or k=2 or k = 4.
If k = 0, by Proposition 1(iv) and Remark 2(ii), vyr(P,) = 252, If k = 2, then we

may consider j = (VJ', V", VJ") where V{" = {v1,v3511}, V5’ = {v3,v6,v0,...,v35} and
Vg’ = V(P,)\ (V{ UVZ'). Hence, j is a GRDF on P, and w} (j) = 252, If k = 4, then
we may consider | = (Vf, V¥, V") where Vi* = {v1,v2,v35,v3541}, Vo' = {va,v7,..., 0351}

and Vi = V(P,) \ (V;* U V5). Hence, [ is a GRDF on P, and wgpf(l) = 2284 Therefore,
’YgR(Pn) = 2n3+4'
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Case 3: n = 2(mod 3)
Let n = 3t+2 for some positive integer ¢. Define Vi = {v1, vsi12}, Vo = {vs, ve,vg, ..., v3:}
and Vy = V(G)\ (Vi U Va). Thus, f = (W,V1,V2) is a GRDF in P,. Hence,
vr(Pa) < W2 (f) = V| + 2|V | = 3+ 2(152) = 22,

Let g = (Vo, V4, V2) be a ygp-function on P,. Since y4r(G) < 2%2 it follows that
Vj # @. Suppose that |V{| = k. Then k + 2|Vy| < 2&2. Thus, |Vj| < ¢t — 3(k — 2) and
Vil =n— (V]| +|V3]) > 2t — 3(k—2). If k =0, then |V3| < ¢t+1 and |V{| > 2t + 1. This
is not possible. Suppose that k = 1. Then |VJ| < t+ 3 and |Vj| > 2t + 5. This implies
that |Vj| < ¢t and |V{j| > 2t + 1. This is also not possible. Suppose that k& > 3. Then
V| < t—3(k—2) implies that [Vj| < 2t—(k—2). However, |Vj| > 2t—1(k—2) > 2t—(k—2),
a contradiction. Thus, k = 2 and yyr(P,) = 2452, O

Theorem 4. Let Gi,...,Gy (k> 2) be the components of G. Then

k
Yor(G) = Z Ygr(Gj).
=1

Proof. Let G1i,...,G} be the components of G. For each j € {1,2,...,k}, let
gi = (VJ,V{,VJ) be a yyp-functions of G;. Let Vj = U;?:lVOj, Vi = U;‘f’:lVf, and
Vo = UfZIVQJ. Then g = (Vp, V1, V2) is a GRDF on G. Hence,

k
Yr(G) < Wi (9) = Vil +2[Va| = Y 79r(Gy)-
J=1

Next, suppose that f = (Vp, V1, V2) is a y4r-function on G. Then f; = (W{,Vlj,VQj),
where Vi = Vo N V(Gy), V{ = Vi nV(G;), and V§ = Va NV (G;), is a GRDF on G
for each j € {1,2,...k}. Thus, vr(G;) < w%?(fj) for all j € {1,2,...,k}. Hence,
Z;?:l Y9r(Gj) < vgr(G). This establishes the desired equality. O

Proposition 4. Let G be a graph of order n. If v4(G) =n — 1, then y4r(G) = n.

Proof. Suppose v74(G) = n — 1. Let f = (Vo, V1, V2) be a y4g-function on G. Since
Vi1 U Vs is a geodetic set, V1 UVa = V(G) or Vi U Ve = V(G) \ {z} for some z € V(G). If
ViUV, = V(G), then V| = 0. Thus, |[V2| =0 and |Vi| = n. Hence, 74r(G) = n. Suppose
ViuVa = V(G)\ {z} for some z € V(G). Then Vo = {z}. Since f is a vy4r-function,
|Va| = 1. Therefore, vr(G) = |Vi| +2|Va| = (n —2) +2=n. O

Corollary 1. For any positive integer n, vyr(K1n) = n.

The next result follows from Theorem 3, Corollary 1, and Theorem 4.

Corollary 2. Let G be a graph of order n. If every component of G is either complete or
a star, then v4r(G) = n.
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Proposition 5. If G is a graph of order n > 5 and v4r(G) = n, then G has no induced
subgraph Ps.

