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Abstract. Hepatitis B is a viral infection that can cause inflammation of the liver and lead to
severe liver damage and even death. The study of hepatitis in Burkina Faso is crucial for several
reasons. Indeed, understanding the epidemiology of hepatitis in Burkina Faso can help develop
effective prevention and control strategies. Its study can also contribute to a better understanding
of the global burden of the disease and the development of effective interventions in other parts
of the world. To this aim, a new differential susceptibility and infectivity mathematical model of
Hepatitis B transmission was developed in order to simulate the potential spread of the Hepati-
tis B virus in the population of Burkina Faso. Once the mathematical model is presented, the
existence and uniqueness of non-negative solutions are proved. The model has a globally asymp-
totically stable disease-free equilibrium when the basic reproduction number Ry < 1 and a globally
asymptotically stable endemic equilibrium when Ry > 1. The global asymptotic stability of the
disease-free equilibrium has been studied using the Castillo Chavez method. The Lyapunov func-
tion and the LaSalle invariance principle are used to prove the global asymptotic stability of the
endemic equilibrium. To simulate the proposed model, a Matlab numerical code has been devel-
oped. Numerical simulations are performed using data of Burkina Faso. The obtained numerical
results confirm analytical results as well as the evolution of hepatitis B in Burkina Faso.
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1. Introduction

Hepatitis B virus (HBV) is a global health threat, and its elimination by 2030 is a
World Health Organization priority. Hepatitis B is not easily curable. Most people who
are infected will not have any symptoms of infection [11], [12], [10]. They are called asymp-
tomatic carriers and play a very important role in the transmission of this disease. These
are people who are affected by the virus but do not show any clinical signs. [33] Serological
testing is therefore essential. Thus, many people infected with HBV may not know it and
may transmit it to other individuals [13], [9], [33], [41]. According to the World Health
Organization (WHO), it has been estimated that 2.5 billion people are infected or have
been infected with HBV, representing 30% million of the global population. Among them,
there are 257 million people who suffer from chronic hepatitis B (global report 2017), of
which 60 million are in Africa with 136,000 deaths in 2015 [33]. The HBV infection is the
second known human carcinogenic after tobacco. The hepatitis B virus (HBV) primarily
targets the liver, and infection with this virus can cause damage to the liver through either
acute or chronic infection.

The major damage from HBYV is due to the long-term consequences of the chronic
infection, mainly cirrhosis and hepatocellular carcinoma. According to the World Health
Organization (WHO), about 25% of people with chronic hepatitis B infection develop
cirrhosis or liver cancer, which can lead to a premature death if left untreated [19, 34].
Indeed, the risk of becoming chronic, and of complications such as liver cirrhosis and/or
hepatocellular carcinoma (liver cancer), makes it a serious pathology since it causes more
than 5000 deaths per year in Burkina Faso [32]. This latter is classified as one of the
high-endemicity countries (seroprevalence > 8 %) [34]. Furthermore, in 2011’s Demo-
graphic Health Survey, HBV seroprevalence was estimated to be 9.1% [31]. Also, a study
conducted in Ouagadougou ((the capital city of Burkina Faso)) revealed a prevalence of
14.5 % in the general population [39]. Thus, nearly 2 million people in Burkina Faso
are infected with HBV. Nevertheless, the actual number of infected people in Burkina
Faso may be higher, as many people with chronic HBV infection may not know that they
are infected due to the absence of symptoms or awareness of the disease. The distribu-
tion of the prevalence of HBV infection in the regions of Burkina faso is shown in Figure 1.

The main mode of hepatitis B virus (HBV) transmission in highly endemic regions such
as Burkina Faso is through mother-to-child transmission during childbirth, or through
close contact with infected family members in early childhood. This mode is known as
vertical transmission of HBV. In the endemic regions, HBV is often transmitted from
infected mothers to their babies during delivery, more particularly when the mother is
tested positive for hepatitis B surface antigen (HBsAg) and hepatitis B e antigen (HBeAg)
[33]. Transmission of HBV during perinatal period or the first years of childhood has a
very high probability of being transmitted to a chronic disease. A pregnant woman with
HBYV can infect her child at delivery or during the first months of the infant’s life, either
through breastfeeding or through extremely close contact (perinatal transmission). The
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risk of transmission in the mother’s womb is related to the maternal viremia. The risk of
infection with HBV may also be higher for individuals who engage in high-risk behaviours,
such as injecting drugs, having unprotected sex with infected partners, or getting tattoos
or piercings with unsterilised equipments. In addition, transmission between individuals
living in the same household could be linked to the sharing of toiletries that cause small
wounds, as well as razors, toothbrushes and nail clippers. Promiscuity and unsanitary
conditions may be risk factors for the transmission of HBV, although they are not the
only ones.

Centre-Nord

Seroprevalence (%)
61—/
—/.1-8
—81-9
1. Centre = 9.1-10
2. Plateau-Central m 10.1-11

Figure 1: Burkina Faso distribution of HBV prevalence [31]

The hepatitis B virus is an enveloped virus belonging to the Hepadnaviridae family
and the Orthohepadnavirus genus. It is a very contagious virus. The reservoir of HBV
is strictly human, meaning that the virus only infects humans and has no other natural
host. It can survive in the outdoor environment for at least 7 days and remain infectious
on surfaces, such as needles or other medical equipments, for even longer [7]. Hepatitis B
is considered as a DNA virus (deoxyribonuclease acid) with 3 antigenic systems, HBsAg
(hepatitis B surface antigen) for the outer capsule, HBcAg (hepatitis B core antigen)
and HBeAg (hepatitis B 7e” antigen) for the internal nucleocapsid. HBeAg is associated
with high viral replication, but due to certain mutations, HBeAg is not detected in the
serum although viral replication is presented. In clinical practices in Burkina Faso, HBeAg
negative patients represent about 90%. Thus, the best marker of viral multiplication is the
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detection of viral DNA (deoxyribonuclease acid) in the serum [33]. The high transmission
of hepatitis B virus is explained by:

e the length of the incubation period (6 weeks to 4 months) [28],

the very high infectious blood titer (0.0001 mL of plasma can transmit HBV) [16],

the large number of asymptomatic carriers [16],

HBYV is 50 to 100 times more infectious than HIV [16],

e HBYV has the ability to retain its infectivity for more than 7 days at room temperature
[16].

Small surface protein (S)

Medium surface pratein
(S + Pre5Z)

- Large surface protein
(S + PreS2 + PreS1)

Potymerase (P)

Figure 2: structure of an HBV virus particle (James A. Prekins, medical and scientific illustrations, 2002) [29]

In this context, Therefore, which contribution could mathematics make to improve
the situation in Burkina Faso? The answer to this question is to propose a mathematical
model to better understand the dynamics of HBV transmission and predict the infection’s
evolution.

The remainder of this paper is organized as follows: section two is dedicated to the
presentation of the proposed transmission network model and to the calculus of the re-
production rate. Section three is devoted to the proof of global existence and uniqueness
of solutions for the proposed system, as well as to the calculus of the reproduction rate.
The global stability analysis of the model problem for the disease free equilibrium point
is presented in the fourth section. In the fifth section, the global stability analysis for
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the endemic equilibrium point is proved. In the sixth section, a numerical algorithm is
developed to numerically simulate the proposed model for different involved parameters.
The obtained numerical results are presented in the sixth section.

