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Abstract. This paper focuses on the power graph of dihedral groups of order 2n, D2n, where
n ≥ 3. We show the characteristic polynomial of the power graph corresponding to the adjacency,
Laplacian, signless Laplacian, and normalized form of these matrices.
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1. Introduction

Spectral graph theory describes graphs based on specific matrices, such as adjacency,
Laplacian, or signless Laplacian matrices. The spectrum of these matrices can characterize
a graph. These various matrices, in general, give insight into the graph based on their
spectrum. This paper examines a power graph, one of the finite groups that can be
represented by graphs.

A power graph of the group G is denoted by ΓG and defined as a graph whose vertex
set is all the elements of G and two distinct vertices vp and vq are adjacent if and only if
vxp = vq or v

y
q = vp for positive integers x and y [5]. The vertex set for ΓG is the non-abelian

dihedral group of order 2n, where n ≥ 3, denoted by D2n =
〈
a, b : an = b2 = e, bab = a−1

〉
[3]. Let G1 = {e}, G2 = {ai : 1 ≤ i ≤ n − 1}, and G3 = {aib : 1 ≤ i ≤ n}. Note that
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D2n = G1 ∪ G2 ∪ G3. Throughout this paper, the power graph for the dihedral group is
denoted by ΓD2n . It is clear that ΓD2n is a connected graph [2].

Furthermore, the discussion on the degree formula of the power graph of some finite
group can be found in [14]. Later, Takshak, et al. [15] showed the new finding that if
ΓG is a power graph of a finite group G, then it is a divisor graph. Kumar et al. [7]
have presented a complete and excellent survey of the power graph for some finite groups.
Meanwhile, the degree of ΓD2n has been presented by [2] as in the following theorem:

Theorem 1. [2] If ΓD2n is the power graph of D2n, then

(i) the degree of a in ΓD2n is de = 2n− 1,

(ii) the degree of ai in ΓD2n is dai = n− 1,

(iii) the degree of aib in ΓD2n is daib = 1,

The above theorem gives the information that vertex e is adjacent to all other vertices
in ΓD2n . Every vertex in G2 is adjacent to e and all other members in G2. Meanwhile, all
vertices in G3 are only adjacent to e [2].

Several authors have discussed the graphs that are defined on dihedral groups. They
worked on the spectral problem of the commuting and non-commuting graphs, which can
be seen in [9–13], Accordingly, Romdhini et al. [8] investigated signless Laplacian spectral
of interval-valued fuzzy graphs. Moreover, an analysis of the relationship between graphs
and unitary commutative rings’ prime spectrum is presented by [1]. Motivated by this, this
research aims to formulate the characteristic polynomial of the power graph of the dihedral
group associated with the adjacency, Laplacian, signless Laplacian, and normalized form
of these matrices. The definition of the various matrices can be seen in the following
definitions.

Definition 1. ([4]) The adjacency matrix of order n×n associated with ΓD2n is given by
A(ΓD2n) = [aij ] whose (i, j)-th entry

aij =

{
1, if vi ̸= vj and they are adjacent
0, otherwise

Definition 2. ([4]) The diagonal degree matrix of order n × n associated with ΓD2n is
given by D(ΓD2n) = [dij ] whose (i, j)-th entry

dij =

{
dvi , if vi = vj
0, otherwise

where dvi is the degree of vertex vi, a number of vertices adjacent to vi in ΓD2n.

Definition 3. ([4]) The Laplacian matrix of order n×n associated with ΓD2n is given by
L(ΓD2n) = D(ΓD2n)−A(ΓD2n).

Definition 4. ([4]) The signless Laplacian matrix of order n× n associated with ΓD2n is
given by SL(ΓD2n) = D(ΓD2n) +A(ΓD2n).



M. U. Romdhini et al. / Eur. J. Pure Appl. Math, 17 (2) (2024), 591-603 593

Definition 5. ([4]) The normalized adjacency matrix of order n×n associated with ΓD2n

is given by

NA(ΓD2n) =
√
D(ΓD2n)

−1
A(ΓD2n)

√
D(ΓD2n)

−1
.

Definition 6. ([4]) The normalized Laplacian (NL) matrix of order n×n associated with
ΓD2n is given by

NL(ΓD2n) =
√

D(ΓD2n)
−1

L(ΓD2n)
√
D(ΓD2n)

−1
= In −NA(ΓD2n).

