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Abstract. Let X and Y be Banach spaces and L(X,Y) be the space of all bounded linear operators from

X to Y.If X =Y we write L(X) forL(X,Y). Let X ® Y be the tensor product of X and Y, and X é) Y be
the completion of X ® Y with respect to a uniform cross norm a. In this paper, we present an extension
of the Hille-Yosida Theorem to tensor product semigroups.
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1. Introduction

One parameter semigroups of operators have been a useful tool in the study of the so-
called abstract Cauchy problem. Such a problem states as follows: Let A be a linear operator
on a Banach space X, find a continuously differentiable function T(., x) from [0, c0) into the
domain of A such that T satisfies the differential equation %T(t,x) = AT(t,x), (t = 0),
T(0,x) = x, for all x € Dom(A). So much work has been done on one parameter semigroups
of operators as well as its relation to the abstract Cauchy problem. For more on such topics
we refer to [3, 4, 9].

We begin recalling some standard definitions. Let X be a Banach space and L(X) be the
space of bounded linear operators on X. By a one parameter semigroup of operators on X we
mean amap T : [0,00) — L(X) such that

(i) T (0) =1, the identity operator on X.
(i) T(s+t)=T(s)T(¢t)foralls,t >0, the semigroup property.
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The linear operator A whose domain ©(A) is given by

_ T)x—x
D) = {x €X: lim — ex1sts}

t—0*

such that
o T()x—-x dt
Ax = lim —— =

i, ; = E(T(t)x) li—o for x € D(A)

is called the infinitesimal generator of the semigroup (T(t)).>o. The generator A is always a
closed, densely defined operator. It is well known that, when A is a densely defined linear op-
erator with non empty resolvent set, then the abstract Cauchy problem has a unique solution,
for all x in the domain of 4, if and only if A generates a strongly continuous semigroup. (Pazy,
[9, 10], Goldstein, [3]).

There are many important results on one parameter semigroups of operators. We mention
two of such results:

I. Characterization of the infinitesimal generator of a semigroup.

II. “Hille-Yosida Theorem”: The norm of the resolvent operator R; (A) of the infinitesimal
generator of a C, semigroup tends to zero at infinity. More precisely, RA(A)” < % for
large A, which is known as the Hille-Yosida Inequality.

In this paper, we introduce what we call a tensor product semigroup. We show that every
tensor product semigroup is a two parameter semigroup. We study the relation between a
tensor product semigroup and its components. As not every two parameter semigroup on

X é) Y defines a T.PS., we present a condition under which a two parameter semigroup be a
T.PS. We show that the operator A; ® I +1 ® A,, is the infinitesimal generator of a Cy T.PS.,
where A;,A, generate the semigroup components of the TBS. . Equality of A; ® I +1®A,
and A; ® I +1 ® A, is proved as well.

v A
Throughout this paper, X®Y (X®Y) denote the completion of the injective (the projective)
tensor products of X and Y . If P and Q are elements in L(X) and L(Y') respectively, then P®Q

a
denotes the tensor product operator on X ® Y. Further, we write X ® Y to denote either one
of the tensor products (the projective or the injective). For more details on tensor product
spaces and tensor product of operators, we refer the reader to [8].

2. Tensor Product Semigroups

Definition 1. Let X,Y be Banach spaces, and (T (s))s>0,(S(t));>o be one parameter families of
operators in L(X),L(Y) respectively. The family (T(s) ® S(t)); >o is called a tensor product

semigroup, (abbreviated T.PS.) on the Banach space X é Y if
1. T(0)®S(0) = Ixgy,

2. T(Sl +52) ®S(t1 + tz) = (T(Sl) ®S(t1)) (T(Sz) ®S(t2)) ,
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This is equivalent to
a a a a
T(0)®S(0)=1 5 and T(s; +53) ®S(ty + 1) = (T(sl)®8(t1)) (T(52)®S(t2)).

Thus the family (T(s) és(t)) is a TPS. defined on the complete space X é Y. For
>0

56>

short, we will write (T (s) ® S(t)); > for (T(s) %S(t)) , and I for each of Iygy, and

s,t=0

Ixéy' It should be remarked that if we know T(s) ® S(t) on X ® Y, then we know T(s) (% S(t)

on X % Y.
a
One can define a T.RS. (T (s) ® S(t)); ;>0 , to be uniformly continuous on X ® Y if

Lini N |IT(s)®S(t)—I®]I| =0, and to be strongly continuous on X % Y(Cy) if
(s,£)—(07,0™)

Lim =0

T(s) é) S(t)z —2
(s,t)—(0*",0%)

forallz€eX®Y.
One can easily see that the limit in (2) can be replaced by

okim [(Te)®s) (x®@y) —x®y| =0,

for all x € X,y € Y. The proof is a consequence of the following

Lemma 1. Let X, Y be Banach spaces and a be a uniform crossnormon X ® Y. If

H (A;®B;)z— (A®B)z|| — 0asi— oo, forall z € X ®Y and none of the sequences (4;) , (B;)
has a subsequence that converges to zero pointwise, then (A; ® B;); is uniformly bonded. More-
over, each of (4;);, (B;); is uniformly bounded.