2. The proposed model of HBV transmission in Burkina Faso

A SEIR (Susceptible S, Exposed E, Infected I, Recovered R) model was formulated
which takes into account the epidemiology of HBV infection. Due to the fact that vertical
transmission is the most frequent mode of transmission in Burkina Faso, a model with
vertical transmission was developed. The total population births is denoted by A. The
introduction of vertical transmission decreases the number of births by an amount of
A1l + AcC which no longer become susceptible, as babies from these births are acutely
and chronically infected by vertical transmission. Thus, both A;I and AcC appear in acute
Er and chronic E¢ compartment of acutely infected exposed [16]. HBV is transmitted
vertically by infected individuals (in the acute phase) and chronic carriers of the virus.
The description of the variables is given in Table 1 and that of the parameters in Table 2.

2.1. Assumptions

Throughout this paper, it is assumed that :
(H1) Susceptibles individuals were subdivided into three age classes S;,i = 1,2, 3.

(H2) The population in each compartment is likely to fall into two groups, with a pro-
portion «;,7 = 1,2,3 of this population developing an acute infection i.e. the
acute exposed E; who will evolve to an acute infected state I and a proportion
(1 — ay),i = 1,2,3 of this population that will become chronically infected (the
chronic exposed E¢ that will evolve to a chronic infected state C' ).

(H3) The high prevalence (> 8%) in Burkina Faso is mainly due to the vertical transmis-
sion, hence the choice of the vertical transmission model [16, 31].

(H4) The general recruitment of the population is A — A\;I — AcC.

(H5) A Part of the births from the acute and chronic HBV infections participate with an
amount A; + A¢, which will move to the exposed compartments of both acute and
chronic infections.

(H6) Vertical transmission occurs in both acute and chronically infected individuals.

(H7) The adequate contact coefficient for a susceptible person to be infected with HBV,
depends on the number of infected individuals [2, 16|, i.e. the Ef, E¢, I,C. One
has the following

(i) 1= P1aEr+ Bi2Ec+ B131 + B1,4C the adequate coefficient of contact so that
a susceptible S becomes contaminated by the HBV.
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(H8)
(H9)

(H10)

(H11)

(H12)

2.2,

(ii) B2 = B21Er + B22Ec + P23l + P2,4C the appropriate contact coefficient for a
susceptible Sy to become contaminated with HBV.

(i) B3 = B3,1Er + B32Ec + B33l + [34C the appropriate contact coefficient for a
susceptible S3 to become contaminated with HBV.

Acute infection includes fulminant hepatitis, which is very rare [28].

All individuals who do not die from HVB, i.e. individuals in compartments S1, Ss, S3, E1, Ec, R
have the same mortality rate p.

A, A1, Ao, W, 1, o, p3, 4, 01, 02, i, Ve are assumed to be strictly positive.

The prognosis for the evolution of HBV infection to chronicity in Burkina Faso is
generally high, as it is in many other sub-Saharan African countries. The prognosis
depends on the age at which the individual was infected. Thus, susceptible infants
aged 0-1 year become chronic with a probability of 0.9; children aged 1-5 years with
a probability of 0.3; and those aged over 5 years with a probability of 0.05 [17].

The total population N is not constant.

The interactions

In the following sub-section, we start by presenting the different parameters, and the
different variables involved in our mathematical model. Next, detailed explanations of the
different compartments that compose the proposed model as well as their interactions, are
given. Table 1 contains the different variables with their meanings, while Table 2 contains
the different parameters with their significance.

Table 1: Variables used in the model

Variables description

S1(t) babies aged 0-1 year susceptible to disease

So(t) infants 1 to 5 years old susceptible to disease

S3(t) children over 5 years of age, adolescents and adults at risk of disease

Er(t) Exposed infected individuals who will progress to an acute infection
state

Ec(t) Exposed chronic individuals who will progress to a chronically infected
state

I(t) infected individuals acute

C(t chronic carriers of the virus

R(t recovered persons
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Table 2: Parameters used in the model

Parameters description

A births of total population

A1 proportion of births from the infected that will become infected acute

Ao proportion of births from the chronic that will become chronic

Pl Proportion of infants aged 0 — lyear that grow healthy to enter the S; compartment
without being contaminated

D2 Proportion of infants aged 1 — 5 years who grow up healthy to enter the compartment Ss
without being contaminated

B @ Adequate contact coefficient for people likely S7 to be contaminated.

1,..,4

Bag; @ Adequate contact coefficient for individuals likely S5 to be contaminated.

1,..,4

B3 i Adequate contact coefficient for individuals likely S5 to be contaminated.

1,..,4

i Probability of S; that will be contaminated, and become exposed infected Ey

11—y Probability of S; becoming contaminated, and exposed chronic E¢

Qg Probability of S5 that will be contaminated, and become exposed infected Ef

1—ay Probability of Sy that will be contaminated and become exposed chronic E¢

Qs Probability of S3 becoming exposed to infection Ej

1—as Probability of S5 that will be contaminated and become chronically exposed E¢

01 Proportion of exposed infected who become infected (acute) I.

09 Proportion of exposed infected that become chronic C.

vI Proportion of acute patients that are cured recovered from the infection process.

Yo Proportion of chronic carriers cured and recovered from the infection process.

I Natural mortality rate, i.e., mortality not caused by HBV.

17%; Death rate caused by acute HBV infection

we Mortality rate caused by chronic HBV infection

The model is composed of eight compartments. In Burkina Faso, the age at which

an individual is infected influences his or her fate in terms of the disease’s chronicity. It
is therefore necessary to divide susceptible individuals into three age classes, i.e. three
compartments of susceptible individuals. Dividing the susceptible population into 3 com-
partments provides a good approximation of the reality of hepatitis B epidemiology in
Burkina Faso.

e The compartment S represents the class of infants aged 0 to 1 year. In this com-
partment, the total population births is A — A\;I — A\cC. It emerges the infants who
grow up with a proportion p; to enter the compartment So, the natural mortality
wS1, and also the babies who are infected by vertical transmission with a coefficient
Bii, © = 1,...,4. The latter become exposed infected E; with probability a;, and
chronic exposed E¢ with probability (1 — «y).

e The compartment Sy represents children aged 1 to 5 years. In this compartment,



W.-O Sawadogo et al. / Eur. J. Pure Appl. Math, 17 (1) (2024), 59-92 66

infants from compartment S; with a proportion p; enter, and babies who grow up
with a proportion of py move to compartment Ss, natural mortality uSs and those

infected with a coefficient 8;; for ¢ = 1,...,4. The latter ones become exposed
infected Ej with probability (1 — ag), and chronic exposed E¢ with probability
(1 - 052).

e The S3 compartment is composed of children over 5 years old, adolescents and sus-
ceptible adults. In this compartment, the input stream is ps.So, which represents
children in compartment Sy who grow up with a proportion py. The output stream
is the natural mortality of susceptible S3, and infected individuals who become in-
fected with the coefficient f3;, i = 1,2,3. The latter ones become exposed infected
E; with probability as, and chronically exposed E¢ with probability (1 — ag).

There are two compartments of exposed people:

e The E; compartment represents exposed infected individuals, i.e. exposed that will
evolve towards an infectious state. The entry of this compartment is characterized by
the susceptible that have been infected according to the coefficients o;3; ;, 7 = 1,2, 3,
j =1,2,3, and acute contaminated people A\;I who are infected by vertical trans-
mission. The output is composed of natural mortality Ej, as well as the evolution
towards an infectious state with a proportion ¢ .

e The E¢ compartment represents the chronically exposed, i.e. exposed that will
evolve towards a chronic state. The input of this compartment is characterized by
susceptible individuals who have been infected according to the coefficients (1 —
a;)Bi; for (i =1,2,3 and j = 1,2,3). Also, the input of the Ec compartment is
characterized by individuals who are chronically infected through vertical transmis-
sion AcC. The exit is constituted on one hand by the natural mortality F¢, and on
the other hand by the evolution towards an infectious state with a proportion ds.

