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Common Terms of k-Pell and Tribonacci Numbers
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Abstract. Let T, be a Tribonacci sequence, and let the k-Pell sequence be a generalization of
the Pell sequence for £ > 2. The first k terms are 0,0, ...,0, 1, and each term after the forewords is
defined by linear recurrence

P —2P™ 4 p® 4 4+ PR

We study the solution of the Diophantine equation Pr(Lk) = T,, for the positive integer (n,k,m)
with k£ > 2. We use the lower bound for linear forms in logarithms of algebraic numbers with the
theory of the continued fraction.
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1. Introduction

The Pell sequence is defined by P, = 2P,_1 + P,,_2, for all n > 3, where Py = 0 and
P =1
Let an integer £ > 2. The generalization of the Pell sequence is a k-Pell sequence, denoted

by {Pr(zk)}nz_(k_m given linear recurrence as:

Pk — QPS?1 + Pflka +...+ Pr(i)k for all n > 2, (1)
with the initial conditions Pf’“&_g) = Pfk&_& = . =PP=0and PP =1. If k=2 1in

equation (1), it becomes a linear recurrence of the Pell sequence.
The Tribonacci sequence T, is defined by

T = Tyo1+ Typ—o + Tz for each m >3 (2)
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with initial conditions Ty = 0, 17 = To = 1. It's first few terms are
0,1,1,2,4,7,13,24,44,81, 149, 274,504,927, 1705, 3136, ...

The Online Encyclopedia of Integer (OEIS) of Pell and Tribonacci sequences are A000129
and A000073, respectively. Presently, researchers are finding the intersection between two
recurrences, and several studies have been published on k-Fibonacci, k-Pell, Tribonacci,
Padovan, and Perrin sequences related to other sequences. One can cite [1, 3, 7, 9, 10, 13].
Our aim is to show that there are common terms between k-generalized Pell numbers and
Tribonacci numbers. The earlier findings guided our completion of the investigation.

2. Auxiliary Results

2.1. Properties of Tribonacci sequence

The characteristic polynomial of the Tibonacci sequence is
flx)y=2%—2* -z —1.
The Tribonacci sequence has one real root 771 with two complex roots 7y and 73.

1+ V19 +3v33+ /19 - 3v/33
- - ,

m
14 wv/19 + 3v33 4+ w? V19 — 3v/33
e = ’
3
C 1+w?V/19+3v33 + wV/19 - 3v/33
773 - 3 )
where w = 71%“/:? Spickerman [12] found the Binet formula of the Tribonacci numbers
as
m+1 m—+1 m+1
T = mn n 2 4 3 , forallm>0. (3)

(m—=mn2)m —m3)  (m2—m)m2—mn3) (M3 —m)®n3 —n2)

The generating function of the Tribonacci sequence is:

X

o)
_ _ m
g(x)_l—:z:—:nQ—:E?’_mz_:Ome .

Note that we have the following identities

m+mn2+n3 =1,
mmnz + ne2ns +mns = —1,
mmnanz = 1.
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Furthermore, Dresden and Du [6] presented a Binet-style formula for generating k-generalized
Fibonacci numbers. If k£ = 3, it follows that:

BN /1 et /N et U S U 0L
2440 —2) 2440 —2)  24+4(nz —2)’

for all m > 0. (4)

Moreover, Dresden and Du [6, Lemma 5] found that the Tribonacci numbers can be written
as

1
T =cen"' +dy  with |dn| < 5 for all m > 1, (5)
where ¢ = (n1 — 1)/(4m1 — 6) = 0.61. For m > 1, the inequality
< T <" (6)

hold.

2.2. Properties of k—generalized Pell sequence
We are aware that the characteristic polynomial of the k-generalized Pell sequence is
Up(x) =ab —22F - b2 —x—1.

Bravo, Herrera and Luca [4] showed that Wj(x) is irreducible over Q[z] and has one
positive real root a(k) outside the unit circle. The other roots were inside the unit circle.
Moreover, they showed the following:

P*(1— o7 %) < a(k) < ¢?, forall k> 2, (7)

where ¢ = ((1 4+ +/5)/2). To simplify the notation, we omit the dependence on k of a.
The authors found that the Binet formula for P,(Lk) is

k
Pr(Lk) = ng(ai)(ai)n’ (8)
i=1

where a; represents the root of the characteristic polynomial ¥ (x) and g is given by

r—1
k+1)z2 —3kr +k—1’

gr(x) = ( for all k > 2.