Proof. For a fixed 0 # x, € X one can see that each vector in the space [xo] ® Y
is of the form x, ® y for some y € Y. Therefore, [x,] ® Y is a Banach space. Since

i—00, . . .
H (A;®B;)z— (A®B)z|| — 0 forevery z € [xg] ®Y, then (A; ® B;) is a pointwise bounded
sequence of bounded operators on the Banach space [ x, ] ® Y. Which implies by the Uniform

Boundedness Principle that ((Ai ® Bi)l[ ]®Y) is uniformly bounded. That is
L) i

H (“4ie B")l[xo]m

’ < c forall i. But

H(Ai®Bi)|[XO]®Y = i‘ég H(Ai®Bi)(Xo®}’)H

l|xo®y]|=1

= sup ”(Ai®Bi) (x0®y)||
yeY

1
lTxoll

ll¥ll=



R. Khalil, R. Al-Mirbati, D. Drissi / Eur. J. Pure Appl. Math, 3 (2010), 881-898 884

Aol |

= sup |Aix0®Biy||= sup | Biy”.
ey yey

ll¥ll=1 lI¥ll=1

Thus sup | sup HAix()” HBiy” < c. In other words ||Al~x0H ||Bl~yH <cforalliforally €Y.
i yey

lIvll=1
Under the assumption that A;x, does not converge to zero, we obtain that (B;) is uniformly
bounded on Y. Repeating the same approach and choosing 0 # y, € Y, one can show that
(A;) is uniformly bounded on X. The lemma is then completely proved.

One can easily prove the following result.

Lemma 2. Let X,Y be Banach spaces and (T (s));>0,(S(t));>0, be one parameter families of
operators in L (X), L (Y) respectively. Then the following are equivalent:

a. T(s) is a one parameter semigroup on X.
a
b. T(s)®I is a one parameter semigroup on X ® Y.

a
c. I ® T(s)is a one parameter semigroup on ¥ ® X.

The following Lemma is essential for Theorem 1. Its proof is different from the proof in

[7].

Lemma 3. Let X,Y be Banach spaces, a any crossnorm on X ® Y. Let a,c € X,b,d € Y be
nonzero vectors. If a ® b = c ® d, then there exists a nonzero scalar 3 such a = fc,b = %d.

Proof Let x* € X*. Then x*(a) b = x*(c)d. In particular, this holds for an x* satisfying
that x*(c) = ||c||. That is, x”(Eﬁ)b = d. It is clear that x*(a) is not zero. Choose xIIEI(II) = B.
Then (a — f¢c) ® b=0. Thus, x* (a — fc) b =0 for all x* € X*. Choosing x* € X*, such that

x*(a—fc) = Ha — [a’cH completes the proof.

Theorem 1. Let X,Y be Banach spaces, (T (s))s>g, (S(t));>o one parameter families of operators
in L(X),L(Y) respectively. Then the family T(s) ® S(t) is a TRS. on X é Y if and only if there
is a unique 0 # 3 € R, and unique one parameter semigroups (T(s))s>0, (S(t))po on X,Y
respectively, such that - B

BT(s)= T(s) and %S(t) = §(t)for all s,t > 0.

Proof. If B = 1 then (T(s))s>0,(S(t));>o define one parameter semigroups. Therefore,

from Lemma 3, each of T(s)® I and I ® S(t) is a one parameter semigroup on X é Y. Conse-
quently,
(TE)R®NUIRS(t)=T()S(t)=IT®S(t))(T(s)®I)
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isa TRPS.on X é) Y.
If B # 1, then T(s),S(t) are not semigroups of operators since T(0) = %I # I even though,
T(s)®S(t)is a T.PS.

