EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
Vol. 17, No. 1, 2024, 11-29

ISSN  1307-5543 — ejpam.com
Published by New York Business Global

Determinants of Arrowhead Matrices over Finite
Commutative Chain Rings

Somphong Jitman®*, Pornrudee Modjam*

L Department of Mathematics, Faculty of Science, Silpakorn University, Nakhon Pathom
73000, Thailand

Abstract. Arrowhead matrices have attracted attention due to their rich algebraic structures and
numerous applications. In this paper, we focus on the enumeration of n x n arrowhead matrices
with prescribed determinant over a finite field F; and over a finite commutative chain ring R. The
number of n x n arrowhead matrices over F, of a fixed determinant a is determined for all positive
integers n and for all elements a € F,;. As applications, this result is used in the enumeration of
n X n non-singular arrowhead matrices with prescribed determinant over R. Subsequently, some
bounds on the number of n X n singular arrowhead matrices over R of a fixed determinant are
given. Finally, some open problems are presented.
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1. Introduction

Matrices and their determinants have been known and extensively studied for their
nice properties and wide applications (see, for example, [2], [9], and [10]). Singularity of
matrices is useful in applications (see, for example, [2] and [11]). The number of n x n
singular (resp., nonsingular) matrices over a finite field F, has been determined in [13].
As a generalization of a prime field Z,, the number of n x n matrices over Z,, of a fixed
determinant has been first studied in [1]. An alternative study of the problem in [1] has
been given in [10] using a different and simpler approach. A finite commutative chain ring
(FCCR) and a principal ideal ring are generalizations of the rings Z, and Z,, that are
useful in applications such as coding theory and cryptography. In [3], the techniques in
[10] have been extended to matrices over FCCRs and principal ideal rings. Precisely, the
number of n x n matrices over FCCRs and principal ideal rings of a fixed determinant
has been completely determined. Diagonal matrices are interesting subfamilies of the ones
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in [3]. The enumeration of diagonal matrices over FCCRs of a fixed determinant are
presented in [8] and applied in the study of the determinant of some circulant matrices
over FCCRs.

For a commutative ring R and a positive integer n, an n X n arrowhead matriz over
R is defined to be a square matrix containing zeros in all entries except for the first row,
first column, and main diagonal. Precisely, the arrowhead matrix is in the form of

* X% ¥ %
S O ¥ ¥
O ¥ O %
* O O *
S O O ¥

« 00 0 --- =%

where *’s are arbitrary elements in R and they are not necessarily the same. From the
definition, an arrowhead matrix is a generalization of a diagonal matrix over R. It is
easily seen that the 1 x 1 matrices, 2 X 2 matrices, and n x n diagonal matrices over R
are arrowhead matrices for all positive integers n. Some properties of arrowhead matrices
such as eigenvalues, eigenvectors, and inverses have been studied in [14], [15], and [16].
Arrowhead matrices have applications in various fields, e.g., wireless communications in
[15], eigenvalue decompositions of some matrices in [16], the study of directed multigraphs
and hub-directed multigraphs in[12], and the study of disordered quantum spins in [4].

As a generalization of [8], the enumeration of arrowhead matrices with prescribed
determinant over a FCCR is investigated in the following set up. For a FCCR R, let U(R)
denote the set of units in R and let Z(R) denote the set of zero-divisors in R. Let A, (R)
denote the set of n x n arrowhead matrices over R. It is not difficult to see that A, (R) is
a group under addition and

[An(R)| = |RI" 2. (1)

An n x n matrix A over R is said to be non-singular (or, invertible) if det(A) € U(R).
Otherwise, A is called a singular matriz. Let

ZA.(R)={A € A,(R) | det(A) e U(R)}
be the set of n x n non-singular arrowhead matrices over R. For each a € R, let
An(R,a) = {A € A, (R) | det(A4) = a}.

be the set of all n x n arrowhead matrices over R whose determinant is a. Clearly,

TAWR) = | Au(R a)
acU(R)

is a disjoint union.
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The main focus of this paper is the enumeration of n X n arrowhead matrices with
prescribed determinant over a finite field F, and over a FCCR R. The paper is organized
as follows. The number |A,,(Fy,a)| of n x n arrowhead matrices over Fy of determinant
a is determined for all positive integers n and for all elements a € F, in Section 2. As
applications, these results are used in the enumeration of arrowhead matrices of a fixed
determinant over R in Section 3. The number of n X n non-singular arrowhead matrices
of a fixed determinant over R in Subsection 3.1. Subsequently, bounds on the number
of n x n singular arrowhead matrices over R of some fixed determinant are discussed in
Subsection 3.2. Some remarks and open problems are given in Section 4.