Definition 7. ([4]) The normalized signless Laplacian (NSL) matrix of order n × n
associated with ΓD2n is given by

NSL(ΓD2n) =
√
D(ΓD2n)

−1
SL(ΓD2n

√
D(ΓD2n)

−1
= In +NA(ΓD2n).

The characteristic polynomial ofA(ΓD2n) is defined by PA(ΓD2n
)(λ) = det (λI2n −A(ΓD2n)),

where I2n is an 2n×2n identity matrix. Likewise, the notation for other matrices can also
be applied in the same way.

To formulate the characteristic polynomial of ΓD2n , row and column operations need
to be performed. Assume that Ri and Ci are the i−th row and column of the matrix,
respectively. In this case, R′

i and C ′
i will be the new i−th row and column of the matrix,

respectively, as obtained from Ri and Ci. The following theorem is a result of [6] as our
guideline to simplify the characteristic polynomial of ΓD2n .

Theorem 2. [6] If a square matrix M can be partitioned into four blocks M =

[
A B
C D

]
,

where A is a nonsingular, then

|M | =
∣∣∣∣ A B
O D − CA−1B

∣∣∣∣ = |A|
∣∣D − CA−1B

∣∣ .
2. Main Results

This section presents the main results on the characteristic polynomial of ΓD2n . We
begin with the adjacency matrix as the matrix representation of ΓD2n .

Theorem 3. Let ΓD2n be the power graph for D2n, then the characteristic polynomial of
A(ΓD2n) is

PA(ΓD2n
)(λ) = λn−1(λ+ 1)n−2

(
λ3 − (n− 2)λ2 + (1− 2n)λ+ n(n− 2)

)
.

Proof. From Theorem 1 we know that vertex e is adjacent to all other vertices in ΓD2n

and vertices in G3 are only adjacent to e. Meanwhile, every vertex in G2 is adjacent to e
and all other vertices in G2. Following definition 1, we can construct A(ΓD2n) of the size
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2n× 2n:

A(ΓD2n) =

e a a2 . . . an−1 b ab . . . an−1b



e 0 1 1 . . . 1 1 1 . . . 1
a 1 0 1 . . . 1 0 0 . . . 0
a2 1 1 0 . . . 1 0 0 . . . 0
...

...
...

...
. . .

...
...

...
. . .

...
an−1 1 1 1 . . . 0 0 0 . . . 0
b 1 0 0 . . . 0 0 0 . . . 0
ab 1 0 0 . . . 0 0 0 . . . 0
...

...
...

...
. . .

...
...

...
. . .

...
an−1b 1 0 0 . . . 0 0 0 . . . 0

. (1)

Matrix A(ΓD2n) can be partitioned into nine block matrices as follows:

A(ΓD2n) =

 0 J1×(n−1) J1×n

J(n−1)×1 (J − I)n−1 0(n−1)×n

Jn×1 0n×(n−1) 0n

 .

The characteristic polynomial of A(ΓD2n) is

PA(ΓD2n
)(λ) =

∣∣∣∣∣∣
λ −J1×(n−1) −J1×n

−J(n−1)×1 (λ+ 1)In−1 − Jn−1 0(n−1)×n

−Jn×1 0n×(n−1) λIn

∣∣∣∣∣∣ . (2)

We apply the following steps to simplify the determinant in Equation 2:

(i) Rn+1+i −→ Rn+1+i −Rn+1, for i = 1, 2, . . . , n− 1.

(ii) Cn+1 −→ Cn+1 + Cn+2 + . . .+ C2n.

(iii) C1 −→ C1 +
1
λCn+1.

(iv) R2+i −→ R2+i −R2, for i = 1, 2, . . . , n− 2.

(v) C2 −→ C2 + C3 + . . .+ Cn.

Then we get

PA(ΓD2n
)(λ) =

∣∣∣∣∣∣∣∣∣∣

λ2+n
λ 1− n −J1×(n−2) −n −J1×n

−1 λ− (n− 2) −J1×(n−2) 0 01×(n−1)

0(n−2)×1 0(n−2)×1 (λ+ 1)In−2 0(n−2)×1 0(n−2)×(n−1)

0 0 01×(n−2) λ 01×(n−1)

0(n−1)×1 0(n−1)×1 0n−1 0(n−1)×1 λIn−1

∣∣∣∣∣∣∣∣∣∣
.
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Consequently, by Theorem 2, we can obtain the characteristic polynomial of A(ΓD2n) as
follows:

PA(ΓD2n
)(λ) = λn−1(λ+ 1)n−2

(
λ3 − (n− 2)λ2 + (1− 2n)λ+ n(n− 2)

)
.