To show necessity, let T(s) ® S(t) be a T.PS. on X é Y. then T(0) ® S(0) =1®]1, and by
Lemma 3, there exists 0 # y € R such that T(0) = yI, and S(0) = %I . Define the families T(s)
and S(t) from M+ into L (X é Y) so that T(s) = %T(s) and S(t) = yS(t),s, t > 0. Clearly,

T(s) ® S(¢) is the TPS. T(s) ® S(t). Moreover, T(s),S(t) are one parameter semigroups on
X,Y respectively. Indeed, T(0) = %T(O) =1 and S(0) = yS(0) = I. To show the semigroup

property for T(s), let s1,s, € M+ and let x € X. Then for any 0 # y € Y we have

| T(s1 + s2)x = T(s)T(sp)x||

1 ~ ~ ~
- ol (TG +5x = TE0TG)x) @ |
- ﬁ (T +s081) - (Te)TeIe 1)) (xoy)|
= (TG 5 ®800+0)) — () T(s,) ®5(0)8(0) (x®y)H

I
| [(761 +50@50+0) - (T 950) (T62) 950) ] (x07) |
I

= ﬁ [ ((T(s1+5,) ®S(0+0)) — (T(s1) ®S(0)) (T(s2) ®5(0))) (x ®y)||-

Therefore T(s; +s,) = T(s1)T(s,). Similarly, (§(t))t>0 satisfies the semigroup property.

Hence T(s) and S(t) are one parameter semigroups on X, Y respectively.

The proof of Theorem 1 shows that if (T(s));>0,(S(t));>0, are one parameter semigroups

on X,Y respectively, then the family (T (s) ® S(t)); (>0 is a TRS. on X QY.
As for the continuity of tensor product semigroups it is not difficult to see

Lemma 4. Let X,Y be Banach spaces, (T (s))s>0,(S(t));>o, one parameter families of operators
in L(X),L(Y)respectively. If T(s)®S(t) is a TES. and T(s), S(t) are as in Theorem 1, then the
following are equivalent

a. T(s)®S(t) is uniformly (strongly) continuous.
b. T(s)®I and I ® 5(t) are uniformly (strongly) continuous.

c. T(s) and 5(¢) are uniformly (strongly) continuous.
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Now, if (T(s))s>0,(S(t))¢>0, are one parameter families of operators in L(X), L (Y ) respectively
and T(s) ® S(t) is a TPS., then:

If T(s) ® S(t) is uniformly (strongly) continuous, then the map
F(s,t): R+ = [0,00) X [0,00) = L (X % Y | defined by F (s,t) — T(s) ® S(t) is continuous

in the uniform (strong) operator topology. Further, F(s,t) is uniformly (strongly) continuous if
and only if it is separately uniformly (strongly) continuous.

The proof of the following proposition is straight forward, and will be omitted.
Proposition 1. Let L(s, t) be a 2-parameter semigroup on the Banach space X t% Y, such that

L(s,0)(x®y) = (fS)x)Q®yforadllxeX,y€Y,
L(0,t)(x®y) = x®(g(t)y) forallxeX,y €Y,

where f, g are any functions on X,Y respectively. Then
1. (f(5))s>0 and (g(t))>q are one parameter semigroups on X,Y respectively.

2. L(s,t) is uniformly (strongly) continuous if and only if each of the one parameter semi-
groups L(s,0) and L(0, t) is uniformly (strongly) continuous.

It follows from the definition of a two-parameter semigroup [7], we observe that a T.PS.
(T(s) ®S(t))s >0 defines a two-parameter semigroup (L(s, t)); ;>0 = L(s,t) = T(s) ® S(t).
Note that L(s,t) = L(s,0)L(0, t), where L(s,0) =T(s)®S(0) =T(s) ® I and
L(0,t) =T(0)®S(t) =1®S(t).

3. The Infinitesimal Generator of a T.BS.

Let (T(s)®S(t));,>0 be a Cy TRS. on X ® Y and A;, A, be the infinitesimal genera-
tors of the one parameter C, semigroups (?(s))PO, (§(t))t>0 on X,Y respectively, where

(T(s))s>0, (§(t))t>0 are as in Theorem 1.
Remark 1. Let us recall the followings.

1. Let X be a normed space and A be a linear operator, A : ©(T) € X — X. A subspace
Z of the domain ® (A) is called a core for A if Z is dense in D (A) for the graph norm
lAlla == llxll + llAx]l. [2]

2. A function G : R+ - X % Y, is said to be differentiable at (0,0) if there exists a linear

a
transformation £ : R — X ®Y such that

G (s,t) —G(0,0)— £ ((s,t) — (0,0))]|
im =0
(5,)—(0%,0") IIGs, )]
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In other words,
G (S’ t) -G (O’ O) =£ (S’ t) +R(S’ t),

where
IRGs, Ol

1m =
(s,0)—(0,0%) [|(s, )|

3. The transformation £ above, if it exists, is unique, and it is called the derivative of G at
(0,0).

4. For a fixed z € X % Y, if G(s,t)z = (T (-)®S(-+))z, then (2) becomes
(T ©)®S (t)) z—z=2 (5,6)z +R(s, )z,

and (2) comes to
IRGs, Ozl

im =0,
(s,)—(0%,0) ||(s, )]
for all z where (2) holds.