Three further compartments remain:

e The acute infected compartment I, characterized by an input §; £, and an output
composed of mortality (p+47)I (natural mortality and mortality due to the disease),
and recovery ~vr1.

e The compartment represents the chronically infected C. The entry of this compart-
ment is F¢, and the output is composed of mortality (1 + pue)C (natural mortality
and mortality due to the disease), and recovery ycC'.

e The compartment R (Recovered) represents individuals who are cured of the disease.
There enters the cured (y;/ and v-C) and emerges the mortality uR.

The described interactions are illustrated in Figure 3.
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Figure 3: HBV model with vertical transmission
3. Mathematical Analysis of the model

3.1. Mathematical model

By doing a mass balance through the different considered compartments, one obtains
the following system:

(dS
CT; =A -1 —-XcC —pS1 —p1S1 — P11 E1S1 — f12EcS1 — B1,3151 — 81,4CS1
dSs
e p151 — uS2 — P21 E1S2 — Bo2EcSo — B2,31S2 — $24CS2 — p2Sa
dSs
i p2S2 — puS3 — B31E7153 — B32E153 — $33153 — B33.4CS3
dE;
T a1(B11ErS1 + Bi2EcS1 + 13151 + £1,4CS1) + aa(B21 ErSe + Po2EcSe + B2,3152 + £2,4CS2)
+a3(83,1 8153 + 8328053 + B3,31S3 + $3,4CS3) — uEr — 61E1 + Al
dE¢c
T (1 —a1)(B1aErS1 + Pr12EcS1 + B1,31S1 + $1,4CS1) + (1 — a2)(B2,1 E1S2 + Bo2EcS2 + B2,3152

+824C82) + (1 — a3)(B3,1E1S3 + B32EcS3 + B33153 + B34CS3) + A\cC — nEc — 02E¢

dl

— =0nEr—ul — purl —~11
i 187 — W@ ur VI
dC
EZCSQEC—MC_MCC—’YCC
dR

— =7l C - uR

W7 Yyid + o e
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The total number N (t) of the population studied is not constant and:
N(t) = S1(t) + Sa(t) + S3(t) + Er(t) + Ec(t) + I(t) + C(t) + R(t) (2)

Since people and viruses have different dimensions, they therefore have to carry out the
following normalization:
S1 So Ss Er Eo . 1 C R A

782:783:764:76271,:70:77':7)\:7
N07 Y N07 7 N07 Cc NO’ NO’ N07 N07 NO,

51 =
bi,j = Bi,jN07 1= 1, ...,3; j = 17 ,4

Where Ny = N(0) is the total number of the initial population. Finally the normalized
model becomes:

6%1 =X —i\ —che — (p+p1)s1 — biieist — bigecst — by zisy — byacsy

C;; =p151 — (L + p2)s2 — ba1€;s2 — bagecs2 — ba 3is92 — ba acsg

% = p2s2 — 1S3 — b3 16,83 — b3 2e.83 — b3 3is3 — b3 4cs3

% = a1s1(bi€; + bigec + b1 gi + brac) + azsa(ba,1€i + bagec + basi + ba4c)

e +azsz(bs1e; + b3 oec + b3 3i + b3 ac) — pe; — 01e; + i) .
cTtC = (1= an)si(braei + bigec + brgi+ biac) + (1 — ag)sa(bz1€i + byaec + ba3i + b )

+(1 — a3)83(1)371€i + b372€C + bg,gi + b374C) + C)\c — UEe — 5260

di ) . .
T = 01€; — pi — il — puit
i

? = 09€c — UC — YeC — heC
T .

k£:’m+'ycc—/u“

In the following, the positivity and existence of solutions for the normalized system (3) is
given.

3.2. Positivity, boundedness and global existence of solutions

Theorem 1. Let the initial value (s1,0, 52,0, 53,05 €i,0, €c,0, %0, C0,T0) € Ri, such that
51,0 + 82,0 + 83,0 + €0 + €co + 10+ co + 10 = 1,
and
0 S >\; )\’L'a )\Ca K, P15 D25 iy He, 517 525 Yis Ve é 1
0<b1,b24,b3; <1 foralll<i<4,

then there exists a unique, nonnegative, bounded global solution to system (3).
Moreover for allt > 0
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i)

A
OSMﬂ<;+1 (4)

where
n(t) = s1(t) + s2(t) + s3(t) + ei(t) + ec(t) + i(t) + c(t) + r(t)

g : A PIA P1P2A
it) Moreover, if s190 < ———, 8209 < and s39 <
/ 1+ p1 (e +p1)(p1 + p2) p(p + p1)(p + p2)
then
A A A
s1(t) < . salt) < B L ss(t) < 22 .
=+ p1 (p =+ p1)(p + p2) p(p =+ p1)(p + p2)
Proof.

i) For the local existence, all the functions of system (3) are locally Lipschitz contin-
uous. Thus, there exists a unique local solution on t € [0, T}4z), Wwhere Thq, is the
explosion time. The analysis of this kind of system is based on elementary methods
of ordinary differential equations. The existence of unique solutions is guaranteed by
various fixed point theorems on a maximal interval [0, T),4,). By proving that the
components of the solution vector (s1(t), sa(t), s3(t), e;(t), ec(t), i(t), c(t), r(t)) are
uniformly bounded on any bounded interval [0, T},,q.), one ensures that T,q, = 00.
We remark that the components of the vector

81,82,53,6i,€c,i,677’
S1,89,83,€i,€c,1,C, T
S1,89,83,€i,€c,1,C, T
) S1,89,83,€i,€c,1,C, T
F($1,82,33,€i,€c,2,0, T) =
81,592,853, €i,€c,1,CyT

51, 82,83,€4,€¢,1,C, T

( )
(s1 )
(s1 )
(s1 )
(81,52, 83, €i,€c, 0, CyT)
(s1 )
(s1 )
( )

ShmmmRmRD

S1, 82, 83, €4, ec,’é,C,T

Where

Fi(s1,52,83,€i,€c,0,¢,7) = A —1iX; — cAe — (i + p1)s1 — b11€i81 — b1 2ec51 — by gis1 — by acsy

Fy(s1, 52,83, €, €c,1,¢,7) = p151 — (1t + p2)s2 — bz 1€;82 — ba 2ecs0 — b 3053 — by 4cs2

F3(s1,52,53,€i,€c,1,¢,1) = pasg — jus3 — b3 1€;53 — b3 2€.53 — b3 3is3 — b3 4¢3

Fy(s1, 52,53, €i,€c,0,¢,1) = a151(b1,1€; + b1 2ec + b1 31 + by ac) + agsa(bae; + bagec + ba gi + boac)+

+ 06383(1)3,161‘ + 537266 + 1)3732' + b3,4C) + )\Z‘i — Ue€; — (516i
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F5(s1,52,53,€i,€ec,1,¢,17) = (1 —a1)si(bi1€; + b1 2ec + b1 3i + b1 ac) + (1 — an)sa(ba 1€
=+ bg,gec -+ b273i + b2,4c) + +(1 — 063)83(1337162‘ + 1)37260 + b3732‘ + b374C)+
+ AeC — pee — doee

F6(817 52,83, €4, €, i: C,T’) = 5161' - /J"L - ’Y”LZ - MZZ
Fr(s1,52,83,€i,€c,0,¢,1) = d2€c — 1€ — Vo€ — [heC

F8(517 52, 83, €4, 6671'7 C,T) = IYZZ + YecC — UT

are quasi-positive. Consequently, since the initial conditions are nonnegative, this
implies that the solution components are nonnegative for all ¢ € [0, Tnaz)-
Now, let the function n be defined as

n(t) = s1(t) + s2(t) + s3(t) + ei(t) + ec(t) +i(t) + c(t) + r(t)
By taking the sum of the first eight equations in (S), we observe

dn
< —
o S A — uS(t)

n(0) = 1.