2. Determinants of Arrowhead Matrices over F,

In this section, we focus on the enumeration of arrowhead matrices of a fixed determi-
nant over a finite field F,. For an element a € [y, the formula for the number of n x n
arrowhead matrices over F, of determinant a is given for all prime powers ¢ and positive
integers n.

A recursive formula for the number |ZA,,(F,)| of n xn non-singular arrowhead matrices
over F, is given in Proposition 1. Later, an explicit formula for |Z.A,(F,)| is established
in Theorem 1 based on Proposition 1.

Proposition 1. Let ¢ be a prime power. Then
IZAL(Fg)| = q—1
and
IZAR(Fg)| = ¢*" (g — 1)" + ¢*(q — DIZAn-1(Fy)]
for all integers n > 2.

Proof. Clearly, |ZA(Fy)| = |Fy \ {0} = ¢ — 1. Let n > 2 be an integer and let

air a2 a3 - alpn—1  Qln
a1 ago 0 cee 0 0
as1 0 as --- 0 0
A= € ZA,(F,).
apn-11 0 0 -+ ap_1p-1 O
anl 0 o --- 0 Ann,

For each i € {1,2,...,n}, let R; (resp., C;) denote the ith row (resp, ith column) of
A. We consider the two cases.
Case 1: a,, # 0. Applying the elementary row operation Ri — a1nGnn "Ry, — Ri and
the elementary column operation Ci — anian,~'Cp, — C1, it follows that

A~ c
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where .
a11 — A1nlnlGny = Q12 Q13 - a1,n—1
asy as9 0 cee 0
C = asi 0 asz - 0
(p—1,1 0 0 - ap_1n
Then det(A) = (—1)" "ay, det(C) = apy, det(C).
Let
S§11 S12 S13 0 Sin-1
591 599 0 cee 0
S = sst 0 sz oo 0 € A,_1(F,)
Sn—1,1 0 o - Sn—1,n—1
S11 — Q1nGn1Gnn 1 S12 S13 - S$1,m—1
S921 5929 0 cee 0
det 831 0 833 - 0 #0
Sn—1,1 0 0 - sp_1n-1
It follows that
$11 S12 S13  Sin-1
S21 S99 0 s 0
S31 0 833 - 0 c S
Sp—11 0 0 - Sp1pa
if and only if
811 — Q1nGn1Gnn ~ S12 S13 -+ S1;n—1
S91 S99 0 s 0
831 0 s33 - 0 € ZA,—1(F,).
Sn—1,1 0 o .- Sp—1,n—1

Consequently, we have |S| = [ZA,—1(F;)|. We note that 0 # det(A) = ap, det(C) if and
only if det(C') # 0, or equivalently,

a1l ai2 aiz --- a1n—1
asl aso 0 tee 0

asy 0 aszz --- 0 €S

an-11 0 0 -+ ap_1p-1
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Hence, there are |S| = |Z.A,,—1(F,)| possibilities for C. The number of choices of a;, and
an1 are ¢ and the number of choices for ay, is ¢ — 1. Hence, the number of arrowhead
matrices A in ZA,(F,) is

¢*(g¢ = V)T An1(Fy)].