5. If it is shown that for any gz satisfying (4), one has the same £(-,-) in (4), then one

. L . . 2 a
can consider the derivative as the linear transformation from Rt — £ (X ® Y), where

< (X t% Y) is the space of linear (not necessarily bounded) operators on X é) Y, in the

following sense:

For all z such that (4) holds, there is a linear transformation St s g (X é Y),
where (s,t) — £(s, t) such that (s, t)z = £(s, ) 2.

6. In case of item 5 holds, if moreover, £ is of the form (£, £,) then for any (s, t) € R the
domain of £(s, t) is ® (s€; + t£,), the domain of s€, + t £, which is © (£,) ND (£,).

Definition 2. Let (T (s) ® S (t))s >0 be a TPS. on X é) Y. The infinitesimal generator A of
(T (s) ®S(t))s,¢>0 is defined as follows

DA = {z EX®Y: (T (s) ®S (t)) 2 is differentiable at (0, O)} ,

Az

D(T©)85(0)) a1, forz € D),

where D (A) is the domain of A, and D (T (s) é) S (t)) 2, is the derivative of T (s) é S(t)z

as a function of two variables at (s, t) = (0,0).

,)=(0,0)

2
Lemma 5. (A4, ®1) (x®y) = 5= ((T(s)®S(t)) (x ®y))|(s,t):(o,0), and (I®A,) (x®y) =
% ((T(s)®S(1)) (x ®y))|(s b fOr dll x € D(A1), ¥ € D(A,), where A} and A, are the
infinitesimal generators of the coordinate semigroups respectively.



R. Khalil, R. Al-Mirbati, D. Drissi / Eur. J. Pure Appl. Math, 3 (2010), 881-898 888

Proof. Let x € ©(A;), ¥y € D(A,). Then

o T () ®S(0 —(T(0)®5(0
a(T(S)®S(t)(x®y))|(svt)=(0m - th’gl( O ())(x®y)h( 0)®5(0)) (x® )

— Lim ((Mx) ® y)
h—0* h

= [Lim (%x)} ®y=(A1x)®y.

h—0"

Similarly for I ® A,.

Now, Let (T (s) ®1 ) ,(T (s))s>0 be one parameter C, semigroups on the Banach spaces

5>0

a
X ®Y, X with infinitesimal generators A,A; respectively. Then, one can easily see:

a. D(A;)®Y is a subspace of D (A).
b. D(A;)®Y is dense in X é Y.

c. D(A;)Q®Y isinvariant under T (s) é) I.

d. D(A;)®Y is a core for A.

Lemma 6. Suppose that (T (s))s>q , (S(t))¢>o are one parameter Cy semigroups on the Banach
spaces X,Y with infinitesimal generators A;, A, respectively. Then A; ® I and I ® A, are the

infinitesimal generators of the one parameter C, semigroups (T(s) ®I ) , (I ®S (t))
s>0

t>0

respectively on X % Y.

Proof. Firstletz = x ® y, for some x ® y € D(A;) ® Y. If A is the infinitesimal generator
of (T (s) t% I) , then Az = (A; ® I) z. This means that A|D(A1)®Y =A; ® I. In other words,
5>0

Ais an extension of A; ® I from the subspace D(A;) ® Y to the domain © (A) of A. Being the
infinitesimal generator of a one parameter C, semigroup, A is closed [9]. Thus A is a closed
extension of A; ® I. But A; ®I is closable [6]. Since the closure of an operator is its smallest
closed extension, then AD A; ® I D A; ® I. On the other hand, by [6], A; ® I is the maximal
extension of A; ® I. Therefore AC A; ® I. Hence A = A; ® I. Similarly, one can show that

I ® A, generates (I %S(t))

t>0

Theorem 2. The infinitesimal generator of a Cy TRS. (T (s) ® S(t)); ;>0 is the linear transfor-
mation £ : RY — & (Xéy), (a,b)— ((A ®1,T®A4,) (a,b)) = (aA; ®T +bI ®4,),

where A1, A, are the infinitesimal generators of the one parameter C, semigroups
(T (S))szo’ (S (t))tZO respectively.
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Proof. First, we should notice that £(a,b) (x®y) = (aA; ®,bI ®A,) (x® y) for all
x €D (A1),y €D (A;). Now, Let (T (s) ® S(t))s,>0 be a Cy TPS., A its infinitesimal genera-

tor and let g € ® (A). That is, z € X é Y such that (T (s) é S (t)) 7 is differentiable at (0, 0).