Proof. Suppose G has an induced subgraph Ps = [v1,v9,v3,v4,v5]. Define Vi = {va, v4},
Vo = {uz} and Vi = V(G) \ {v2,v3,v4}. Then V; U V5 is a geodetic dominating set
in G and Vy € Ng(vs). This implies that f = (Vp,V1,V2) is a GRDF on G. Thus,
ngR(f) = Vi] + 2|Vo| = (n —3) +2(1) = n — 1, a contradiction. Therefore, G is
Ps-free. O

The converse of Proposition 5 is not true. The cycle C5 has no induced subgraph Ps
but v4r(Cs) = 4 # 5 by Proposition 3.

Proposition 6. Let G be a connected graph such that v4(G) # ~4r(G). Then
Yer(G) = v4(G) + 1 if and only if one of the following holds:

(1) There exists a vertex v in G such that V(G) \ {v} C Ng(v) and G \ v is the union
of at least two complete graphs.

(i7) There exists a vertex v in G and S C V(G) such that S C Ng(v) and V(G)\ S is a
vg-set in G.

Proof. Suppose v4(G) + 1 = v4r(G). Let f = (Vo, Vi, Va2) be a y4g-function. Consider the
following cases:

Case 1: v4(G) < |Vi| + | V2

Then v4(G) + 1 < |Vi| + |[Va] < [Vi| + 2|Va| < v4r(G). The assumption that
Ygr(G) = 74(G) + 1 implies that |V2| = 0. By Proposition 1(ii), |Vp| = 0 and v4r(G) = n.
It follows that v4(G) =n — 1. By Theorem 1(iii), (i) follows.

Case 2: v4(G) = |Vi| + | V2

Then v4(G) +1 = |Vi| + |[Va| + 1 = [Vi| + 2|Va| = ~4r(G). Hence, |Vo| = 1 and
[Vi| = 74(G) — 1. This implies that [Vp| = |[V(G) \ (Vi UV2)| = n —74(G). Let Vo = {v}
and S = Vp. Then S C Ng(v). Moreover, V(G) \ S = Vi U V3 is a 74-set because it is a
geodetic set and |V} U Va| = 74(G). Therefore (i¢) holds.

For the converse, suppose first that (i) holds. Let S = V(G) \ {v}. Let w € S. Since
G\v = (5) is the union of at least two complete graphs, the component C' of G\ v containing
w as a vertex is complete. This implies that S = Ezt(G). Now, let C; and Cs be distinct
components of G \ v and let x € V(C}) and y € V(C2). Then v € Ig(z,y). Hence,
S = Ext(G) is the unique v4-set of G and v4(G) = n — 1. By Proposition 4, we have
Y9r(G) = n = 74(G) + 1. Next, suppose that (i7) holds. Let Vo = S, Vo = {v} and
Vi =V(G)\ (SU{v}). Then ViU Vo = V(G) \ S is a yg-set of G and Vy C Ng(v). It
follows that g = (Vp, V1, V) is a GRDF on G and

Yor(G) < Wi (g) = [Vi] +2|Va| = 95(G) =1+ 2 = 74(G) + 1.

Since v4(G) < Ygr(G), 74(G) + 1 < v4r(G). Thus, vr(G) = 74(G) + 1. O
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Theorem 5. Let G = K, . n, be the complete k-partite graph with 1 <n; <ng... < nyg
and [{n; : n; # 1}| > 2. Then

Ygr(G) = min{n(G) + 1,6},
where n(G) = min{n; : n; > 2}.

Proof. Let Sy, Sny, - .., Sn, be the partite sets in G and let n(G) = min{n; : n; > 2}.
Suppose n(G) = 2. Then v4r(G) = 3 = n(G) + 1, by Theorem 2(4i7). Next, suppose that
n(G) > 3. Pick u € Sy, Let Vo = {u}, Vo = V(G) \ Syq), and V1 = Sy (g) \ {u}. Then
f=WVo,V1,V2) is a GRDF on G. This implies that

yor(G) < wWIR(F) = ((G) = 1) + 2 = n(G) + 1.