Case 2: ap, = 0. Since det(A) # 0, we have a1, # 0 and a,; # 0. Applying the
elementary row operation R; — ajian 'R, — R; for all i € {1,2,...,n — 1} and the
elementary column operation C; < C),, we have

a1n Q12 13 0 G1p—1 0
0 ay 0 - 0 0
0 0 ass 0 0
A~ , = A

0 0 0 An—1,n—1 0

0 0 0 0 an1
Since det(A’) = —det(A) # 0 if and only if a1, a2,...,an—1n-1,0,1 are non-zero, the
number of (a1p, a22,a33, ..., An—1n-1,0n1) is (g—1)", the number of (a12, a1, a4, ..., a1n-1)
is ¢"1, and the number of (a2, as1, @41, .., an—21) is ¢"~2 In this case, the number of A
in A, (F,) is

¢ g -1

From the two cases, it can be deduced that
IZA(Fg)| = ¢*" (¢ = 1)" + ¢*(q — 1)|TAn—1(F,)|

as desired. n
An explicit expression for the number |ZA,(F,)| can be derived using the recursive
formula given in Proposition 1 and the principle of mathematical induction.

Theorem 1. Let g be a prime power. Then
LA (Fg)| = ¢** (¢ = 1)"(g + (n — 1))
for all positive integers n.
Proof. For n =1, we have
IZAI(Fy)| =g —1=¢" V(g —1) (g + (1-1)).
Let k& > 2 be an integer. Assume that
IZA, 1 (Fo)| = D73 = 1)F g+ (k= 1) = 1)).
Using the recurrent relation given in Proposition 1, we have
IZAL(Fo)| = ¢** 2 (a = 1)F + (g = 1)|T A1 (Fy)|
= g =)+ g - D@V g = D) g+ (k= 1) = 1))



S. Jitman, P. Modjam / Eur. J. Pure Appl. Math, 17 (1) (2024), 11-29 16
= (q =D+ (g = D) (g + (k —2))
= (q =D g+ (k- 1))
Therefore, it follows that
IZA(Fg)l = ¢*" (¢ = 1)"(q + (n — 1))

for all positive integers n. |
In the following proposition, a relation between |A,(Fg,1)| and |A,(Fy,a)| for all
a € F,\ {0} is key to study the enumeration of | A, (Fy,a)| in Corollary 1.

Proposition 2. Let ¢ a prime power and let n be a positive integer. Then
[An(Fg, )| = | An(Fy, a)|
for all a € Fy \ {0}.
Proof. Let a € Fy\ {0} and let f: A, (F;,1) = Ap(Fy, a) be defined by
f(A) = diag(a,1,1,...,1)A.

Let
aix a2 aiz - Ain
a1 a9 0 e 0
A= a0 a3 - 0 | ¢ 4,(F,1).
Gn1 0 0 - apn
Then det(A) =1,
aai; aajz aaiz -+ adinp
asy a9 0 e 0
f(A) = diag(a,1,1,...,1)A=| a1 0 a3z -~ 0 | c A (F,), (2
Gnl 0 0 ctt o Anp

and
det(f(A)) = det(diag(a,1,1,...,1)A) = det(diag(a,1,1,...,1)) - det(4) =a-1 = a.
Hence, f(A) € An(Fg, a). Since diag(a, 1,1,...,1) is invertible, we have that f is injective.
Let X € A,(Fy,a) and let A = diag(a™t,1,1,...,1)X. Then we have A € A,(F,) and
det(A) = det(diag(a™1,1,1,...,1)X) =a"'-a = 1. It follows that A € A, (F,, 1) and
f(A) = f(diag(a™%,1,1,...,1)X) = diag(a, 1,1,...,1)diag(a™,1,1,...,1)X = X.

Consequently, f is surjective.
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It follows that f is a bijection from A, (Fy,1) onto A, (F4, a), and hence, | A, (Fy,1)| =
| A (Fg, a)l. [ |
From Proposition 2, we have

[An(Fy, a)| = | An(Fy, 1)] = |An(Fy, b)|

for all a,b € Fy \ {0}.
Based on Theorem 1 and Proposition 2, the next corollary can be derived.

Corollary 1. Let q be a prime power and let n be positive integer. Then
A (Fg,a)| = ¢*" (g = 1)" g+ (n— 1))
for all a € Fy \ {0}.

Proof. From Proposition 2, it follows that | A, (Fy, a)| = |An(Fg,1)| for all a € Fy \ {0}.
Since
LAN(F,) = U An(Fg, a)
a€Fq\{0}

is a disjoint union and |Fy \ {0}| = ¢ — 1, it follows that
I ZAR(Fg)| = [Fg \ {0}]An(Fy, )] = (¢ = 1)[An(Fg, 1)].
By Theorem 1 and Proposition 2, we have

|An(Fq7 a)’ = |~An(Fq7 1)‘

_ |ZAL(F)|
q—1
_ "= D"+ (n—1))
q—1
=" g— 1" g+ (n-1)).