Integrating equation (6) over (0,t) for all 0 < ¢ < T, one can get the following

A
n(t)ett —1 < =(ef — 1),
,u

which implies that
A
n(t) <e M+ ﬁ(l — e ),

Therefore \ \
n(t) < (1—S)e M4 2
(t) <( M .

A
Here, two different cases are distinguished. If — < 1, then the following inequality

is satisfied

A
nt) <1->4%<1,
W

=
>

A
otherwise, if — > 1 then
!

3
=
IN

= 1>



W.-O Sawadogo et al. / Eur. J. Pure Appl. Math, 17 (1) (2024), 59-92 71

Finally, one can get the following

A
n(t) < LT (7)

Hence, T},4: = oo and the existence of unique, non-negative and bounded global
solution are proved.

ii) We remark that s; satisfies the following

% <A—(u+p)si() (8)
81(0) = 51,0-

By integrating (8) over (0,t) for all 0 < ¢t < T, we obtain

A

sp(t)ertrlt < 2
1(¢) )

(eWHPit _ 1) 4 5.

A

A
(1 +p1) (b+p1)
The same reasoning is applied for s and s3 which concludes the proof of this theorem.

Since s19 < , we obtain s1(t) <

3.3. Reproduction rate and its interpretations

Infectious diseases are generally modeled mathematically by compartmental models.
Individuals can move from one compartment to another, and the population is represented
by compartments with labels. The first models date back to the beginning of the 20"
century by [36] in 1916, [37, 38] in 1917, [22] in 1927 and [21] in 1956.

Ordinary differential equations (deterministic, stochastic or fractional) are used to an-
alyze these compartmental models mathematically. These mathematical models can be
used to predict the spread of a disease, the total number of people infected or the dura-
tion of an epidemic, as well as to estimate various epidemiological parameters such as the
reproduction rate [1], [3].

This section is devoted to the calculation of the reproduction number R of our proposed
model. For this we will use the generation matrix method which was developed by [8] and
then adopted by [40] for finite dimensional systems.

Theorem 2. Consider the system (3) with the given parameters

0< )\a )\iv )\CvMapbp?a,uivum517627775770 <1

0< b17i7b27i,bg7i <1 foralll <i<4,

Then,
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(i) the disease free equilibrium point (DFE) is

pra ( A 1A p1p2A
0 — ) )
pAp1” (4 p1)(p+p2) ple+p)(p+ p2)

;0, 0,0, 0, 0), (9)

(ii) the reproduction rate is

N

ma+ne2 + ((771,1 —m22)” + 4771,2?72,1)
Ro = 5

(10)

Where m1,1, n2,2, M,2, M2,1 are given by (17)

Proof. Here, we consider the proposed mathematical model (3) with eight homogeneous
compartments. This model can be written as
d

%(317 892,83, €4, €c, 1, C,’I") = F(Slv 82, 83, €4, €c, 1, C,T’).

Where F is defined by (5). The point Xy defined by (9) satisfies F/(Xp) = 0.

Infected and chronic exposed are infected but not infectious, so they do not participate
in the transmission of the virus. Thus by ; = b2 = 0;k = 1,2,3. To compute the repro-
duction rate Rg, one must consider only the infected and infectious compartments that
satisfy the following fourth-order system :

€
d|e
dt | 1
c

CM181(b173i + 51746) + a232(b273i + 52746) + a383(b3,3i + b374C) — pe; — 1€ + i\

(1 —a)s1(brzi + brac) + (1 — ag)sa(basi + baac) + (1 — az)sz(bs3i + b3 ac) + cAe — pee — d2ec
1€ — pi — il — pit

02€c — PC = Vo€ — flcC

The rate of occurrence of new infection in the four compartments (e;, e., 7, ¢) is repre-
sented by the vector U as follows

a151(b1,37 + b1ac) + aasa(begi + bogc) + ass(bs si + bz ac) + Nii

(1 — a)s1(bigi + biac) + (1 — a)sa(bagi + baac) + (1 — az)s3(b3 3i + b3 ac) + Acc
0

0

U=

(11)
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and the transfer rate of individuals into and out of the infected compartments is given by

the vector T
pe; 4 o1e;

pee + doec
—01€; + pi + it + it
—d2e. + He + veC + picc

T = (12)

Thus, all the epidemiological events leading to new infections are incorporated into the
model via the matrix ©, while all the other events are included in the matrix I'. Progression
to either death or immunity ensures that I' is invertible. By substituting the variables
(s1, 82, 83) with the free equilibrium point AXp, we obtain the two matrices © and I which
are expressed as follows :

0 0 ©13 O14 ]

)

0 0 @273 @274

- (13)
00 0 0
L0 0 O 0 |
Where
O13 = _a1bl73 + agba 3 P1 + aghss p1p2 ] A o
ft+ D2 plp+p2) ] p+p

A
b1 + asbs.g p1p2
D2

©1,3 = |a1b14 + a2ba 4 ,
plp+p2) | p+p1

- P p1p2 A
Ogs = |(1— + (1 —a2)b + (1 —a3)b
2,3 _( a1)brs + (1 - az) 2’3u+p2 (1-as) 3’3M(M+P2)] K+ D1
r D1 P1D2 A
O24 = [(1—a1)bia+ (1 —az)bay + (1 —as)bsa ] +Ae
(= anbua+ (L= azbea 2o + (L ashboa r oy | oo
— M+61 0 0 0 i
0 o+ 02 0 0
o (19
6 0 4+ 0
i 0 —09 0 B+ Ye T+ e

By calculating I'"!, we obtain :
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_ 1 }
0 0 0
p+ 01
0 1 0 0
o+ 02
r-t=
01 1
0 -
(147 + pi) (e + 61) Pt it
09 1
0 -
L (1 + e + pe) (1 + 02) 1+ Ye + e
(15)
We calculate the matrix of the new generation, we obtain :
[ 71 M2 M3 Mg ]
2,1 12,2 72,3 7124
or!= (16)
0 0 0 0
0 0 0 o0
Where
[ p1 P1p2 A 01
mi = || 1513+ caba3 + azbz 3 ) + A‘]
< 1+ p2 p(p+p2)) p+pr ] (A v+ ) (e + 61)
[ P1 pip2 | A )
M2 = |o1bya + aoboy + agbs g
i 1+ p2 p(p+p2) | (+p1) (4 e + pe)(p + d2)
[ p1 P1D2 A
m3 = || a1b13 + aaba 3———— + agbs 3 > A}
< [+ po wlp+p2) ) p+pr T A v+
[ P1 pip2 | A
M4 = |a1br g+ agbsy + asbz g
I P2 p(p+p2) | (e +p1)(p+ e + pe)
[ P1 DP1P2 01
21 = |(1—a1)bi 3+ (1 —a2)ba3 + (1 —a3)bss }
_( ) ( ) t+ p2 ( ) p(p+p2) | (p+p1) (g + i+ pa)(p+ 61)
[ P1 DP1P2 A )
M2 = 1—a1)bia+ (1 —a2)bay + (1 —a3)b3a A ]
_<( ) ( ) o+ p2 ( ) wlp+p2) ) p+pr ] (4 ve + pe) (4 02)
[ P1 P1p2 A
23 = [(I —a1)biz+ (1 —a2)b3 +(1—as)bss }
_( ) ( ) o+ p2 ( ) p(p+p2) | (e +pr) (g + i + i)
[ P1 D1D2 A 1
N2,4 = 1—a1)bia+ (1 —a2)bay + (1 —a3)bza ) +/\]
_(( ) ( ) o+ p2 ( ) wlp+p)) (w+p) ) e+ pe
(17)

By the next generation matrix approach, R for the model. By calculating the spectral
radius of the next generation matrix OI'~!, we get :
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Ro=p (@F_l)
= max{|w;|,i = 1,2, 3}
1 1
M1+ 22+ ((?71,1 - 772,2)2 + 4771,277271> |l + e — ((?71,1 - 772,2)2 + 4771,277271> :
— Imax 5 50
2 2
(18)

Then the reproduction rate Rg of the normalized system is given as :

ol

n,1+ 122+ ((771,1 — "72,2)2 + 4771,2772,1>
N 2
Where 71,1, 72,2, 71,2, 72,1 are given by (17).