Next, let V5 = {z,y}, V = {w, 2z}, and V5 = V(G) \ (V" U V5") where z,w € S, and
y,z € Sp, where n, # 1 and ny # 1. Then f' = (V§, V", Vy) is a GRDF on G and
or(G) < W (") = |Vi*| + 2|V5'| = 2+ 2(2) = 6. Therefore, ,r(G) < min{n(G) + 1,6}.
Now, let g = (Vi', V{", V3') be a y4r-function on G. Suppose that v,r(G) < n(G)+1 < 6.
Then v,r(G) = wl(g) = |V{| + 2|V’ < n(G) + 1. This implies that |Vy/| < 2. If
V5| =0, then |Vj'| =0 and |V/'| = Zle n; > 6, a contradiction. Suppose that |V5'| =1,
say Vo' = {v"}. We may assume that v” € S, ). Then S,y \ {v"} € V{". This implies
that
n(G) + 1 =[Sy \{v"}H +2[V5'| < V'] +2[V5'| < n(G) + 1,

a contradiction. Suppose now that V3| = 2. Suppose |[V]'| = 1. Then n(G) = 5.
Let Vi’ = {p,q} and V" = {s}. Since V{" U VY is a geodetic set, at least two of the
vertices p, ¢, and s belong to the same partite set, say S,,, where i € {1,2,... k}. Choose
any z € Sp, \ {p,q, s}(such z exists because n; > n(G) = 5). Then z ¢ Io({p,q,s}),
a contradiction. Suppose [V{’| = 0. Then V3’ C S, for some j € {1,2,...,k}. Let
w € Sy, \ Vy'. Then w € Vi’ \ Ng(Vy'), a contradiction. Hence, y4r(G) > n(G) + 1.
The same argument can be used to show that v,r(G) > 6 if 6 < n(G) + 1. Accordingly,
Ygr(G) = min{n(G) + 1, 6}. O

Example 1. For any two integers m,n > 2, vyr(Kpm ) = min{m +1,n+1,6}.

The next result shows that every pair of positive integers (both at least 4) are
realizable as the geodetic domination number and geodetic Roman domination number
of a connected graph.

Theorem 6. Let a and b be positive integers such that 4 < a < b < 2a. Then there exists
a connected graph G such that v4(G) = a and v4r(G) = b.

Proof. Consider the following cases:

Case 1. a = 0.
Let G = K,. Then v4(G) = v4r(G) = a.



R. Fortosa, S. Canoy Jr. / Eur. J. Pure Appl. Math, 16 (4) (2023), 2368-2383 2378

Case 2. a < b.

Subcase 1. b=a + 1.
Let G = K14. Then 74(G) = a and v4r(G) = a+1 =b.

Subcase 2. b= 2a — 1.

Let m=b—a=a—1 and let G = P3p,. Then v4(P3m+1) = m + 1 = a by Remark 2(i7),
and by Proposition 3(i), ygr(Pam) =2m+1=2a —1=10.

Subcase 3. b = 2a.

Let G = C34. Then v4(G) = 74(C34) = [5'| = a by Remark 2(7) and by Proposition 3(i),
Y9r(G) = 2a.

Subcase 4. a+2<b<2a-1
Then 2a —b—1 > 1, ie., 2a — b > 2. Let m = b — a. Consider the graph G in Figure

1 obtained from P2 = [v1,v2,V3, 04, ..., V3(m+1)—2] by adding the edges v3(41)—2w;
for each j € {1,2,...,2a —b—1}. Let S1 = {v1,v4,...,V34m11)—2}. Then S is a y4-set
in Py q1)—2. Hence, S = {v1,v4,...,030m41)—2, W1, W2, ..., Waq—p_1} is @ yg-set in G and

v9(G) = |S| = (m+1)+2a—b—1 = (b—a+1)+2a—b—1 = a. Suppose 2a—b—1 = 1. Then
b=2a—-2,m=a—2. Then G = Py, 1)1 By Remark 2(ii), 74 (P3my1)—1) = m+2=a
and by Proposition 3(ii), 7yr(G) = Ygr(P3(m+1)—1) = 2(m + 1) = b. Next, suppose that
20 —b—1>2. If SNV, =@, then

Yor(G) = Ygr(P3m+1) +2a —b—1=2(m+1)+a—(m+1)=m+a=0b.

Suppose S1 N Va # @. Since f is a ygg-function on G, |S1 N Va| =1 and vspm41 € Vp. Let
U3m42 € S1NVa. It is routine to show that g = (Vj, V{, V5) where V{ = V1 \ (S1 \ {vam+2}),
Vi =Va and Vj =V} is a yygr-function on Psy,,49. Then

Ygr(G) = Ygr(P3m+2) +2a —b—2=2(m+1)+a— (m+2) =b.