This completes the proof. |
We note that |A,(F,)| = ¢>*~2 and

IZAFg)| = ¢*" (g — 1)" (g + (n — 1))

given in (1) and Theorem 1. The number |A,(F,,0)| = |A,(Fy)| — |[ZAn(Fg)| of n x n
singular arrowhead matrices over F, follows in the next corollary.

Corollary 2. Let q be a prime power. Then
[An(Fg, 0)] = ¢*" 72 = ¢*" (g = 1)" (g + (n — 1))

for all positive integers n.
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3. Determinants of Arrowhead Matrices over FCCRs

In this section, the enumeration of n x n arrowhead matrices with prescribed determi-
nant over R is discussed. The number of n X n non-singular (resp., singular) arrowhead
matrices over R is presented. For non-singular arrowhead matrices, the number of n xn ar-
rowhead matrices over R with a given determinant is established. For singular arrowhead
matrices, bounds on the number of n x n arrowhead matrices with a fixed determinant
over R are presented in some cases.

To be self-contained, a brief information of a FCCR is recalled. The reader may
refer to [5], [6], and [7] for more details. A ring R with identity 1 # 0 is called a finite
commutative chain ring (FCCR) if it is finite, commutative, and its ideals are linearly
ordered by inclusion. Let R be a FCCR whose maximal ideal is generated by . Then the
ideals in R are of the form

R2YR2Y*R2--- 27 'R 2R = {0},

for some positive integer e. The smallest positive integer e such that v¢ = 0 is called the
nilpotency index of R. The quotient ring R/vR is a finite field and it is referred to as the
residue field of R. From [6] and [7], useful properties of a FCCR (cf. [3]) are summarized
in the next lemma.

Lemma 1. Let R be a FCCR of nilpotency index e and let v be a generator of its mazx-
imal ideal. Let V' C R be a set of representatives for the equivalence classes of R under
congruence modulo . Assume that the residue field R/ () = F, for some prime power q.
Then the following statements hold.

1) For each r € R, there exist unique ag,ai,...aec—1 € V such that

r=ap+ary+ -+ a1

2

3) |VR| =q°7 forall0<j<e.

5) [U(R)] = (¢ — 1)g°

) [V
)
4) U(R )—{a+'yb|a€V\{O} and b € R}.
)
6) For each 0 <i <e, R/y'R is a FCCR of nilpotency index i and residue field F,.

3.1. Non-Singular Arrowhead Matrices over FCCRs

First, the number of n X n non-singular arrowhead matrices over a FCCRs R is pre-
sented. Then it is followed by the number of n x n arrowhead matrices over R with
prescribed determinant in U(R).

An explicit formula for the number |ZA, (R)| of n x n non-singular matrices is given
in the following theorem.
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Theorem 2. Let R be a FCCR with residue field F, and nilpotency index e. Then
ITA(R)| = ¢?Bn=2 = (g — 1) (g + (n — 1))

for all positive integers n.

Proof. Let v be a generator of the maximal ideal of R and let ¢ : R — F, be the ring
homomorphism defined by a — a + (7). By considering A,,(R) and A,(F,) as additive
groups, let ¢ : A, (R) = A, (F;) be the group homomorphism defined by

A = [ag;] = [p(aif)]-

It is not difficult to see that ¢ is a surjective homomorphism. By the First Isomorphism
Theorem for groups, it follows that A, (F,) = A, (R)/ ker(¢). Hence,

_ |-An(R)| _ qe(Sn—Q) _ q(efl)(3n72)‘

|ker(¢)‘ - |An(Fq)| - q3n72

For A € A, (R), we have det(¢(A)) = ¢(det(A)) which implies that det(A) is a unit in R
if and only if det(¢(A)) # 0 in F,. Equivalently, A is invertible over R if and only if ¢(A)
is invertible over F,. Then the restriction map ¢|z.4, (r) : ZAn(R) — ZA,(F,) is surjective
and it is | ker(¢)| to one map. From Theorem 1, we have

‘I-An(]Fq” = q2n73(q - 1)n<q +(n — 1))
It follows that
IZAL(R)| = | ker(¢)[|ZAn (Fg)|
— q(e—l)(3n—2) |I.An(Fq)’
=g VE2 23 (g — 1) (g + (n— 1))
= G2~ (g — 1) (g + (n — 1))

as desired. [
For each a € U(R), the relation between |A,(R,1)| and |A,(R,a)| in the following
proposition is key to determine the number | A, (R, a)| in Corollary 3.