Ro

Remark 1. The reproduction number Rqg has a crucial role in the control of Hepatitis B
viral infection. When this number is less than 1, an infected individual infects less than
one other individual on average, therefore the disease is under control. Conversely, when
this number exceeds 1, the disease spreads through the population and becomes epidemic

[40]

4. Global stability analysis of the model problem for the disease free
equilibrium point

In the section, the global stability analysis of the model for the disease free equilibrium
is shown. In the following, we aim to provide a brief investigation of the Castillo Chavez
technique [5, 6] to prove the stability of system (3) in the global sense at the disease free
equilibrium point. Therefore, by applying the Castillo Chavez technique [6], the given
problem (3) is converted into the following sub-models:

dX;
— =F(X1, X
dt ( 1, 2)5
dXs 20
822 _ (X, X (20)
dt ( 1 2)7
G(X1,0) = 0.

Where X1 and X5 designate the population of uninfected individuals, and infected indi-
viduals, respectively.

The following conditions (A1) and (A2) must be satisfied to guarantee the local asymptotic
stability.
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dX
(A1) If d—tl = F(X1,0) then & is globally asymptotically stable.
(A2) G(X1,X2) = AXy — G(X1, X2).

Where G(X1,X3) > 0 for (X1, X2) € ©, the matrix A is a M-matrix whose off diagonal
elements are nonnegative.

In the proposed system (3), X; = (s1,82,53,7) € R* and X; = (e;, e.,i,¢) € R
According to the results obtained in Section 3, the free disease equilibrium point (DFE)
was denoted by Xy, it is defined by the following sense

= < A PiIA DP1P2A
p+pi’ (p4p)(p+p2) wle+p1)(p+ p2)

,0, 0,0, 0, 0)

which can be written as Xy = (s, 0).

In order to ensure the globally asymptotically stability of DFE point, the results given
above [6] were applied.

2,0

A A A
Theorem 3. If Rg <1l ands;j g < ——, s P , 830 < Pip2 ,
ft+ p1 f+p1) (1 + p2) i+ p1)(p+ p2)
then the DFE point Xy of the model (3) is globally asymptotically stable.

<
— (

Proof. In System 20, since infected and chronically exposed individuals are infected
but not infectious. Therefore, they do not participate in the transmission of the virus.
Hence b1 = 0 and by 2 = 0 for £ = 1,2, 3. Here, one can set the following

A — @A —cho — (u+p1)s1 — bigisy — byacsy

151 — (p + p2)sa — ba gisy — ba 4cs2

F(Xl, Xo) = i
P252 — pus3 — b3 3is3 — b3 4cs3
Y1t + Y2 — pr
and
G1(X1, X?)
Ga (X1, X2
G(X1,X) = ( )
G3(X1,X?)
G4(X1, X2)

Where each component is defined by the following sense

G1(X1,X2) = aq51(b1,37 + b1ac) + aas2(ba 31 + ba ac) + azs3(bzzi + b3 ac) — pe; — d1e; + i)

Ga(X1,X2) = (1 — a1)s1(bi,gi + b1ac) + (1 — az)s2(ba,gi + baac) + (1 — az)sz(bs zi + b3 ac)
+ cAe — pee — dae,

G3(X1, Xo) = 01€; — pi — i1 — gt

G4(X1, X2) = d2ec — pc — ye€ — picc.
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At the DFE point, it is clear that G(X1,0) = 0.
Now, we need to prove that (A;) is satified. To this aim, we calculate the eignvalues of
the Jacobian matrix associated to F at the DFE point.

—(p +p1) 0 0 0
P1 —(p+p2) O 0
Dx, F(Xy) = (21)
0 P2 - 0
0 0 0 —pu

Since the eigenvalues (1 = —(u + p1), 2 = —(i + p2), 3 = —p, ¢4 = —p of the jacobian
matrix are negatives, then the DFE point Xy is globally asymptotically stable.
To derive the condition (Asg), we first calculate the matrix A = Dx,G(Xy) at the DFE

point

—(u+ 1) 0 Ai + 01 S))
0 —(p+ 92) O3 Ae + Oy
A= (22)
o1 0 —(p+ i+ 1) 0
0 82 0 — (1 +ve + pe)
Where
A P1A P1P2A
01 =a1b + aob + asb
T s T et p) (it p2) T o pr) (e p)
A P1A P1p2A
Oy = ayb + aib + asb
2 e T ) () T ) (1t p2)
P1A P1p2A
O3=(1—« byg + (1 -« 6273 +1—a3637f
(1= enbr f+p1 (1~a) (1 +p1)(p + p2) ( ) " i+ p1) (i + p2)
A P1A P1p2A
O4=(1—-a1)b + (1 —a9)b + (1 —as)b
1= 1) 1’4u—|—p1 ( 2) 24 (1w +p1)(p + p2) ( 2 3’4N(M+P1)<M+P2)
(23)
It is clear that the matrix A given above is an M-matrix.
Now, one can calculate the following function G(X7, X2). We have
Gl(XlaXQ)
X Ga( X1, X)
G(X1, X2) = (24)
0
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A~

G1 (Xl, Xg) = —Q18] (bl,gi + 1)1746) — 04282(1)2,32' + 52746) — 04383(1)3732' + 1)3740) 4+ 101 + cO9

GQ(Xl, XQ) = —(1 — al)sl(bLgi + 1)1740) — (1 — 052)82(b2,3i + 52,46) — (1 — a3)83(b3,3i + 53740)—1—
+ Z@g + C@4.

By replacing ©1, O3, ©3 and ©4 by their expressions given in (23), one obtains the following
result

G1(, Xa) = albmi(u ipl 1)+ aabasil (b + pf)l(Au +p2) =)E agbg’gi(u(u +]Z?11];2(2 +p2) )t

+ a1b1,4c(u e 1) + aaba ac( m _Hf)l& o) s2) + a3b3’4c(,u,(,u +];11];2(2 ) s3)
Ga(X1, Xy) = (1 — sl i\p1 = s1) (1~ abasi(, +pf)1& i

(1= ag)bwi(ﬂ(ﬂ :;11];2(2 +p2) 5) (1= al)b1,4c(ui L s+

A A

{1 o)y ( +p?)1(u +p2) ) a3)b374c(u(u +1;11];2(u +p2) )

Thanks To Theorem 1, ii), one gets the following result
s P1A Y P1P2A a0

>0,
©+p1 (w4 p1)(p + p2) p(pe + p1)(u + p2)

Since i, ¢, b1 3, b13, b2.3, b33, b1.4, b2 4, b3 3 are nonnegatives, and 0 < oy, < 1for k =1,2,3,
the following result is obtained

G1(X1,X3) >0, Ga(X1, X2) > 0.

Consequently, the hypothesis (A1) and (As) are satisfied. Moreover, one uses Castillo
Chavez [6] technique to conclude that if Ry < 1 then the DFE point is globally asymp-
totically stable.