Thus D ((T (s) % S (t)) z) exists. In other words, there exist 2, 2, in X é Y such that
lts.0)=(0,0)
[[{(T()®S(£))—T(0)®S(0)}z—s2; —tz, |

(s,6)=(0%,0%) lIGs, o)l
s 0" Then lim {T©®SO)-TO8S(O)}z—sz|

s—0t $

= 0. In particular, choose (s,t) to be (s,0) where

= 0. Therefore,

{(Te)eI)-101}

S

H{(T(s)@]) —I®I}z—szl
lim = lim

s—0t S s—0t

z—2||=0.

From Lemma 6, z; = (Al 1 ) z, where A; generates the C, semigroup (T(s))s>0. Sim-
ilarly, one can show that z, = (I ®A2) z. Since z was arbitrarily chosen in ©(A), this

shows that D(A) is a subspace of X % Y. Further, D(A) € D (Al QI ) no (I ®A2). Now
letze® (A1®I) no (I®A2) ands,t > 0. Set

J(G,t)=(T(s)®S(t))—(T(0)®S(0))— (m’m) (i)
Then

(T(s) s (t)) @ - (=)
- (sA1 ®1) (2) — (tI ®A2) (2)

(Twé1) (1850) @
-(T©é1) @)~ (T84) @

G, 0zl =

IA

+H(Toé)@-@-(@en)®

(T0)61) ((I&“))@)—(’&)@)) H

- (T®4,) (2)

i T()®I—I®I - (@D ).
S

IA

Divide both sides by ||(s, t)|| = V/s2 + t2 to get

Il Gs, ) 2l (?(s)él) [{% (1§§(t)—(1‘%1))_(M)}(z)”'

lIGs, )l

< Yo
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1 -~ a a S—
- (T(s)@[—[@[) - (AreT) { (=)
s

where v , = \/32;?, G5 = \/32;? But ), <1, ¢, < 1foralls,t > 0. Therefore,
~ a 1 a ~ a -

(T(s)@l) [{? (I@S(t) - (1@1)) - (I®A2)}(z)} H
1 o~ a a —
. (T(s)®1—1®1) - (Ar®T) { (=)

As (s,t) — (0%,07), the second norm in the right hand side converges to zero, whereas

s

>

6,08l _ ‘
Il =

+

>

~ a
the first norm converges to zero by Lemma 6, the strong continuity of (T s)®I ) , and
s>0

the uniform boundedness principle. Therefore, % — 0as (s,t) — (07,0"). Now, define

e it —>$(X§)Y) by (£(s,t))z = ((W,M) (St))zforeveryze’D ((W) (St))ﬁ
> ((T57) () -2 ((067)) 3 (T575)). o

D(T(s)®S(t)) | =(A;®I,I ®A,), as a linear transformation from R to 2 (X é Y)
(s,t)=(0,0)
is the derivative of the Cy TRS.(T (s) ® S (t));,,>0 at (0,0). Hence the linear transformation

L= (Al ®I,I ®A2) is the infinitesimal generator of the Cy T.RS. (T (s) ® S (t)); >0-

Remark 2. One can show that for any nonzero (a,b) € R, D (A1) ® D (A,) is a core for
(A ®1,T®4,) (5).

1. In general, if A, B are closable, or even, closed linear operators on the Banach space X, then
A+ B need not be closed. But, Theorem 1.1 in [5] ensures that aA; ® [+ b,I1 ®A,, a,b #0
is closable. Moreover; its closure is aA; ® I + bl ® A,.

2. Since the restriction of £(a, b) to X ® Y is defined by

Ha,b)(x®y)=(aA; ®I+DbI®A;) (x®y) = (A, @I +1QA,) (Z) (x®y),

forallx e ®(A;),y €D (A,), and since X ® Y is dense in X ® Y, it is enough to study
T (s) ® S (t) instead of its extension T (s) ®S (t), and (A, ® I +1®A,) (Z) instead of its
closure (Al ®I,1 ®A2) (3)-

From now on, the infinitesimal generator of (T (s) ® S (t)), ;>0 Will be denoted by
(A1 ®1,T®4,).

a _—
Lemma 7. If (T (s) ® I);>q is a Cy semigroup on X ®Y with infinitesimal generator A, ® I where
A is a linear operator on X, then (T (s))s>0 is a Cy semigroup on X with infinitesimal generator
Ay
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The proof follows from general functional analysis arguments and will be omitted.
Lemma 8. If (T (s) ® S(t))s >, is a Cy TRS. on X é Y, then for every (a,b) € iﬁ+2, the family
(T (as) ® S (bs))s>, is a one parameter C, semigroup on the Banach space X ®Y.

Proof. Let Q(h) = T (ah) ® S (bh). Then Q(0) = I, where I is the identity on X ® Y, and

Q(hy+hy) = (T (ahy) ®S (bhy)) (T (ahy) ®S (bhy))
Q(h1)Q(hy).