The previous theorem is devoted to the adjacency matrix. Now we are moving to the
Laplacian matrix as the representation of ΓD2n .

Theorem 4. Let ΓD2n be the power graph for D2n, then the characteristic polynomial of
L(ΓD2n) is

PL(ΓD2n
)(λ) = λ(λ− 2n)(λ− n)n−2(λ− 1)n.

Proof. The Laplacian matrix of ΓD2n construction depends on the degree and adjacency
matrices of ΓD2n . Now we need to construct a 2n× 2n degree matrix of ΓD2n as follows:

D(ΓD2n) =

e a a2 . . . an−1 b ab . . . an−1b



e 2n− 1 0 0 . . . 0 0 0 . . . 0
a 0 n− 1 0 . . . 0 0 0 . . . 0
a2 0 0 n− 1 . . . 0 0 0 . . . 0
...

...
...

...
. . .

...
...

...
. . .

...
an−1 0 0 0 . . . n− 1 0 0 . . . 0
b 0 0 0 . . . 0 1 0 . . . 0
ab 0 0 0 . . . 0 0 1 . . . 0
...

...
...

...
. . .

...
...

...
. . .

...
an−1b 0 0 0 . . . 0 0 0 . . . 1

. (3)

Based on Definition 3, the Laplacian matrix of ΓD2n is

L(ΓD2n) =D(ΓD2n)−A(ΓD2n)

=

e a a2 . . . an−1 b ab . . . an−1b



e 2n− 1 −1 −1 . . . −1 −1 −1 . . . −1
a −1 n− 1 −1 . . . −1 0 0 . . . 0
a2 −1 −1 n− 1 . . . −1 0 0 . . . 0
...

...
...

...
. . .

...
...

...
. . .

...
an−1 −1 −1 −1 . . . n− 1 0 0 . . . 0
b −1 0 0 . . . 0 1 0 . . . 0
ab −1 0 0 . . . 0 0 1 . . . 0
...

...
...

...
. . .

...
...

...
. . .

...
an−1b −1 0 0 . . . 0 0 0 . . . 1

.
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Moreover, L(ΓD2n) can be partitioned into six block matrices as given below:

L(ΓD2n) =

 2n− 1 −J1×(n−1) −J1×n

−J(n−1)×1 nIn−1 − Jn−1 0(n−1)×n

−Jn×1 0n×(n−1) In

 .

The characteristic polynomial of L(ΓD2n) can be obtained from the following determinant:

PL(ΓD2n
)(λ) =

∣∣∣∣∣∣
λ− (2n− 1) J1×(n−1) J1×n

J(n−1)×1 (λ− (n− 2))In−1 − Jn−1 0(n−1)×n

Jn×1 0n×(n−1) (λ− 1)In

∣∣∣∣∣∣ . (4)

We apply the following steps to equation 4:

(i) Rn+1+i −→ Rn+1+i −Rn+1, for i = 1, 2, . . . , n− 1.

(ii) Cn+1 −→ Cn+1 + Cn+2 + . . .+ C2n.

(iii) C1 −→ C1 − 1
λ−1Cn+1.

(iv) R2+i −→ R2+i −R2, for i = 1, 2, . . . , n− 2.

(v) C2 −→ C2 + C2+1 + . . .+ Cn,

then we get

PL(ΓD2n
)(λ) =

∣∣∣∣∣∣∣∣∣∣

λ2−2nλ+n−1
λ−1 n− 1 J1×(n−2) n J1×(n−1)

1 λ− 1 J1×(n−2) 0 01×(n−1)

0(n−2)×1 0(n−2)×1 (λ− n)In−2 0(n−2)×1 0(n−2)×(n−1)

0 0 01×(n−2) λ− 1 01×(n−1)

0(n−1)×1 0(n−1)×1 0n−1 0(n−1)×1 (λ− 1)In−1

∣∣∣∣∣∣∣∣∣∣
.