Bravo and Herrera [2, Lemma 1] proved that
0.276 < gr(a) < 0.5 and |gr(ag)| <1, 2<i<k,
where gi(«) is not an algebraic integer. Furthermore, they proved that the logarithmic

height of gy, is
h(gr) < 4klog(p) + klog(k + 1), for all k > 2. 9)
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According to the above notation, Bravo, Herrera and Luca [4] showed that formula (8),
given by the approximation

1
P _ g ()a”| < 3 for alln > 2 — k.

Therefore, for n > 1 and k > 2, we have

N |

P¥) = gi(a)a” + ex(n), where |ey(n)| <

Moreover, the inequality
a2 < PR < gt (11)

holds for all n > 1 and k > 2.
Lemma 1. (/2, Lemma 2]) If k > 30 and n > 1 are integers satisfying n < ¢*/2, then

0 ¢2n l_i_\f

= 1 = 12
aa)a” = L (140, where[q] < i 6= (12)
Lemma 2. ([14, Lemma 2.2]) Let v,x € R and 0 < v < 1. If |z| < v, then
~“log(1 —
|log(1l+z)| < Mm

[

2.3. Linear forms in logarithms

Let v be an algebraic number of degree d with minimal polynomial
cor? + ezt L H ey = e H (:17 - ) Z|x],

where the 7()’s are conjugates of v, and the ¢;’s are relative primes to each other with
cg > 0. Then the logarithmic height of 7 is given by
1})) . (13)

h(v) = 2 <IOg o+ Zd:log <max{‘,y(i)
=1

If v = ¢ is rational number with gcd(a,b) = 1 and b > 0, then h(vy) = log(max{]al,b}).

Some properties of the logarithmic height function are listed below, which will be used in
the next parts of this paper:

h(n+v) < h(n) + h(7) + log2, (14)
h (™) < h(n) +h(7), (15)
n (i) = klnG). (16)

We use the following [5, Theorem 9.4], which is a modified version of the Matveev result

8]
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Theorem 1. Let L be a real algebraic number field of degree D over Q. Let vy1,...,v: € L
be a positive real algebraic number, and by, bo, ..., b be nonzero integers such that

A=ty =1,
s not zero. Then
log |A| > (—1.4) (3073) (¢*°) (D?) (A1 ... Ay) (1 4+ log D)(1 + log B),
where
B = max {|bi],...,[b},

and
A; > max {Dh (v;),|log (v:)|,0.16} ,1 < i < t.

2.4. De Weger reduction method

To reduce the upper bound, we present a variant of Baker and Davenport’s reduction
method [14]. Let 91,92, 8 € R be given, and let x1,z9 € Z be unknowns. Let

A =06+ 219 + x20s. (17)

Let ¢, 6 be positive constants. Set X = max {|z1], |z2|}. Let Xo,Y be positive. Assume
that
|A| < ¢ exp(—0-Y), (18)

Y < X < Xo. (19)

When 5 =0in (17), we get
A = 219 + 2909.

Put ¥ = —¥1/92. We assume that z; and zy are coprime. Let the continued fraction
expansion of ¥ be given by
[a()a ai, az, . . } 3

and let the k-th convergent of ¢ be py/qi for k =0,1,2,... We may assume without loss
of generality that |¢1| < |J2] and that x; > 0. We obtain the following results.

Lemma 3. ([14, Lemma 3.2]) Let

A= max ap41
0<k<yv, "D

where
log (\/gXo + 1)

e ()

If (18) and (19) hold for x1,z2 and B =0, then

1 C(A + 2)X0
Y < 5 log (|192|> . (20)

Yo=—1
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When B # 0 in (17), put 9 = =91 /92 and ¥ = B/Y2. Then we have 19% = — x19 + x9.
Let p/q be a convergent of ¥ with q > Xo. Tthe distance between real number T and the
closest integer is expressed as ||T|| = min{|T' —n|: n € Z}. We obtain the following result.

Lemma 4. ([14, Lemma 3.3]) Suppose that

2X
lgll > —.

Then, the solutions of (18) and (19) satisfy

1 ¢’ >
Y <-lo . 21
58 <\192|X0 1)

We need the following discovery to prove our theorem.

Lemma 5. ([11, Lemma 7]) If r > 1 and S > (4r*)", and (log%y < S, then

L < 2"S(log )"

3. Main Results
Theorem 2. The positive integer solutions of the Diophantine equation
PW® =1, (22)
where k > 2 are Pl(k) =T = TQ,PQ(k) =13, and P4(k) =Tg.

To prove Theorem 2 will be done in four steps.