5. Endemic Equilibrium Point £*

In this section, the global stability analysis of the proposed model problem for the
endemic equilibrium point is studied. To prove this result, Lyapunov functions are used.
The concept of global asymptotic stability refers to the property that if a system starts
near the endemic point, it will eventually converge to that point.
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5.1. Exixtence of &*

Theorem 4. System (1) admits a unique positive emdemic equilibrium
&= (87, S5, 85, By, EL, I*, C*, R*) whenever Ry > 1

Proof. By seting the right hand side of system (1) equal to zero, and keeping each
state variable non-zero (S1 # 0, S2 #0, S3#0, Ef #0, Ec #0, I #0, C #0, R # 0),
then one obtains

A= A" — AcC*

S* — 9
Ut 1+ B Bf 4 BiaEY + B3l + BraCH
gt _ P57
27w pe+ Bt B + BooEl + PosI* + BasC*
g P23

5 uBs i Ef 4 BaoEr + B3It + B34C*

_ ArI* + AcC*on (B1pEEST — P1,31%ST — B1,4C*ST)
p+ 01 — 181,157 — aefe155 — asf3315;

az(B22EESs — B2 3l S5 — B24C*S5) + a3(B32EHSs — B331*S5 — P34C* S5 + Ba 51T S3)
p+ 61 — a1 81,157 — af2155 — a3f315% ’

Ej

_l’_

e Al + AcC* 4+ (1 — o) (B11 E7 ST — B1,31%ST — B1,4C*ST) N
© p+ 02 — a1 81,157 — ef2155 — asf3315;
(1 — a2)(Be1 ETS5 — P23I*S5 — BoaC*S3) + (1 — a3)(B31 E7 S5 — B3 31755 — B34C™S3)
pA+ 02 — a1 81157 — 22,155 — 33,155 ’

. 0B} o — 0o B¢ Rr yiI* 4 e C*
w4+ pr’ L+ ve + pe’ 1

5.2. Global stability of £*

In this subsubsection, by constructing suitable Lyapunov function, we will prove the
global asymptotic stability of the endemic equilibrium point £*.

Theorem 5. If Ry > 1, the global endemic equilibrium point E* of the system (1) is
globally asymptotically stable..

Proof. When Ry > 1, one can define the following Lyapunov function as in [4, 23, 25,
26, 30] :
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V= (51— 57) + (52— 53) + (83— S3) + (Er — Ef) + (Bc — E¢) + (I = I") +
+(C—-C*)+ (R—R*)— (Sf +S3+ S5+ Ef + Bt + I* + C* + +R*) x

(25)
In S1+So+S3+E+Ec+I1+C+R
ST+S5+S3+Ef+EL+ 1"+ C*+ R*
AsSN=5+4+5Sy+S3+FE;+ Ec+1+C+ R, one can set
N*=Sf+ S5+ S5+ Ef + E5 + I + C* + R,
Then, the Lyapunov function can also be rewriten as follows:
N
V=N-N"-N*n
M (26)
N N
=N~ —1-1
v <N* nN*>

We shall use the family of Volterra-type Lyapunov function defined by g(z) = z—1—In(x),
z € RT which admits a global mimnimun at z = 1, and satisfies g(1) = 0. Since S;(¢) >
0, Sa(t) >0, S3(t) >0, Ef(t) >0, Ec(t)>0, I(t) >0, C(t) >0, R(t) >0, then
one can obtain the following

N
Therefore, the Lyapunov function V' derivative is given by the following sense
av N*\ dN
—=(1- — 28
w= (%) 2
Note that according to system (1)
dN
E:A—MII—MCC—MN (29)
. ey . dN :
As at the endemic equilibrium point o 0, then one obtains
A=pl" + pcC* + pN* (30)

From (28), (29), (30), and by assuming that N — N* >0, I —I* >0, C —C* >0, one
has

dV N* . . x

dt=<1— N)(uzl +pcC* +pN* = prl — pcC — pN)

dv N — N*

& (o (I = T*) + i (C' = C*) + p (N = N*)] (31)
dt N

v o,
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d
From (31) and by using the fact that dit/ = 0 if and only if S; = S}, So =55, S3 =53,

av
Er=FE;, Ec=E;, I =1, C=C" R=R", then g converges when ¢t — oo .

Thanks to LaSalle’s invariance principle theorem [26], the endemic equilibrium point 5 *
is said to be globally asymptotically stable when Ry > 1 [4, 14, 18, 27]
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6. Numerical results and discussion

For the numerical simulation of the proposed system, the Rung Kutta 4 method was
used. In table 3 the values of the different parameters used in the model problem (1) are
based on data from Burkina Faso and the literature. With these parameters, the basic
reproduction number Ry = 3.6625. We set Ny = 20818036 : total number of Burkina
Faso’s population in 2020 [20]. Initial conditions were estimated using prevalence in 2020
and biological parameters. This gives

S1(0) = 1191200, S5(0) = 2384100, S5(0) = 11938000, E;(0) = 1551400,

Ec(0) = 172604, 1(0) = 1665482, C(0) = 416354, R(0) = 1498896.

Table 3: Parameters used in the model

Parameters Values References
Ny 20818036 [20]

A 0.0444 [20]

A 0.091 Assumed
Ao 0.0051 Assumed
P 0.9 Assumed
P2 0.9 Assumed
b1, =1,2 0 [16]

vajvj =1,2 0 [16]

bs,j,j = 1,2 0 [16]

bij,7 = 3,4 0.159 [[24],[15]]
by, i = 3,4 0.144 [[24],[15]]
b3 j,J = 3,4 0.5 Assumed
o 0.1 [19),127] ]
%) 0.7 [[19],[17] ]
o3 0.95 [[19],[17] ]
01 0.6 [[24],[15]]
02 0.6 [[24],[15]]
Yi 0.8 [[24],]15]]
Ye 0.023 [[24],[15]]
7 0.009 [20]

i 0.00461 [[24],[15]]
He 0.01 [[24],[15]]

We carried out simulations to see the dynamics of the hepatitis B virus in the popu-
lation of Burkina Faso over a period of 50 years.
Figure 4 represents the evolution of the three susceptible compartments, figure 5 repre-
sents the evolution of infected and chronic exposed compartments, while figure 6 is the
one of infected and chronic individuals. The last figure 7 is that of recovered individuals.
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ion of susceptibles

x10°

15

Susceptible

0 5 10 15 20 25 30 35 40 45
Time[y]

Figure 4: Evolution of susceptible individuals

In Figure 4, the number of all susceptible individuals is decreasing, confirming the high
prevalence of HBV infection in Burkina Faso.

50



W.-O Sawadogo et al. / Eur. J. Pure Appl. Math, 17 (1) (2024), 59-92 84

x10° Population of Exposed

16 T T

Exposed Acutes
=== Exposed Chronicles

Population of Exposed
®
I

0 5 10 15 20 25 30 35 40 45
Time[y]

Figure 5: Evolution of acutes exposed together with chronic exposed individuals

According to the results presented in this figure, the number of cases in the acute and
chronic infected exposed compartments (Figure 5) increases as they come from susceptible
individuals, before decreasing to become acute and chronically infected.

50
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x10° F ion of Acutes and Chronicles

35 \ \ \ \

Acutes
= Chronicles

Population of Acutes and Chronicles

l l l l l l l
0
0 5 10 15 20 25 30 35 40 45

Time[y]
Figure 6: Evolution of acutes and chronics individuals

As shown in this figure, the number of people in the acutes and chronics compartments
(6) increases, since we are in a zone of high endemicity and this confirms the high preva-
lence of heaptitis B in Burkina Faso [31]. The number of chronic carriers of the virus is
rising sharply, while the number of acutely infected individuals is falling, as they either
recover or become chronic.