Following Theorem 2, we then can obtain

PL(ΓD2n
)(λ) = λ(λ− 2n)(λ− n)n−2(λ− 1)n.

The next theorem presents the characteristic polynomial of ΓD2n associated with the
signless Laplacian matrix.

Theorem 5. Let ΓD2n be the power graph for D2n, then the characteristic polynomial of
SL(ΓD2n) is

PSL(ΓD2n
)(λ) = (λ−1)n−1(λ−n+2)n−2

(
λ3 + (3− 4n)λ2 + 2n(2n− 3)λ− 2(n− 1)(n− 2)

)
.

Proof. By Equations 1 and 4, and Definition 4, the signless Laplacian matrix of ΓD2n

is

SL(ΓD2n) =D(ΓD2n) +A(ΓD2n)
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=

e a a2 . . . an−1 b ab . . . an−1b



e 2n− 1 1 1 . . . 1 1 1 . . . 1
a 1 n− 1 1 . . . 1 0 0 . . . 0
a2 1 1 n− 1 . . . 1 0 0 . . . 0
...

...
...

...
. . .

...
...

...
. . .

...
an−1 1 1 1 . . . n− 1 0 0 . . . 0
b 1 0 0 . . . 0 1 0 . . . 0
ab 1 0 0 . . . 0 0 1 . . . 0
...

...
...

...
. . .

...
...

...
. . .

...
an−1b 1 0 0 . . . 0 0 0 . . . 1

.

Moreover, SL(ΓD2n) can be partitioned into nine block matrices as given below:

SL(ΓD2n) =

 2n− 1 J1×(n−1) J1×n

J(n−1)×1 (n− 2)In−1 + Jn−1 0(n−1)×n

Jn×1 0n×(n−1) In

 .

The characteristic polynomial of SL(ΓD2n) can be obtained from the following determi-
nant:

PSL(ΓD2n
)(λ) =

∣∣∣∣∣∣
λ− (2n− 1) −J1×(n−1) −J1×n

−J(n−1)×1 (λ− (n− 2))In−1 − Jn−1 0(n−1)×n

−Jn×1 0n×(n−1) (λ− 1)In

∣∣∣∣∣∣ . (5)

We apply the following steps into Equation 5:

(i) Rn+1+i −→ Rn+1+i −Rn+1, for i = 1, 2, . . . , n− 1.

(ii) Cn+1 −→ Cn+1 + Cn+2 + . . .+ C2n.

(iii) C1 −→ C1 +
(

1
λ−1

)
Cn+1.

(iv) R2+i −→ R2+i −R2, for i = 1, 2, . . . , n− 2.

(v) C2 −→ C2 + C2+1 + . . .+ Cn,

then we get

PSL(ΓD2n
)(λ) =

∣∣∣∣∣∣∣∣∣∣

λ2−2nλ+n−1
λ−1 1− n −J1×(n−2) −n −J1×(n−1)

−1 λ− 2n+ 3 −J1×(n−2) 0 01×(n−1)

0(n−2)×1 0(n−2)×1 (λ− n+ 2)In−2 0(n−2)×1 0(n−2)×(n−1)

0 0 01×(n−2) λ− 1 01×(n−1)

0(n−1)×1 0(n−1)×1 0n−1 0(n−1)×1 (λ− 1)In−1

∣∣∣∣∣∣∣∣∣∣
.
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From Theorem 2, we derive the characteristic polynomial of SL(ΓD2n) as follows:

PSL(ΓD2n
)(λ) = (λ− 1)n−1(λ− n+ 2)n−2

(
λ3 + (3− 4n)λ2 + 2n(2n− 3)λ− 2(n− 1)(n− 2)

)
.

The normalized form of the adjacency, Laplacian, and signless Laplacian matrices of
ΓD2n are presented in the following three theorems.

Theorem 6. Let ΓD2n be the power graph for D2n, then the characteristic polynomial of
NA(ΓD2n) is

PNA(ΓD2n
)(λ) = λn−1

(
λ+

1

n− 1

)n−2(
λ3 − (n− 2)

n− 1
λ2 − n+ 1

2n− 1
λ+

n(n− 2)

(n− 1)(2n− 1)

)
.