3.1. Relation between n and m

For the Diophantine equation (22) in the range 1 < n < k + 1, we have P,Sk) = Fo, 1,
where F}, is a Fibonacci number, and we obtain the set of solutions in Theorem 2. For the
remaining possibility, we assumed that n > k4 2 and k£ > 2. By combining inequalities
(6) and (11) with equation (22), we obtain:

a" 2 < P,gk) =T, < 7]{”_1 and 777171—2 <Tp, = P,E’“) <ol
we conclude that

log(«)
log(m1)

(n—2) log ()

<m-1 andm<(n-1
log(m) (=)

+ 2,

we obtain
0.79n —1.58 <m —1 <m < 1.58n + 0.42,

because ¢?(1 — ¢~%) < a(k) < ¢? for all k > 2. We consider the following

0.79n —1.58 <m —1 < m < 2n. (23)
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3.2. Bounding n in terms of k
In this step, we prove the following lemma to find an upper bound for n in terms of k.

Lemma 6. If (m,n,k) is a positive integers solution of equation (22) with k > 2 and
n > k+ 2, then the inequalities

0.63m < n < 7.6 - 10'%k5(log(k))3
hold.
Proof. Combining equation (22), (5), and (10), we obtain:
gr(@)a™ + ep(n) = en" ! + dpp.
Taking absolute values for both sides, we get
‘gk(a)a" — cni”_l‘ < % + |dm| < 1. (24)

1

Dividing both sides by ¢n]"™ ", we deduce that

(e gu(@pamn Y 1] < 2 (25)

m
We apply Theorem 1 to the left-hand side inequality (25) with parameters ¢ := 3, where
11 = clgp(a), 2 == a,y3 := mi, and by = 1,by := n,b3 = —(m —1). So L :=
Q(v1,72,73). Thus, D := [L,Q] = 3k. To show that A is nonzero, it is assumed that

(m—

A = 0, which implies that gi(a) = cmy )91_ " we obtain gi(«) as an algebraic integer,
which is a contradiction. Hence A # 0. Not that

log(44)
3

h(y1) < h(c)+ h(gr(a)) < + 4klog(¢) + klog(k + 1) < 5.3k log(k),

which holds for all £ > 2 and a mlnlmal <polynomlal 4423 — 4422 +122 — 1 of ¢. Therefore,
h(y2) = logk( ) < 21°g( ) and h(v3) = "8 1) Thus, we obtained A; := 15.9%2 log(k), Ag :=
6log(¢), and A3 := k:log(nl) In addltlon taking B := 2n, since max{|1]|, |n|,|—(m—1)|} <
2n. Thus, by Theorem 1, we get that

L0 S Al > exp{—G(1 + log(2n)) (15.9k2 log (k) (6 log(6)) (k log(m))}.

Ui

where G = (1.4) (30°) (3%9) (3k)%(1 + log(3k)). We get

(m — 1) log(m) — log(1.6) < 3.61 - 103k log(k) (1 + log(3k))(1 + log(2n)). (26)

Using the facts that (1 + log(3k)) < 4.1log(k) for all k£ > 2 and (1 + log(2n)) < 2.3log(n)
for all n > 4. Simplifying the calculation, we obtain

m—1<5.6-10"%k5(log(k))? log(n),
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By inequality (23), we deduce that

< 7.1-10"K5(log(k))?,

log(n)

Now we apply Lemma 5 take S := 7.1-10'k°(log(k))?, L := n,r := 1 with 34.2+5log(k)+
2log(log(k)) < 53.5log(k) for all k > 2, we get

n < 2(7.1- 105 (log(k))?)(log(7.1 - 10*k5 (log(k))?))
< (1.42 - 102K (log(k))?)(34.2 + 51og(k) + 21og(log(k)))
< 7.6 - 101°E (log(k))3. (27)

3.3. The case 2 < k < 350

In the previous, we obtained a very large upper bound of n. We apply Lemma 4 to
reduce the upper bound. In this case, we will prove the following lemma.

Lemma 7. The only solution of the Diophantine equation (22) is P4(k) = Tg wheren > k+2
and 2 < k < 350

Proof. To apply Lemma 4, let

vy :=nlog(a) — (m — 1)log(n) + log(c_lgk(a)).
Then we have, by inequality (25),

1.6

et — 1| < —-
1

We know v1 # 0, since A # 0. If m > 2, we have
1.6

m—1
1

< 0.87.

By Lemma 2, we get

_log(1-087) 1.6 3.75

[o1] = [log(A +1)[ = C— T < S
0.87 0t

and

0 < [(m —1)(=log(m)) + nlog(a) +log(c™ ' gr(a))| < 3.75 - exp(—(m — 1) log(m)). (28)
According to Lemma 4, we obtain

~1
c:=3.75, 0:=log(m), v:= W

)
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_ log(m) 5 _
log(a)” 1

We are aware that 1 is an irrational number. Taking Xg := 1.5 - 10*7k?(log(k))3, which is
an upper bound of m — 1 and n. Using Maple program inspection, the maximum value of
1 s log (W < ) for k € [2,350] is 143 . We get 1 < m — 1 < 143 and discover the possible
Values of the Diophantine equation (22) for which k£ € [2,350] have 2 < m < 144, and
b}zki)nequality (23), we obtain 4 < n < 181. The only possible solution in this range was
P4 =Tk.