Proposition 3. Let R be a FCCR and let n be a positive integer. Then
[An(R, a)| = [An(R, 1)]
for all a € U(R).

Proof. Let a € U(R) and let 6 : A,(R,1) — A, (R, a) be the map defined by
0(A) = diag(a,1,1,...,1)A.
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Using arguments similar to those in the proof of Proposition 2, it can be deduced that 6
is a bijection from A, (R, 1) onto A, (R,a). As desired, |A,(R,a)| = |A,(R,1)|. |

From Proposition 3, it follows that |A,(R,a)| = [An(R,1)| = |Ay(R,b)| for all units
a,b € U(R). For a fixed unit a € R, the number of n x n arrowhead matrices over R
whose determinant is a will be given later in Corollary 3.

Corollary 3. Let R be a FCCR with residue field F; and nilpotency index e and let n be
a positive integer. Then

[An(R,a)| = ¢*" V7 (g = 1)" g+ (n— 1))
for all a € U(R).

Proof. First, we note that Z.A, (R) is disjoint union of A, (R, a) for all a € U(R). Precisely,
TAWR) = |J An(R,a)
acU(R)

is a disjoint union. By Proposition 3, A, (R,a) has the same number of elements as
A, (R, 1), and hence,

ZALR) = | | An(R )
a€U(R)

= 3 [Au(Ra)

acU(R)

= Z |An(Rv 1)‘

acU(R)
= [U(R)[|An(R, 1)|.

From Lemma 1, we have |[U(R)| = (¢ — 1)¢°~ . By Proposition 3, it can be deduced that

|~An(R7 a)| = |~An(R7 1)’

_ |ZAL(R)]
U(R)|
OO g (gt (1)
(g —1)g=!
=@ (g — )" g+ (n—1)).

The proof is completed. n

3.2. Singular Arrowhead Matrices over FCCRs

In this subsection, the enumeration of singular arrowhead matrices with prescribed
determinant over a FCCR R are studied. Unlike the previous subsection, only bounds on
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the number of singular n x n arrowhead matrices over R with prescribed determinant are
given.

Since the number of n x n arrowhead matrices over R is ¢¢®"~2) the next corollary
follow immediately from Theorem 2.

Corollary 4. Let R be a FCCR with residue field F, and nilpotency index e. Then the
number of n X n singular arrowhead matrices over R is

g=GBr=2=0 D) (g — (g = 1)"(q + (n — 1))

for all positive integers n.

3.2.1. Singular Arrowhead Matrices over FCCRs with Zero Determinant

A general recursive lower bound on the number of n x n arrowhead matrices over R with
zero determinant is given in the next proposition. For e = 2, a more specific bound is
derived in Corollary 5.

Proposition 4. Let R be a FCCR of nilpotency index e and residue field F,. If v is a
generator of the maximal ideal of R, then |A;1(R,0)] =1 and

AL (R, 0)] > (¢ — D V(g + 1) An 1 (R, 0)] + ¢4 An(R/7* 'R, 0+ 7' R)|
for all integers n > 2.

Proof. Clearly, |A1(R,0)| = 1. Let n > 2 be an integer and let

ail a2 @iz - a1n—1 A1n
asy ao9 0 cee 0 0
asl 0 ass 0 0
an-11 0 0 - ap_1p-1 O
anl 0 o --- 0 Ann,