Put bh = t, ah =s. Since
h — 0" if and only if s = ah — 0™ if and only if t = bh — 07,

then the function Q(h) = T (s)®S (t) converges to I as h — 0% in the strong operator topology.

Lemma 9. Let 0 # (a,b) € R, Then the infinitesimal generator of the one parameter C,
semigroup (T (as) ® S (bs))s>, is the linear operator

aA; ®1+b,1®A,.

Proof The generator of the one parameter semigroup (T (as) ® S (bs)),>, is given by
+ d+
E(T (as)®S(bs))_, = E(T (as)® 1) (I ®S(bs))_,

dt . g
- = (T(as)®1) (1®S(b3))|s:0-

Being the derivative of a function of one variable at s = 0, the derivative is

dt , . _ _ d+ .
(E (T(as) ®1)|50) (1 ®S(0)) + (T(O)@I) (E (I®S(bs))lso)

v a+ _
= a(—d(as) (T("S)M)u:o) (I®I)+(I®I)b(—d(as) (I®S(bs))ls=0) (1)

and this is just aA; ® I + b,I ®A,.

Corollary 1. The linear operator aA; ® I + b,I ® A, is closed and densely defined.

Corollary 2. For every 0 # (a,b) € Rt the linear operator aA; ® I + b,I ® A, is closable,
densely defined and its closure is aA; ® I + b,I ® A,

Proof. Being closable is proved in [6]. Since

D(aA, ®I+b,I®A;) = (D(A)QY)N(X®D(,A,))
= D(A)®D(,A,y),
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and since A;,A, are densely defined in X, Y respectively, one can show that the subspace
D (A1) ®D (,A,) is dense in X ® Y, which is in turn dense in X ®Y. Thus aA, ® I+ b, ® A,
is densely defined on X t% Y. So

(a4, ®T+b,T®A;) (x®y) = (aA; ®1+b,I®A;) (x®Y),

forallx®y €D (A,) ®D (,A,). That is

(a4, ®T+b,I ®A2)I(X®y)ﬂ©(aA1®I+b,I®A2) =aA; ®1+b,I ®A,.

Therefore, B=aA; ® I + b, ® A, is an extension of A=aA; ® [+ b,I ® A, from the subspace
D (A;) ®D (,A,) to D (B). From Corollary 1, B is a closed extension of A. Since A is closable,
and the closure is the smallest closed extension, A € B. On the other hand, A is closable,
and the closure of a closable operator is its maximal extension. Thus B € A. Hence A = B
completes the proof of the corollary.

Corollary 3. Let (T(s) ® S(t)); (>0 be a Cy TPS. on X ® Y, with infinitesimal generator
(Al ®I,I ®A2) and 0 # (a,b) € R*’. Then the infinitesimal generator of the one parameter C,
semigroup (T (as) ® S (bs))s>, s the linear operator aA; ® I+b,I ® Ay =a (A, ® 1) + b (I ®A,).

As a consequence of Corollary 3, we obtain Nagel’s result [1, Proposition, Sec. 3.7].

Corollary 4. The infinitesimal generator of the one parameter Coy TRS. (T (t) ® S(t));>0, is
(A1 ® 1)+ (I ®A,) defined on the core D (A;) ® D (A,) of the generator.

Proof. From Corollary 3 the operator

a(A;®I)+b,(I®A) =a(A;®I)+b(I®A,)

generates (T (at) ® S(bt));>o. As a particular case take (a,b) = (1,1). Then

(A1) + (I®A,)

is the infinitesimal generator of the one parameter C, semigroup (T(t) ® S(t)),>o. But
(A;®I) + (I ®A,) is defined on D (A;) ® D (A,), which is a core for the infinitesimal gen-

erator (A; ®1) + (I ®A,)

Definition 3. Let (T(s));>o and (S(t)),>o be one parameter C, semigroups on the Banach spaces

X and Y respectively. For u = (a,b) € R*’, the almost directional derivative a.D, of
T(s)®S(t) at (0,0) is defined by

o «  T(ah)®S(hbhz—z
D | a.D, (T(s) ® S(t)) =<{2€X®Y: lim exists
I(s,6)=(0,0)

h—0* h
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and

) ~ (T(ah) é) S(,bh))z — =
z = lim
h—0* h

(a.Du (:r(s) ®S(t)) s

It follows from the definition that the almost directional derivative a.D,, (T(s) é S (t))
l¢s,6)=(0,0)
is the infinitesimal generator of the one parameter C, semigroup (T (at)®S(, bt)),>q. Further,