G: O O O
U1 V2 U3 Uy

U3(m+1)—2

Figure 1: A graph G with v4(G) = a and y4r(G) = b
This proves the assertion. O

Corollary 3. Let n be a positive integer with n > 2. Then there exists a connected graph
G such that vgr(G) — v4(G) = n. In other words, the difference vyr(G) — v4(G) can be
made arbitrarily large.

Proposition 7. Let G and H be non-complete graphs. Then 3 < y4r(G + H) < 6.
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Proof. Since G+ H ¢ {K1, K>}, vgr(G + H) > 3, by (i) and (i7) of Theorem 2. Pick
u,v € V(G) and x,y € V(H) such that wv ¢ E(G) and zy ¢ E(H). Let Vi = {v,y},
Vo ={u,z} and Vj = V(G+ H) \ (V1 UVs). Then f = (Vp, V1, V2) is a GRDF on G + H.
Hence, v,r(G + H) SwéﬁH(f) = 6. O

Lemma 2. Let G and H be non-complete graphs and let S = SqUSy , where Sg C V(G)
and Sy C V(H), be a geodetic set in G+ H. Then each of the following statements holds.

(1) If|Sq| > 2 and |SH| < 1, then Sg is a 2-path closure absorbing set in G.
(13) If |Su| > 2 and |Sq| < 1, then Sy is a 2-path closure absorbing set in H.

Proof. Suppose |Sg| > 2 and |Sy| < 1. If S = V(G), then we are done. Suppose that
Sa # V(G) and let v € V(G) \ Sg. Since S is a geodetic set in G+ H and |Sy| < 1, there
exist p,q € Sg such that v € Iy (p,q). This implies that dg(p,q) =2 and v € Iz(p, q).

Hence, Sg is a 2-path closure absorbing set in GG, showing that (7) holds. Similarly, (i7)
holds. O

Theorem 7. Let G and H be non-complete graphs. Then Ygr(G + H) = 3 if and only if
Ge{Ko Ko+ G} or H e {Kq, Ko+ Hy} for some graphs Gy and H.

Proof. Suppose v4r(G + H) = 3. Since G and H are non-complete graphs and G + H
is a connected graph, G+ H = Ko+ F for some non-complete graph F' by Theorem 2(iii).
Let Ko = {a,b}. Then a,b € V(G) or a,b € V(H). We may assume that a,b € V(G).
Then G = K5 or G = K3 + Gy where G1 = (V(G) \ {a, b}).

Conversely, if G = K, then v,r(G + H) = 3. If G = K2 + Gy for some graph G,
then G+ H = Ko+ (Gy+ H). By Theorem 2(iii) , vyr(G + H) = 3. The same conclusion
holds when H € {Ks, K5 + H;} for some graph Hj. O

Theorem 8. Let G and H be non-complete graphs. Then vyr(G + H) = 3 if and only if
p2(G) =2 or po(H) =2.

Proof. Suppose v4r(G 4+ H) = 3. By Theorem 7, p2(G) = 2 or po(G) = 2.

Conversely, suppose that pa(G) = 2 say S = {z,y} is a 2-path closure absorbing set
in G. If [V(G)| = 2, then G = K5. Suppose G # Ko. Then for all u € V(G) \ {z,y},
dg(x,y) =2 and u € Ig(x,y). This implies that G = {z,y} + G for some graph G;. By
Theorem 2(iii), vgr(G + H) = 3. Similarly, if po(H) = 2, then v,r(G+ H) = 3. O

Theorem 9. Let G and H be non-complete graphs. Then vyr(G + H) =4 if and only if
one of the following conditions holds:

(1) p2(H) # 2 and there exists a pa-set {z,y, z} in G such that V(G)\{z,y, 2} C Ng(z).

(13) p2(G) # 2 and there exists a pa-set {x,y,z} in H such that V(H)\{z,y,z} C Ng(zx).
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Proof. Suppose v4r(G + H) = 4. Let f = (Vp,V1,Va2) be a vyr-function on G + H.
Then |Vi| + 2|Va| = 4. Suppose |Va| = 0. Then |Vi| = |V(G + H)| = 4. Since G and
H are non-complete graphs and v4r(G + H) # 3, this is not possible. Suppose |Va| = 2,
say Vo = {v,w}. Then Vo C V(G) or Vo C V(H), since V3 is a geodetic set of G + H.
Suppose that Vo C V(G). By Lemma 2, V5 is a 2-path closure absorbing set. Hence,
p2(G) = 2. By Theorem 8, this implies that v,z(G + H) = 3, a contradiction. Hence,
|[Va| = 1 and |Vi| = 2. Assume first that Vo = {z} C V(G). Let Vi = {y,z}. Since
Yor(G + H) # 3, p2(G) # 2 and pa(H) # 2. Hence, Vi C V(G). Since f is a GRDF on
G+ H,V(G)\{z,y,2} C Ng(x) and {z,y, 2} is a pa-set in G. This shows that (i) holds.
Similarly, (i¢) holds if Vo = {z} C V(H).