For convenience, for each i € {1,2,...,n}, denote by R; (resp., C;) the ith row (resp,
ith column) of A. We consider the following two cases.
Case 1: aj, € U(R) or any, € U(R).
Case 1.1: a,, € U(R). Using the elementary row operation Ry — aina, R, — Ri, we
have that
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where .
a11 — A1nlnlGny = Q12 Q13 - a1,n—1
asy as9 0 cee 0
C = asi 0 asz - 0
(p—1,1 0 0 - ap_1n
Then
det(A) = (—=1)""ay, det(C) = ap, det(C). (3)
Let
tin tie tiz o0 time1
to1 too 0 s 0
T = tsi 0 tsz .- 0 € An_1(R)
tn—l,l 0 0 ce tn—l,n—l
t11 — Qinnian, tiz tis 0 tia—t
to1 too 0 s 0
det 131 0 33 --- 0 -0
tn—l,l 0 0 T tn—l,n—l
Since
tin tiz tiz o0 time1
to1 too 0 s 0
t31 0 t33 --- 0 cT
th11 0 0 -+ tp1n
if and only if
t11 — Qipanian, tiz tiz o0 tin—1
t21 t22 O ct O
t31 0 t33 - 0 e An_1(R,0),
tn—1,1 0 0 - Tn_1na

it follows that |T'| = |A,—1(R,0)|. From (3), det(A) = 0 if and only if det(C') = 0. The
number of matrices C' with determinant 0 is |T'| = |A,,—1(R,0)]. The number of choices
for a,1 is ¢°, the number of choices for ay, is ¢%, and the number of choices for a,, is
(¢ — 1)g®~ L. In this case, the possible choices for A is

(¢—1) @ An—1(R,0)].
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Case 1.2: a1, € U(R) and an, ¢ U(R). Let

ai1 a2 a1z v A1p-1
ani ao9 0 cee 0
D=| a3 0 agz - 0
an-11 0 0 - ap_1p-1

Using the cofactor expansion through the last column of A, it follows that

det(A) = (=1)""H(—=1)""ay,a,1diag(azs, ass, - - -, an—1.n-1) + (—1)" "y, det(D)

= —aipanidiag(age, ass, . .., Gn—1n—1) + ann det(D). (4)

It is easily seen that det(A) = 0 whenever a,; = 0 and D € A,,_;(R,0). The number of
choices for ay, is (¢ — 1)¢°~!, the number of choices for a,, is ¢° ', and the number of
choices for D is |A,—1(R,0)|. In this case, the possible choices for A is at least

(¢ — 1) ¢*“ V|4, 1(R,0)|.

Case 2: an, ¢ U(R) and ai, ¢ U(R). Then the elements in the last column are in yR.
Let B = [b;;] be the matrix in A, (R) be defined by

. {wij it (4, ) € {(1,n), (n,n)}
ij

aj;  otherwise,

e—2
where ay, = Ywi, and anpy = YWy, for some for some wip, Wy, € vV and V is
§=0
defined in Lemma 1. Let C' = [¢;;] be the matrix in A,(R/y*"1R) defined by c¢;; =
bij + ¢ 1 R. We note that det(A) = ydet(B) € R. Then det(A) = 0 in R if and only if
det(B) € v*~!R which is equivalent to det(C) = 0 +~v*"1R in R/y*"'R. For each matrix
C € Ay (R/Y*'R,0 + v*7IR), there are ¢*"* corresponding matrices B € A,(R,0).
Since the number of possible matrices C is |A,(R/7*"'R,0 + v*"'R)| and the matrix A
is uniquely determined by B by multiplying the last column by 7, the number of choices
for A is

YA (R/ATIR, 04+ 471R)|.
In summary, we have
[Aa(R,0)] > (¢ — 1) ¢*¢D (g + 1) A1 (R, 0)] + ¢*" 4 An(R/7* TR, 0+ 7' R)|

as desired. m
For a FCCR of nilpotency index 2, we have the following bound.
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Corollary 5. Let R be a FCCR of nilpotency indexr 2 and residue field Fq. If v is a
generator of the mazimal ideal of R, then |A1(R,0)| =1 and

|An(R,0)| = (¢ — Dg*(¢° + D An-1(R,0)| + " (" = > (¢ = D)™(g + (n — 1)))
for all integers n > 2.