2 a
foru=(a,b) €R", a.D,(T(s)®S(t)) | = (aA;®I+bI®A;)=a(A;®I)+b(I®A4,).
(s,t)=(0,0)
Also, since V(T(s) ® S(t)) = %T(s) ®S(t)i + %T(s) ® S(t)j, then foru=(a,b) € Dia

a
a.D,(T(s)®S(t)) | =VTEest) | .u
(s,t)=(0,0) (5,6)=(0,0)

Theorem 3. Let (T(t));>o and (S(t)),>o be one parameter Cy semigroups on Banach spaces X
and Y with infinitesimal generators A; and A, respectively. Then

a a
D (T(s) ® S(1)) (b) (x®y) =(A1®L,I®A,) (b)(T(sms(t)) (x®y) @)

for dll (a,b) € R*’, dll x €D (A;) and y €D (A,).

Proof Let (a,b) e Rt x €D (A1), and y € D (A,). Then D(T(s) ® S(t)) as a function of
two variables is given by

0r©esw)|(}) (xe)
0 0 a
- (zo0es0).500e50) (}) <o)
e, d
= (aa (T(s)®S(t))+ ba (Tis)® S(t))) (x®y)

B (ad (T(s)®I) TeS(H)+ bd (I®S(t))
ds dt

Then, by Lemma 2-c, Theorem 2 and Lemma 6 we have
a
(DTS @SN |, | (x®y)

= a[(A®T)(T()®N] (x®S(t)y)
+b [((T®A;) U @S(t)] (T(s)x®y)
= a(A;®I)(T()x®S(t)y)+b(LI®Ay) (T(s)x®S(t)y)

= (A,®L,IQA,) (Z) (T)®S(t) (x®y).

(T(s) ®I)) (x®y).

which is (2).
As in the classical case, one can show the existence of constants «w > 0 and M > 1 such
a
that ||T(s) ® S(t)H < Me®*) fors, t > 0.
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4. The Hille-YosidaTheorem for T.RS’.

Definition 4. Let X and Y be Banach spaces and A be a linear transformation that maps Rt
into & (X é Y) givenby A= (A; ®I,I ®A,), where A;,,A, are linear operators on X and Y
respectively, satisfying:

a. For any (a,b) € |+
a
A(b) (x®y) =(aA; ®,+bI ®A,) (x®y),

b. A'is the infinitesimal generator of a Cy TRS. (T(s) ® S(t));, r>o0-

Then we call the linear transformation B = (A, ® I,I ® A,) the pseudo-infinitesimal generator
of (T(s) ® S(£))s,t>0-

We should remark that uniqueness of the closure of a linear operator, and uniqueness of
the infinitesimal generator of a T.PS. imply that the pseudo-infinitesimal generator of a T.PS.
is unique.

Now, we are ready to prove one of the main results of this section (A Hille-Yosida Theorem
for T.RS.).

Theorem 4. Let X,Y be Banach spaces. A linear transformation A from Rt into £ (X % Y)

is the pseudo-infinitesimal generator of a Cy TRS. (T (s) ® S(t))s (>0 on X % Y satisfying
IT(s)® S(O)|| < Me®CHD, for all s, t > 0, for some constants M > 1, w > 0, if and only if the
followings hold

0] (A((l))) (x®y) =(A;x)®y, and (A((l))) (x®y) =x®(Ayy),x€D(A;), y €D (A,)
for some linear operators A;,A, (not necessarily bounded) on X,Y respectively.

(ii) A;,A, in part (i) are closed and densely defined on X,Y respectively.
(iii) p(A;) contains (w,0), i = 1,2, and for every A > w
i

H [R;L(Al.)]"” < (A]—V[—w)"’n: 1,2,3,..., for some M; > 1,i=1,2.

Proof. Let the conditions (i), (ii) and (iii) hold. From (ii), (iii) and Theorem 1.7 in
[1] A1, A, are the infinitesimal generators of one parameter C, semigroups say (T(s))s>os
(S(t));>0 on X,Y respectively, satisfying

IT(s)|| < Mqe® for alls >0, and ||S(t)|| < Mye®" forall t > 0.
By Theorem 1 (T (s) ® S(t)); (>0 is a Cy T.RS. on X % Y satisfying
ITs) @S < TGS
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< MlMZew(S'i‘[)
= Me®Ct0 foralls,t > 0.

By Theorem 2, the transformation (A; ® I,I ®A,) is the pseudo-infinitesimal generator of
T(s)®S(t). Let (a,b) € R, x €D (A1), y €D (Ay). Then

((A1 ®I,IQA,) (Z)) (x®y)=(aA; ®I+DbI®A,) (x®y),

(aA((l)) +bA((1))) (x@y) = (A(b)) (x®y).