Conversely, suppose (i) holds. By the preceding result, v,r(G + H) # 3. Thus,
Yr(G + H) > 4. Let Vo = {z}, Vi = {y,2} and V) = V(G + H) \ (V1 UV3). Then
f =V, V1,V2) is a GRDF on G + H. Hence, v4r(G + H) < ngIiH(f) = 4. Therefore,
v¢r(G + H) = 4. The same conclusion holds if (i) holds.

O

Theorem 10. Let G and H be non-complete graphs such that vgr(G+ H) ¢ {3,4}. Then
v9r(G + H) =5 if and only if one of the following holds:

(i

) 7(G) =1 and ps(H) =3
(ii) 7(H) = 1 and ps(G) = 3
)

(tit) There exists nonadjacent vertices v,w € V(G) and z,y € V(H) such that

V(G)\ {v,w} € Na(v).

(iv) There ezists nonadjacent vertices v,w € V(G) and xz,y € V(H) such that
V(H)\{z,y} € Nu(z).

(v) There exist v,w,z,y € V(G) such that V(G) \ {v,w,z,y} C Ng(v).

(vi) There exist v,w,z,y € V(H) such that V(H) \ {v,w,z,y} C Ng(v).

)
(vii) There exist v,w,x € V(G) such that V(G) \ {v,w,z} C Ng({v,w}).
)

(viii) There exist v,w,x € V(H) such that V(H) \ {v,w,z} C Ng({v,w}).

Proof. Let G and H be non-complete graphs such that v,r(G + H) # {3,4}. Suppose
that ygr(G+H) = 5. Let f = (Vp, V1, V) be a yyr-function on G+H. Then |V;|+2|V5| = 5.
Suppose that |Va| = 0. Then |Vi| = |V(G + H)| = 5. Since G and H are non-complete
graphs and v,r(G+H) # {3,4}, this is not possible. Suppose |Va| = 1, say Vo = {v}. Then
|[Vi| = 3. Assume that Vo = {v} CV(G). If Vi CV(H). Then V(G) \ {v} C Ng(v). This
implies that (G) = 1. Since V; is a 2-path closure absoring set in H and y4r(G+ H) # 3,
Vi is a po-set in H. Hence, po(H) = 3 and (i) holds. Suppose |Vi N V(G)| = 1, say
w € vNV(G). Then V(G) \ {v,w} C Ng(v). Since H is non-complete and pa(H) # 2,
vw ¢ E(G). Since p2(G) # 2, vy ¢ E(H). This shows that (4i7) holds. Next, suppose that
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[ViNV(G)| > 2. Since vyr(G + H) # 4, it follows that Vi C V(G), i.e. [V NV(G)| = 3.
Clearly, V(G) \ {v,w,x,y} C Ng(v), showing that (v) holds. Suppose now that |Va| = 2,
say Vo = {v,w}. Then |Vi| = 1. Let V; = {x}. Assume that VoNV(G) # @, say v € V(G).
Since p2(G) # 2 and p2(H) # 2, {v,w,z} C V(G). Hence {v,w,x} is a pa-set in G and
V(G) \ {v,w,z} C Ng({v,w}). This shows that (vii) holds. Similarly, (i) or (iv) or (vi)
or (viii) holds.

The converse is clear. O

Conclusion

This study introduced the notion of geodetic Roman domination. Some properties of
geodetic Roman dominating functions were explored and the geodetic Roman domination
numbers of certain graphs were determined. It was also shown that any pair of positive
integers (subject to a constraint) are realizable as the geodetic domination number and
geodetic Roman domination number of a connected graph. This newly defined variant
of Roman domination may be investigated further for other graphs including those ones
resulting from some binary operations of graphs. One may also try exploring the
relationship between this variant and the other variations of Roman domination.
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