—log(m), ¥2:=log(a), B:=Ilog(c  gx(a)).

3.4. The case k£ > 350

In this case, we prove the following lemma
Lemma 8. The Diophantine equation (22) has no solution for n >k + 2 and k > 350
Proof. For k > 350, as a result of Lemma 1, we have
n < 7.6-10"k (log(k))? < ¢"/2.

From (12),(22) and (24), we get

LG—cni”_l < |gnl@)a™ — e | + 2| < g AT
¢+2 ¢+2 (¢+2)¢k/2
Dividing both sides by %, it becomes
7.6 —2n, m—1
[A1] < e where A1 :=c(p+2)p*"n" " — 1. (29)

Using the fact that ¢2n ¢,3/2 yield for n > k + 2. It is known that A; is nonzero. If Ay

is zero, then 77?”% = ¢(¢ + 2), and we get the left-hand side as an algebraic integer, but
1

the right-hand side is not an algebraic integer, which is impossible, hence, A; # 0. We
apply Theorem 1, we take parameters ¢ := 3, and v; := ¢(¢ + 2),v2 := ¢,7y3 := 11, and
by :=1,by := —2n,b3 = (m — 1). So L := Q(y1,72,73). Thus D := [L,Q] = 6. Moreover,
h(ns) = 52, h(ns) = 5 and

h(m) < h(c) + h(¢) + 2log(2) < 2.9,

it follows that A :=17.4, As := 1.45 and Az := 1.22. Since max{|1|,| —2n/|, |(m —1)|} <
2n, we can take B := 2n. Thus, by Theorem 6 , we get

glog(qﬁ) —log(7.6) < 4.43 - 10 - (1 + log(2n)).
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Using fact that 1+ log(2n) < 1.3log(n) for all n > k 4+ 2 > 352, which implies that
k< 2.4-10%1log(n).

We have an upper bound of n in inequality(27), then 38.87 4+ 5log(k) + 3log(log(k)) <
13log(k) for all £ > 350, we get

k< 2.4-10%10og(7.6 - 10'%5(log(k))?)
< 2.4-10"(38.87 + 5log(k) + 3log(log(k)))
< 3.12- 10" log(k).

The above inequality gives

k< 1.3-10'8.
Thus, we get
n < 7.6-10%(1.3-10'8)5(log(1.3- 10'8))® < 2.1 - 102
m < 2(2.1-10'"2) < 4.2 102
Let

vg := (m — 1)log(m) — (2n)log(a) + log(c(é + 2)).
Then we have, by inequality (29),

. 7.6
|€ 2—1’ < W

We know ve # 0, since A; # 0. If k > 350, we get

7.6

W < 0-1.

By Lemma 2, we obtain the inequality

log(1-01) 76 _ 8.1

|va| = [log(A1 4+ 1)| = 01 e < Gh/2
Thus, we get
0 < |(m —1)log(n) — 2nlog(¢) + log(c(¢ +2))| < 8.1-exp(—0.24 - k). (30)
Applying lemma 4, we can take
log(c(¢ +2))
c:=8.1, 6:=0.24, =
v 1og(0)

9 log(m1)

log ()’ Yy :=log(n), v9:=—log(p), B :=1log(c(ed+2)).
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We take M :=4.2-10"2, which is the upper bound for m —1. A quick inspection with the
help of Maple programming found that ¢o11 is convergent of ¥. By Lemma 4, we obtain

1 g3y - 8.1
k 1105. 31
< 0.24 <4.2 10122 | —log(¢)| < (31)

By inequalities of (27) and (23) we have
n < 4.3-10* and m < 8.6 10*.

Again we apply Lemma 4 for (30) with M := 8.6 - 1034, we found that g5 is a convergent
of ¥, and k < 389. Hence

n<1.4-10% and m < 2.8 - 1032

Third time applying Lemma 4 for (30) with M := 2.8 - 1032, we found that gg5 is a
convergent of ¥, and & < 342, we get contradiction by our assumption that k£ > 350.
Theorem 2 is proved.

4. Conclusion

We found all solutions of the Diophantine equation (22), where P isa k-generalized
Pell number and 7, is a Tribonacci number, for each positive integer n,m and k. We
used a lower bound for linear forms in logarithms of algebraic numbers to get an upper
bound for n. Then, we used a variation of the Baker-Davenport reduction method called
the De Weger reduction method to reduce the upper bound.
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