Therefore A(;;) coincides with (A; ® I, ®A,) (5) on D (A;) ®D (Ay) for every (a,b) € R+,
thus their closures coincide.

But the transformation mapping (a,b) € """ into A(j) = (A1 ®,I®A,) (3) is the in-
finitesimal generator of (T(s) ® S(t)); >0 (See Theorem 2, and Corollary 2). In other words,
A(Z) is the pseudo-infinitesimal generator of (T (s) ® S(t)).

Conversely, let A be as in the statement. Since T(s) ® S(t) is a C, T.PS., then by Theorem
1 there exist unique 8 # 0, and unique one parameter C, semigroups (T\(S))po’ (§(t))t>0
on X,Y respectively, such that (1) holds. Let A;,A, be their generators. Then by Theorem 2,
A1, A, satisfy (i) and (ii). By Theorem 2 and Corollary 2, the transformation

which is by (i),

(a,b)— (A, ®LI®A,) (Z) = (A1 ®I,1 ®A2) (Z)

is the infinitesimal generator of T (s)®S(t). But T(s)®S(t) = T(s)®S(t). Thus (A; ® I,1 ® A,)
is the pseudo-infinitesimal generator of T(s) ® S(t).

Uniqueness of the pseudo-infinitesimal generator, implies that the linear transformation

2
(A1 ®1,1®A;) =A Thatis A(}) = (A; ® 1,1 ®A,) (;) for all (a, b) in ®*". In particular, for
(a,b)=(0,1), and (a, b) = (1,0). Hence (i) is fulfilled.
Theorem 5. Let X,Y be Banach spaces, and (T (s) ® S(t)); ;>0 be a Cy TES. on the Banach space
X ®Y with infinitesimal generator A= (A, ®I,I ®A,). If A€ p ((Al QI,I ®A2)(Z)), where
(a,b)eRt, and A > (a + b)l_'n.i:l)zi (w(A;)), where 0 < w(A;) € p(A,), for i = 1,2, then
i=1,

o0
=7 7@ —At
(R;L ((Al ®I,,I ®A2)(b))) (x®y) = fe (T(at)®S(bt)) (x®y)dt. 3)
0
Proof letx€X,y €Y, (a,b)e 9{+2, and A be as given. Define

RV (x®y) = Je‘“ (T(at) ®S(bt)) (x ® y) dt.
0
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Since the map t — (T(at) ® S(bt)) (x ® y) is continuous and A > (a + b) max (w(A;)), the

integral exists as an improper Riemann integral and defines a bounded linear operator on
X ® Y. Further, forh >0

T(ah)®S(bh)—1I®I

h R (x® )
= %Je—lt [(T(a(t+h)®S(b(t+h)(x®y) — (T (at)®S(bt)) (x®y)]dt

0

}oe_m_h) (T(at)®S(bt)) (x®y)dt

_1on
"l e (r@nesmn) (xey.)dt
0
elh ( —At 1 [ —At
== e (T(at)®S(bt))(x®y)dt—EJe (T(at)®S(bt)) (x®y,)dt
h 0

_elh—l
h

h
Ah
e M (T (at)®S(bt)) (x®y)dt — 67 f e M (T (at) ® S(bt)) (x® y) dt.
0 0

Taking the limit of both sides as h — 07 yields
((W,M) (Z)) (R (x®y)) =2RA) (x®y) — (x® ).
This implies that
RA)(x®y)ed ((W,m)(?))) forallx® y €eX ®Y,

and
(M@I—(Al®I,I®A2)(Z))R(A)=I®I onX®Y.

Now, forx ® y € ® ((Al ®I1 ®A2)(Z)) c® ((Al QLI ®A2)(Z)) we have

R(A) [((WM)@) (x ®y)}

o0

_A a
= Je Y(T (at) ® S (bt)) [((A1®I,I®A2)(b)) (x®y,)} dt

0
= Je—“ ((A1®I,I ®4,) (Z)) [(T(at)®S (b)) (x®y)]dt,
0
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by Theorem 3. Since (A; ® I,I ® A,) (Z) is closed by Corollary 2, it follows that the right-hand
side of (3) is

o0

((Al ®I,,I ®A2) (Z)) J e M (T (at) ® S(bt)) (x® y) dt
0

= (A;®I,I®A,) (Z) (RA) (x®Y)).

Hence,

R(M) (M - ((W,@) (Z))) (x®y)=(x®Y),

forallx® y €® ((Al QI,I ®A2)(Z)) N(X ® Y). Since by Corollary 1 the domain
D ((A1 ®I,I ®A2)(Z)) is dense in X ® Y, then

R(A) (M (A ®L,T®4y) (ZD —1,

where I is the identity map on X % Y.
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