Proof. Clearly, |A;(R,0)] = 1. Let n > 2 be an integer. We note that R/y* 'R = F,.
From Proposition 4 and Corollary 2, we have

A (R, 0)] > (g = 1)g*(¢” + 1) An-1(R, 0)] + ¢*"*| A, (Fy, 0))|
= (- 1@ + D[ A1 (R, 0) + ¢** (¢*" 2 — " (g — 1)" (¢ + (n — 1)))

as desired. [

3.2.2. Singular Arrowhead Matrices over FCCRs with Non-Zero Determinant

In this subsection, an upper bound on the number of n x n singular arrowhead matrices
over R with a fixed non-zero determinant is presented.
First, a relation between |A,(R,~%)| and |A,(R,b)| is derived for all b € v*R \ v+ R.

Proposition 5. Let R be a FCCR with maximal ideal generated by vy, residue field Fy,
and nilpotency index e. Then

[An(R, ") = [An(R, )|
for allb e ¥R\ ¥R and 1 <i<e.

Proof. Let b € ¥R\ v*"1R. Then b = ay® for some a € U(R). Let ¢ : A,(R,~7") —
An(R,ay") be the function defined by

P(A) = diag(a,1,1,...,1)A.

Using the fact that a is convertible and arguments similar to those in the proof of Proposi-
tion 2, it can be deduced that 1) is a bijection from A, (R, ~") onto A, (R, ay*). As desired,
|An (R, b)| = [An(R,7")]. u

Lemma 2. Let R be a FCCR of nilpotency index e > 3 and residue field Fy, and let n be
a positive integer. If v is a generator of the mazximal ideal of R, then

[An(R, %) = ¢ V| AR/ R4 + 77 R)|
foralll <s<e—1.

Proof. Let 1 < s < e — 1 be an integer and let 3 : A,(R) — A, (R/7° ' R) be an additive
group homomorphism defined by -
B(A) = A,
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where [a;;] = [a;j + ¢ 'R] for all [a;;] € A,(R). Note that, for each A € A,(R),
det(B(A)) = v* + v*" IR if and only if det(A) = v* + v*~'b for some b € V, where V is
defined in Lemma 1. Since 1 <e—s—1 < e — 1, it follows that 1 + 76*5*1b is a unit in
U(R). Hence,
{A € Au(R) | det(A) =7 +~° b for some b € V}|
= |[{A € A, (R) | det(A) = +*(1 +~°*"1b) for some b € V}|
= {4 € An(R) | det(A) =7}
= [An(R,7°)|.
Equivalently,
[{A € Au(R) | det(B(A)) =" + 7' R}| = |V]|An(R, ") = qlAn(R, %) (5)

Since |ker(3)| = ¢*" 2, we have

{A € Au(R) |det(B(A)) =° + 7' R}|
— [ker(B)||{B € Au(R/~"'R) | det(B) = ° +1°"LR}]
= ¢ | Au(R/Y TR + 9T R)|. (6)
Combining (5) and (6), it can be concluded that
QlA(R )| = ¢ | An(R/A*TI R, + 7' R)|.
Therefore,
[An(R,7*)| = ¢*" DI An(R/Y R, 2* +7°'R)|

as desired. |
Applying Lemma 2 recursively, the next corollary follows.

Corollary 6. Let R be a FCCR of nilpotency index e+ f and residue field Fq, where 2 < e
and 1 < f are integers. If the maximal ideal of R is generated by v, then

[An(R, ) = ¢/ VA, (R/“R,7° +7°R)|
foralll <s <e.

A general recursive formula for the number A,,(R,~*®) is presented for all s > 1 in the
next theorem.

Theorem 3. Let R be a FCCR of nilpotency index e and residue field F, and let n be a
positive integer. If the mazimal ideal of R is generated by v, then
3(e—s—1)(n—1)

(R = T——

<q3"2\An(R/fySR, 0+~°R)| — |A(R//*TIR,0 + 73“R)]> .

for all integers 1 < s < e.
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Proof. Let 1 < s < e be an integer and let i : A,(R/v*T'R) — A,(R/7*R) be an additive
group homomorphism defined by

where [a;; +y*T1R] := [a;; + v*R] for all [a;; + v*T1R] € A, (R/7y*T'R). Then, for each
A€ Ay(R/v*TIR), det(u(A)) = 0+ 4R if and only if det(A4) = v*b + v*T!R for some
b€V, where V is defined in Lemma 1. Since | ker(u)| = ¢*"~2, we have
" An(R/Y°R,0+7°R)| = |ker()||An(R/7° R, 0+ 7" R)|
= [An(R/7* TR, 0+ "' R)|