50
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x107 F ion of recovered

35 \ \ \ \

== Recovered

recovered

0 | | | | | | | | |

0 5 10 15 20 25 30 35 40 45
Time[y]

Figure 7: Evolution of recovered individuals

Here, the number of cured or recovered patients increases significantly (7), as 90 —95%
of acutely infected patients recover, and 30% of those (5 — 10%) who become chroni-
cally infected are healthy carriers [35], and therefore recovered from the hepatitis B virus
transmission process.

7. Conclusion

In this paper, a new differential mathematical model of susceptibility and infectivity
of hepatitis B transmission was developed to simulate the potential spread of hepatitis
B virus in the population of Burkina Faso. The global existence and uniqueness of the
model’s solutions have been proven. Mathematical analysis of the model shows that dis-
ease progression is governed by the basic reproduction number Rg, which is a key concept
in epidemiology. When Rg < 1, the disease disappears from the population, resulting in
a disease-free equilibrium that has been proven to be globally asymptotically stable. On
the other hand, when Ry > 1 , the disease persists, leading to an endemic state that is
also globally asymptotically stable.

The numerical simulation of the model used to predict the spread of infection in the
population showed that :
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e Ry =3.6625 > 1, which proves that the disease is persisting in Burkina Faso;

e the number of susceptible people falls sharply as they become infected due to the
persistence of the disease;

e the number of chronic hepatitis B virus carriers increases gradually over the fifty-year
simulation period.

These numerical results confirm the high endemicity of hepatitis B viral infection in Bur-
kina Faso, which is why this pathology remains a public health problem for the country.

In perspective, we intend to improve this model by taking into account vaccination,

treatment and awareness, in order to assess the impact of the strategies implemented in
Burkina Faso to combat the spread of the virus.

1]

Acknowledgements

The authors thank World Bank for its financial support.

References

H. Alaa, N.-E. Alaa, and F. Agel. Development and simulation of a mathematical
model to simulate the phase transmissibility of covid19 in morocco. Annals of the
University of Craiova-Mathematics and Computer Science Series, 49(1):75-83, 2022.

R.-M. Anderson and R.-M. May. Infectious diseases of humans: dynamics and control.
1992.

F. Aqgel, H. Alaa, and N.-E. Alaa. Mathematical model of covid-19 transmissibility
during the vaccination period. Furasian Journal of Mathematical and Computer
Applications, 11(1):4-28, 2023.

C. Bounkaicha, K. Allali, Y. Tabit, and Danane J. Global dynamic of spatio-temporal
fractional order seir model. MATHEMATICAL MODELING AND COMPUTING,
10(2):299-310, 2023.

C. Castillo-Chavez, S. Blower, P. van den Driessche, D. Kirschner, and A.-A. Yakubu.
Mathematical approaches for emerging and reemerging infectious diseases: models,
methods, and theory, volume 126. Springer Science & Business Media, 2002.

C.-C. Chavez, Z. Feng, and W. Huang. On the computation of 0 and its role on global
stability. Mathematical approaches for emerging and re-emerging infection diseases:
an introduction, 125:31-65, 2002.

D. Debray. Hepatitis b and ¢ in children: natural history and treatment, pediatric
hepatology, necker hospital. January 2015.



REFERENCES 88

8]

[11]

[12]

[13]

[14]

[18]

[19]

O. Diekmann and J.-A.-P. Heesterbeek. Mathematical epidemiology of infectious
diseases: model building, analysis and interpretation. John Wiley € Sons, 5:262,
2000.

A. Din. The stochastic bifurcation analysis and stochastic delayed optimal control for
epidemic model with general incidence function. Chaos: An Interdisciplinary Journal
of Nonlinear Science, 31(12):123101, 2021.

A. Din and Y. Li. Stationary distribution extinction and optimal control for the
stochastic hepatitis b epidemic model with partial immunity. Physica Scripta,
96(7):074005, 2021.

A. Din and Y. Li. Stochastic optimal control for norovirus transmission dynamics by
contaminated food and water. Chinese Physics B, 31(2):020202, 2022.

A. Din, Y. Li, F. Muhammad Khan, Z.-U. Khan, and P. Liu. On analysis of frac-
tional order mathematical model of hepatitis b using atangana—baleanu caputo (abc)
derivative. Fractals, 30(01):2240017, 2022.

A. Din, Y. Li, A. Yusuf, and A.-I. Ali. Caputo type fractional operator applied to
hepatitis b system. Fractals, 30(01):2240023, 2022.

X. Duan, S. Yuan, and X. Li. Global stability of an svir model with age of vaccination.
Applied Mathematics and Computation, 226:528-540, 2014.

W.-J. Edmunds, G.-F. Medley, D.-J. Nokes, C.-J. Ocallaghan, H.-C. Whittle, and A.-
J. Hall. Epidemiological patterns of hepatitis b virus (hbv) in highly endemic areas.
Epidemiol Infect., 117(2):313-325, 1996.

A. A. Fall. Studies of some epidemiological models: application to the transmission
of the hepatitis b virus in sub-saharan africa (case of senegal), 2013.

J. Feld, H. L. Janssen, Z. Abbas, A. Elewaut, P. Ferenci, V. Isakov, ..., and A. LeMair.
World gastroenterology organisation global guideline hepatitis b: September 2015.
Journal of Clinical Gastroenterology, 50(9):691-703, 2016.

H. Guo and M.-Y. Li. Global dynamics of a staged-progression model with amelio-
ration for infectious diseases. Journal of Biological Dynamics, 2(2):154-168, 2008.

Lancet Gastroenterol Hepatol. Global, regional, and national burden of hepatitis
b, 1990-2019: a systematic analysis for the global burden of disease study 2019.
https://doi.org/10.1016/52468-1253(22)00124-8, pages 796-829, 2022.

Burkina Faso Institut National de Statistique et de Démographie. Fifth general census
of population and housing of burkina faso. synthesis of final results. https://insd.bf/,
2019.



REFERENCES 89

[21]

22]

D.-G. Kendall. Deterministic and stochastic epidemics in closed populations. In Pro-
ceedings of the third Berkeley symposium on mathematical statistics and probability,
volume 4, pages 149-165. University of California Press Berkeley, 1956.

W.-O. Kermack and A.-G. McKendrick. A contribution to the mathematical theory
of epidemics. Proceedings of the royal society of london. Series A, Containing papers
of a mathematical and physical character, 115(772):700-721, 1927.

A. Korobeinikov. Lyapunov functions and global stability for sir and sirs epidemio-
logical models with non-linear transmission. Bull. Math. Biol., 68(3):615-626, 2006.

J.-P.-1. Kouenkam, J. Mbang, and Y. Emvudu. Global dynamics of a model of hep-
atitis b virus infection in a sub-saharan african rural area. International Journal of
Biomathematics, 13(6):313-325, 2020.

O. Koutou and B. Sangaré. Mathematical analysis of the impact of the media coverage
in mitigating the outbreak of covid-19. Mathematics and Computers in Simulation,
205:600-618, 2023.

J.-P. La Salle. The stability of dynamical systems. SIAM, Philadelphia, 1976.

V. Lakshmikantham, S. Leela, and A.-A. Martynyuk. Stability analysis of nonlinear
systems. Marcel Dekker, New York, 1989.

M. Magane. Incidental discovery of hbs antigen at the y.o. university hospital: socio-
demographic, clinical and paraclinical aspects, 2018.

J. Martinet. Cellules dendritiques plasmocytoides et infection par le virus de I’hépatite
b, role physiopathologique et potentiel vaccinal, 2012.