Proof. By Definition 5, we need to construct (
√
D)−1(ΓD2n). Using Equation 3, we

can construct (
√
D)−1(ΓD2n) as follows:

(
√
D)−1(ΓD2n) =

e a a2 . . . an−1 b ab . . . an−1b



e 1√
2n−1

0 0 . . . 0 0 0 . . . 0

a 0 1√
n−1

0 . . . 0 0 0 . . . 0

a2 0 0 1√
n−1

. . . 0 0 0 . . . 0
...

...
...

...
. . .

...
...

...
. . .

...
an−1 0 0 0 . . . 1√

n−1
0 0 . . . 0

b 0 0 0 . . . 0 1 0 . . . 0
ab 0 0 0 . . . 0 0 1 . . . 0
...

...
...

...
. . .

...
...

...
. . .

...
an−1b 0 0 0 . . . 0 0 0 . . . 1

.

(6)

Based on Definition 5, NA(ΓD2n) is a 2n× 2n matrix as given below:

e a a2 . . . an−1 b ab . . . an−1b



e 0 1√
(2n−1)(n−1)

1√
(2n−1)(n−1)

. . . 1√
(2n−1)(n−1)

1√
2n−1

1√
2n−1

. . . 1√
2n−1

a 1√
(2n−1)(n−1)

0 1
n−1

. . . 1
n−1

0 0 . . . 0

a2 1√
(2n−1)(n−1)

1
n−1

0 . . . 1
n−1

0 0 . . . 0

...
...

...
...

. . .
...

...
...

. . .
...

an−1 1√
(2n−1)(n−1)

1
n−1

1
n−1

. . . 0 0 0 . . . 0

b 1√
2n−1

0 0 . . . 0 0 0 . . . 0

ab 1√
2n−1

0 0 . . . 0 0 0 . . . 0

...
...

...
...

. . .
...

...
...

. . .
...

an−1b 1√
2n−1

0 0 . . . 0 0 0 . . . 0

.

(7)
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In other words, NA(ΓD2n) can be partitioned into nine block matrices as follows:

NA(ΓD2n) =


0 1√

(2n−1)(n−1)
J1×(n−1)

1√
2n−1

J1×n

1√
(2n−1)(n−1)

J(n−1)×1
1

n−1(J − I)n−1 0(n−1)×n

1√
2n−1

Jn×1 0n×(n−1) 0n

 .

The characteristic polynomial of NA(ΓD2n) is

PNA(ΓD2n
)(λ) =

∣∣∣∣∣∣∣∣
λ − 1√

(2n−1)(n−1)
J1×(n−1) − 1√

2n−1
J1×n

− 1√
(2n−1)(n−1)

J(n−1)×1

(
λ+ 1

n−1

)
In−1 − 1

n−1Jn−1 0(n−1)×n

− 1√
2n−1

Jn×1 0n×(n−1) λIn

∣∣∣∣∣∣∣∣ .
(8)

We apply the following steps into Equation 8:

(i) Rn+1+i −→ Rn+1+i −Rn+1, for i = 1, 2, . . . , n− 1.

(ii) Cn+1 −→ Cn+1 + Cn+2 + . . .+ C2n.

(iii) C1 −→ C1 +
1

λ
√
2n−1

Cn+1.

(iv) R2+i −→ R2+i −R2, for i = 1, 2, . . . , n− 2.

(v) C2 −→ C2 + C2+1 + . . .+ Cn,

then we get

PNA(ΓD2n
)(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣

(2n−1)λ2−n
(2n−1)λ − n−1√

(2n−1)(n−1)
− 1√

(2n−1)(n−1)
J1×(n−2) − n√

2n−1
− 1√

2n−1
J1×n

− 1√
(2n−1)(n−1)

λ− (n−2)
n−1 − 1

n−1J1×(n−2) 0 01×(n−1)

0(n−2)×1 0(n−2)×1 (λ+ 1
n−1 )In−2 0(n−2)×1 0(n−2)×(n−1)

0 0 01×(n−2) λ 01×(n−1)

0(n−1)×1 0(n−1)×1 0n−1 0(n−1)×1 λIn−1

∣∣∣∣∣∣∣∣∣∣∣∣
.

(9)

By Theorem 2, we can obtain PNA(ΓD2n
)(λ) as follows:

PNA(ΓD2n
)(λ) = λn−1

(
λ+

1

n− 1

)n−2(
λ3 − (n− 2)

n− 1
λ2 − n+ 1

2n− 1
λ+

n(n− 2)

(n− 1)(2n− 1)

)
.