+ Y AR/ATTRAD+ 4 R)
beV\{0}
= [An(R/y*T R0+ 7T R)|
+ (¢ = DIA(R/Y TR A+ R))|

by Proposition 5. Hence, we have

|An(R/Y* T R, y* + "' R)|

1
. (" 2| An(R/Y°R,0 + v*R)| — [An(R/Y*T R, 0+ T R)|).  (7)

By Corollary 6, we have
A (R, %) = | An(R/yeHH 6D R 45 4 Aetlt(s—e=1) py)
= PO 4 (R HR 7 44 R)| Q
Combining (7) and (8), we therefore have

3(e—s—1)(n—1)

[An(R, )] =2 <q3”‘2rAn<R/vsR, 04+7°R)| — |An(R/7*T'R,0 + fy“lR)r)

qg—1

as desired. |
For a FCCR of nilpotency index 2, the following bound on |4, (R, a)| is derived for all
a € R\ F, and positive integers n.

Corollary 7. Let R be a FCCR of nilpotency index 2 and residue field F,. If the mazimal
ideal of R is generated by vy, then |A1(R,a)] =1 and

[ An(R.a)] < (g +1)¢” " (¢"" = (¢ = 1)"(g + (n = 1)) = ¢*(¢> + 1) Ap—1(R, 0)]
foralla € R\ F, and integers n > 2.
Proof. Clearly, |A1(R,a)] = 1. Let n > 2 be an integer. By setting s = 1 in (7), we have

[An(R, a)| = [An(R,7)|
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1

=71 ("% An(R/vR,0 + YR)| — | An(R,0)|)
1 B

=1 (¢°" 2 An(Fy, 0)] — [An(R,0)]) .

Form the proof of Corollary 5, we have
[An (R, 0)] = (¢ = 1)g*(¢* + 1)[An—1(R, 0)] + ¢*" [ An (Fg, 0)]
which implies that
1

An(Boa)] £ = (62 Au(Fy,0)] = (0= D+ DlAnr (R, 0)] + 61 Au(F,0)))
= (@ = O AEL O] — (g = (6 + DA (R 0))
= qfl (4 = Vg™~ An(Fy, 0)] = (¢ = 1)g*(a" + 1) An-1(R, 0)])

= (¢ + )™ An(Fy, 0)] = ¢*(¢° + 1) An-1(R, 0)].
By Corollary 2, we have

|An(Fg, 0)] = ¢*" 2 = ¢*" (g = )" (g + (n — 1)),
and hence,

(R, a)| < (q+1)¢*" ("2 =@ (g— )" (g+ (n— ))) —q2(q3+1)!An 1(R,0)]
=(q+ 1) " (" — (¢ = 1)"(g+ (n - 1)) — ¢*(¢* + 1)|Ap_1(R, 0)]

as desired. |
We note that, for a FCCR of nilpotency index e = 2, a bound on |A,_1(R,0)| is
determined recursively in Corollary 5.

4. Conclusion and Remarks

The enumeration of arrowhead matrices with prescribed determinant has been estab-
lished over a finite field IF, and a finite commutative chain ring R. Over [F,, the number
of n x n arrowhead matrices with prescribed determinant has been completely determined
for all positive integers n. Subsequently, the number of n x n non-singular arrowhead ma-
trices with prescribed determinant over R has been given for all positive integers n. For
singular arrowhead matrices over R, bounds on the number of n x n singular arrowhead
matrices have been presented. A general set up for an upper bound for the number of
n X n singular arrowhead matrices over R with zero determinant has been given as well
as a lower bound for the number of n x n singular arrowhead matrices over R with a
zero-divisor determinant. For e = 2, rigorous forms of such bounds have been presented.
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It would be interesting to derive an explicit formula for the number of n x n singular
arrowhead matrices of a fixed determinant in a FCCR R. In general, the study of n x n
arrowhead matrices with prescribed determinant over more general finite commutative
rings such as principal ideal rings, local rings, and Frobenius rings is another interesting
problem.
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