C.-C. McCluskey. Global stability of an sir epidemic model with delay and general
nonlinear incidence. Math. Biosci. Eng.l, 7(4):837-850, 2010.

N. Meda, E. Tuaillon, D. Kania, A. Tiendrebeogo, A. Pisoni, S. Zida, ..., and P. Dujols.
Hepatitis b and ¢ virus seroprevalence, burkina faso: a cross-sectional study. Bulletin
of the World Health Organization, 96(11):750, 2018.

Ministry of health. Burkina: hepatitis b, cirrhosis and primary liver cancer kill nearly
5,000 people a year by editorial board. https://fasozine.com, 2017.

Ministry of Health. normes et protocoles de prise en charge des hepatites virales au
burkina faso. 2019.

J.-J. Ott, G.-A. Stevens, J. Groeger, and S.-T. Wiersma. Global epidemiology of
hepatitis b virus infection: new estimates of age-specific hbsag seroprevalence and
endemicity. Vaccine, 30(12):2212-2219, 2012.



REFERENCES 90

[35]

[36]

Stanislas POl. Natural history of infection hepatitis b virus infection. Presse Med,
online www.masson.fr/revues/pm, 35:308-316, 2006.

R. Ross. An application of the theory of probabilities to the study of a priori path-
ometry.—part i. Proceedings of the Royal Society of London. Series A, Containing
papers of a mathematical and physical character, 92(638):204-230, 1916.

R. Ross and H.-P. Hudson. An application of the theory of probabilities to the study
of a priori pathometry : Part iii. Proceedings of the Royal Society of London. Series A,
Containing papers of a mathematical and physical character, 89(621):225-240, 1917.

R. Ross and H.-P. Hudson. An application of the theory of probabilities to the study
of a priori pathometry: Part ii. Proceedings of the Royal Society of London. Series A,
Containing papers of a mathematical and physical character, 93(650):212-225, 1917.

I. Tao, T. Compaoré, B. Diarra, F. Djigma, T.-M. Zohoncon, M. Assih, D. Ouermi,
V. Pietra, S.-D. Karou, and J. Simpore. Seroepidemiology of hepatitis b and ¢ viruses
in the general population of burkina faso. Hepatitis research and treatment, 2014,
2014.

P. Van den Driessche and J. Watmough. Reproduction numbers and sub-threshold
endemic equilibria for compartmental models of disease transmission. Mathematical
biosciences, 180(1-2):29-48, 2002.

I. Zada, M. Naeem Jan, N. Ali, D. Alrowail, K. Sooppy Nisar, and G. Zaman. Math-
ematical analysis of hepatitis b epidemic model with optimal control. Advances in
Difference Equations, 2021(1):1-29, 2021.

A. Appendix

% hepatis.m

function dtdy = hepatis(~,u)

global N 1 11 12 r mu mul mu2 al a2 a3 pl p2

global bll bl2 ©bl3 bl4 b21 b22 b23 b24 b31 Db32
b33 b34

global dl d2 g2 g3

dtdy = zeros(8,1);

dst =1 -11*%u(6)-12*%u(7) -(mu+pl)*u(l) -blix*xu(l)*u(4)
-b12*xu(5)*u(1)-b13*u(6)*u(l)-b1d4*u(7)*u(l);

dS2 = plxu(1l) -(mu+p2)*u(2) -b21xu(4)*u(2)- b22*u(b)*
u(2)-b23*xu(6)*u(2) -b24*xu(7)*u(2);

dS3 = p2*u(2) -b31*u(4)*u(3) -b32*xu(3)*u(5) -b33x*u
(3)*u(6) -b34*u(3)*u(7) -(mu)*u(3);
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dEI = alx*bli*u(l)*u(4) +al*xbi2*u(l)*u(5) +al*bi3*xu(l)
*u(6)+al*bldxu (1) *u(7)

+ a2*b21*u(2) *u(4)+a2*b22*xu(2) *u(5) +a2*xb23*xu(2) *u(6) +
a2*b24*u(2) *u(7)

+ a3*b31*u(3)*u(4)+a3*b32*xu(3) *u(5)+a3*b33*xu(3)*xu(6)+
a3*xb34*xu(3)*u(7) -(mu+dl)*u(4) + r*x(li*xu(6)+12*u(7)
);

dEC = (1-al)*bli*u(1)*u(4) +(1-al)*bi12*xu(1)*u(5) +(1-
al)*b13*xu(1)*u(6)+(1-al)*bld*u (1) *u(7)

+ (1-a2)*b21*xu(2)*u(4)+(1-a2)*b22*u(2) *u(5)+(1-a2)*
b23*xu(2) *u(6)+(1-a2)*b24*xu(2) *u(7)

+ (1-a3)*b31*u(3)*u(4)+(1-a3)*b32*u(3)*u(5)+(1-a3)x*
b33*u(3)*u(6)+(1-a3)*b34*u(3)*u(7) +(1-r)*(1l1*xu(6)
+ 12*%u(7))- (mu+d2)*u(5);

dI =di1*u(4) - (mu+g2+mul)*u(6);

dC = d2*u(5) -(mu+g3+mu2)=*u(7);

dR =g2*u(6) +g3*u(7)- (mu)*u(8);

dtdy=[dS1;dS2;dS3;dEI;dEC;dI;dC;dR];

% main.m

global N 1 11 12 r mu mul mu2 mu3 al a2 a3 pl p2

global bll bl2 b13 bl4 b21 b22 b23 b24 b31 b32
b33 b34

global d1 d2 g2 g3

N=20818036;

1=0.0444;

11= 0.091;

12=0.0051;

r=0.1;

[mu, mul, mu2, mu3]= deal (0.009, 0.00461, 0.01,
0.005) ;

[al,a2,a3]= deal(0.1, 0.7, 0.95);

[pl, p2]= deal(0.9 , 0.9);

[b11 , b12 , b13 , bl4]=deal (0.0, 0.0 , 0.159, 0.159)

[b21 , b22 , b23 , b24]=deal(0.0, 0.0 , 0.144, 0.144)

[b31 , b32 , b33 , b34]= deal (0.0, 0.0

[d1, d2]=deal (0.6, 0.6);

(g2, g3] =deal(0.8, 0.023);

y0=[1191200,2384100,11938000,1551400,172604,
1665482 ,416354,1498896]/N;

, 0.5, 0.5);
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M=200;

tspan=linspace (0,50,M);

[t,yl]l= ode45(Qhepatis,tspan,y0);

figure (1)

plot(t,N*y1(:,1),'r',t ,N*y1(:,2),'g',t,N*y1(:,3),'b",
'Linewidth', 2.5);legend('S1','S2"','S3"');title("'\
bf Population of susceptibles '); xlabel ('\bf{Time
[yl}'");ylabel ('\bf{Susceptible}');

figure (2)

plot(t,N*y1(:,4),'g',t,N*y1(:,5),'r', 'Linewidth’,
2.5);legend ('Exposed Acutes', 'Exposed Chronicles')
;title ('\bf Population of Exposed');xlabel('\bf{
Time[yl}');ylabel ('\bf{Population of Exposedl}');

figure (3)

plot(t,N*y1(:,6),'g',t,N*y1(:,7),'r', 'Linewidth’,
2.5);legend('Acutes', 'Chronicles');title('\Dbf
Population of Acutes and Chronicles');xlabel ('\bf{
Time[y]}');ylabel ('\bf{Population of Acutes and
Chronicles}');

figure (4)

plot(t,N*y1(:,8),'Linewidth', 2.5);legend('Recovered’
);title ('\bf Population of recovered');xlabel ('\bf
{Time[y]}"');ylabel('\bf{recovered}');