Theorem 7. Let ΓD2n be the power graph for D2n, then the characteristic polynomial of
NL(ΓD2n) is

PNL(ΓD2n
)(λ) = λ(λ− 1)n−1

(
λ− 1− 1

n− 1

)n−2(
λ2 +

(1− 2n)

n− 1
λ+

n(n+ 1)

(2n− 1)(n− 1)

)
.
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Proof. By Definition 6, and Equations 6 and 7, we can construct NL(ΓD2n) of the size
2n× 2n as follows:

e a a2 . . . an−1 b ab . . . an−1b



e 1 − 1√
(2n−1)(n−1)

− 1√
(2n−1)(n−1)

. . . − 1√
(2n−1)(n−1)

− 1√
2n−1

− 1√
2n−1

. . . − 1√
2n−1

a − 1√
(2n−1)(n−1)

1 − 1
n−1

. . . − 1
n−1

0 0 . . . 0

a2 − 1√
(2n−1)(n−1)

− 1
n−1

1 . . . − 1
n−1

0 0 . . . 0

...
...

...
...

. . .
...

...
...

. . .
...

an−1 − 1√
(2n−1)(n−1)

− 1
n−1

− 1
n−1

. . . 1 0 0 . . . 0

b − 1√
2n−1

0 0 . . . 0 1 0 . . . 0

ab − 1√
2n−1

0 0 . . . 0 0 1 . . . 0

...
...

...
...

. . .
...

...
...

. . .
...

an−1b − 1√
2n−1

0 0 . . . 0 0 0 . . . 1

.

NL(ΓD2n) can be partitioned into nine block matrices as follows:

NL(ΓD2n) =


1 − 1√

(2n−1)(n−1)
J1×(n−1) − 1√

2n−1
J1×n

− 1√
(2n−1)(n−1)

J(n−1)×1

(
1 + 1

n−1

)
In−1 − 1

n−1Jn−1 0(n−1)×n

− 1√
2n−1

Jn×1 0n×(n−1) In

 .

The characteristic polynomial of NL(ΓD2n) is

PNL(ΓD2n
)(λ) =

∣∣∣∣∣∣∣∣
λ− 1 1√

(2n−1)(n−1)
J1×(n−1)

1√
2n−1

J1×n

1√
(2n−1)(n−1)

J(n−1)×1

(
λ− 1− 1

n−1

)
In−1 +

1
n−1Jn−1 0(n−1)×n

1√
2n−1

Jn×1 0n×(n−1) (λ− 1)In

∣∣∣∣∣∣∣∣ .
(10)

By applying row and column operations into Equation 10:

(i) Rn+1+i −→ Rn+1+i −Rn+1, for i = 1, 2, . . . , n− 1.

(ii) Cn+1 −→ Cn+1 + Cn+2 + . . .+ C2n.

(iii) C1 −→ C1 − 1
(λ−1)

√
2n−1

Cn+1.

(iv) R2+i −→ R2+i −R2, for i = 1, 2, . . . , n− 2.

(v) C2 −→ C2 + C2+1 + . . .+ Cn,

then we get

PNL(ΓD2n
)(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣

−n
(λ−1)(2n−1) + λ− 1 n−1√

(2n−1)(n−1)

1√
(2n−1)(n−1)

J1×(n−2)
n√

2n−1
1√

2n−1
J1×n

1√
(2n−1)(n−1)

λ− 1 + (n−2)
n−1

1
n−1J1×(n−2) 0 01×(n−1)

0(n−2)×1 0(n−2)×1 (λ− 1− 1
n−1 )In−2 0(n−2)×1 0(n−2)×(n−1)

0 0 01×(n−2) λ− 1 01×(n−1)

0(n−1)×1 0(n−1)×1 0n−1 0(n−1)×1 (λ− 1)In−1

∣∣∣∣∣∣∣∣∣∣∣∣
.

(11)
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Consequently, based on Theorem 2, we can obtain PNL(ΓD2n
)(λ) as follows:

PNL(ΓD2n
)(λ) = λ(λ− 1)n−1

(
λ− 1− 1

n− 1

)n−2(
λ2 +

(1− 2n)

n− 1
λ+

n(n+ 1)

(2n− 1)(n− 1)

)
.

Theorem 8. Let ΓD2n be the power graph for D2n, then the characteristic polynomial of
NSL(ΓD2n) is

PNSL(ΓD2n
)(λ) = (λ−1)n−1

(
λ− 1 +

1

n− 1

)n−2 (
λ3 +

(5− 4n)

n− 1
λ2 +

(9n2 − 19n+ 8)

(2n− 1)(n− 1)
λ− 2(n− 2)

2n− 1

)
.

Proof. By Definition 7, and Equations 6 and 7, we can construct NSL(ΓD2n) of the
size 2n× 2n as given below:

e a a2 . . . an−1 b ab . . . an−1b



e 1 1√
(2n−1)(n−1)

1√
(2n−1)(n−1)

. . . 1√
(2n−1)(n−1)

1√
2n−1

1√
2n−1

. . . 1√
2n−1

a 1√
(2n−1)(n−1)

1 1
n−1

. . . 1
n−1

0 0 . . . 0

a2 1√
(2n−1)(n−1)

1
n−1

1 . . . 1
n−1

0 0 . . . 0

...
...

...
...

. . .
...

...
...

. . .
...

an−1 1√
(2n−1)(n−1)

1
n−1

1
n−1

. . . 1 0 0 . . . 0

b 1√
2n−1

0 0 . . . 0 1 0 . . . 0

ab 1√
2n−1

0 0 . . . 0 0 1 . . . 0

...
...

...
...

. . .
...

...
...

. . .
...

an−1b 1√
2n−1

0 0 . . . 0 0 0 . . . 1

.

In other words, NSL(ΓD2n) can be partitioned into nine block matrices as follows:

NSL(ΓD2n) =


1 1√

(2n−1)(n−1)
J1×(n−1)

1√
2n−1

J1×n

1√
(2n−1)(n−1)

J(n−1)×1

(
1− 1

n−1

)
In−1 +

1
n−1Jn−1 0(n−1)×n

1√
2n−1

Jn×1 0n×(n−1) In

 .

The characteristic polynomial of NSL(ΓD2n) is

PNSL(ΓD2n
)(λ) =

∣∣∣∣∣∣∣∣
λ− 1 − 1√

(2n−1)(n−1)
J1×(n−1) − 1√

2n−1
J1×n

− 1√
(2n−1)(n−1)

J(n−1)×1

(
λ− 1 + 1

n−1

)
In−1 − 1

n−1Jn−1 0(n−1)×n

− 1√
2n−1

Jn×1 0n×(n−1) (λ− 1)In

∣∣∣∣∣∣∣∣ .
(12)

We apply the row and column operations to Equation 12:

(i) Rn+1+i −→ Rn+1+i −Rn+1, for i = 1, 2, . . . , n− 1.
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(ii) Cn+1 −→ Cn+1 + Cn+2 + . . .+ C2n.

(iii) C1 −→ C1 +
1

(λ−1)
√
2n−1

Cn+1.

(iv) R2+i −→ R2+i −R2, for i = 1, 2, . . . , n− 2.

(v) C2 −→ C2 + C2+1 + . . .+ Cn,

consequently we have

PNSL(ΓD2n
)(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣

−n
(λ−1)(2n−1)

+ λ− 1 − n−1√
(2n−1)(n−1)

− 1√
(2n−1)(n−1)

J1×(n−2) − n√
2n−1

− 1√
2n−1

J1×n

− 1√
(2n−1)(n−1)

λ− 1− (n−2)
n−1

− 1
n−1

J1×(n−2) 0 01×(n−1)

0(n−2)×1 0(n−2)×1 (λ− 1 + 1
n−1

)In−2 0(n−2)×1 0(n−2)×(n−1)

0 0 01×(n−2) λ− 1 01×(n−1)

0(n−1)×1 0(n−1)×1 0n−1 0(n−1)×1 (λ− 1)In−1

∣∣∣∣∣∣∣∣∣∣∣∣
.

According to Theorem 2, we can obtain PNSL(ΓD2n
)(λ) as follows:

PNSL(ΓD2n
)(λ) = (λ−1)n−1

(
λ− 1 +

1

n− 1

)n−2 (
λ3 +

(5− 4n)

n− 1
λ2 +

(9n2 − 19n+ 8)

(2n− 1)(n− 1)
λ− 2(n− 2)

2n− 1

)
.
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