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Abstract. In this paper, we introduce the concept of a parapseudo-complementation in a par-
adistributive latticoid(PDL) and investigate its elementary properties. We demonstrate the inde-
pendence of the axioms related to its definition, highlighting the flexibility of this concept. Addi-
tionally, we establish necessary conditions for a PDL with a minimal element to be parapseudo-
complemented and explore the properties required for parapseudo-complementation to be equation-
ally definable. Moreover, we establish a one-to-one correspondence between the set of all minimal
elements and the set of all parapseudo-complementations.
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1. Introduction

In the realm of algebraic structures, a variety of algebras, including lattices and Boolean
algebras, provide generalizations of the concept of complement. Within this context,
the notion of pseudo-complementation has been extended to encompass a wide range
of semigroups, referred to as pseudo-complemented semilattices. The study of pseudo-
complements in distributive lattices was first introduced and extensively researched by G.
Birkhoff[2] and Orrin Frink[5]. I. Chajda et al.[3, 4] introduced the so-called sectionally
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pseudocomplemented lattices and posets and demonstrated their roles in algebraic struc-
tures. They defined congruences and filters in their structures, derived mutual relationship
between them and described basic properties of congruences in strongly sectionally pseu-
docomplemented posets. Later, the concept of a relative pseudocomplemented lattice was
introduced by R. P. Dilworth(Dilworth 1939) where he interpreted relative pseudocom-
plement as logical connective implication. M. Mandelker[6] expanded on this concept by
introducing and investigating the notions of relative annihilators in lattices and relatively
pseudo-complemented lattices. Mandelker proposed the annihilator (a,b) of element a
relative to b as a natural generalization of the pseudo-complement a * b. It represents
the set of elements z satisfying a Nz < b. The greatest element of (a,b), if it exists, is
defined as the relative pseudo-complement a * b. Thus, a lattice is considered relatively
pseudo-complemented if each annihilator has a greatest element, making it a principal
ideal. A dual weakly complemented lattice was introduced by Wille[15] and Kwuida[13].
Their contributions connected to the notion of annihilators of distributive dual weakly
complemented lattice with a certain type of ideals called as closed ideals and later proved
that closed ideals depend on the dual weak complementation operation on the lattice of
all ideals I(L) of L. Eman Ghareeb Rezk[9] introduced the concept of closed ideals and
annihilators over the class of distributive dual weakly complemented lattices. The con-
nection between closed ideals and annihilators in this class was obtained. M. S. Rao[7]
introduced the concept of d-ideals in pseudo-complemented distributive lattices and then
Stone lattices are characterized in terms of d-ideals. Further the properties of normal
ideals of pseudo-complemented distributive lattices and the characterization of disjunctive
lattices with the help of normal ideals was studied by M. S. Rao et al.[8]

The theory of pseudo-complements for posets was developed by P. V. Venkatanarasimhan
[14], who introduced the concepts of ideals and semi-ideals and derived several results that
paved the way for research on pseudo-complements in distributive lattices. These findings
revealed that if every element in a pseudo-complemented semilattice or dual semilattice
is normal, the algebra can be classified as a Boolean algebra. This conclusion led to new
proofs for well-known theorems, such as the existence of maximal ideals in posets and the
product of all maximal dual ideals being the dual ideal of dense components in a poset
with a zero element.

U. M. Swamy and G. C. Rao[11] introduced the concept of an Almost Distributive
Lattice (ADL) as a unifying abstraction for various lattice-theoretic generalizations of
Boolean algebras and Boolean rings. Furthermore, in collaboration with G. N. Rao[12],
they extended the concept of pseudo-complementation to almost distributive lattices and
demonstrated that the class of pseudo-complemented ADLs is equationally definable. They
also explored the relationship between annihilator ideals and pseudo-complementations in
an ADL and established a one-to-one correspondence between pseudo-complementations
and maximal elements in an ADL assuming the existence of one pseudo-complementation.

Recently, R. K. Bandaru et al.[1] introduced the concept of a Paradistributive Latti-
coid(PDL) as a generalization of distributive lattice and investigated its properties. They
introduced the notions of an ideal and a filter in a PDL and studied their properties.
They proved a subdirect representation theorem for associative PDLs which simplifies
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many results in PDLs.

The main objective of this paper is to introduce the concept of parapseudo-complementation
in a Paradistributive Latticoid (PDL) and investigate its properties. We provide exam-
ples to illustrate the independence of the axioms defined for parapseudo-complementation.
Specifically, we prove that a PDL V is parapseudo-complemented if and only if the anni-
hilator filter [p]® is a principal filter for any p € V. Additionally, we establish a one-to-one
correspondence between the set of all minimal elements and the set of all parapseudo-
complementations in V. Finally, we demonstrate that the corresponding Boolean algebras
V¢ and V© are isomorphic.

The remainder of this paper is structured as follows: section 1 provides a brief intro-
duction to the concept of pseudo-complementation, followed by preliminaries in section 2.
Section 3 presents the definition of parapseudo-complementation on a PDL, highlighting
the independence of the axioms through illustrative examples. In section 4, we delve into
the heart of our investigation by proving the necessary and sufficient conditions for a Par-
adistributive Latticoid (PDL) with a minimal element to be parapseudo-complemented.
Additionally, we establish that the class of parapseudo-complemented PDLs is equationally
definable, providing a solid foundation for further exploration of this concept.

Moving forward to section 5, we focus on the independence of the parapseudo-complementation
¢ within the corresponding Boolean algebra V'*. By presenting a rigorous proof, we demon-
strate that the structure and properties of V* are not affected by the specific choice of
parapseudo-complementation. This insight enhances our understanding of the relationship
between parapseudo-complementation and the underlying Boolean algebra.

In summary, through our research, we establish the necessary and sufficient conditions
for parapseudo-complementation in PDLs, highlight the equationally definable nature of
parapseudo-complemented PDLs, and demonstrate the independence of the parapseudo-
complementation within the associated Boolean algebra. This study contributes to a
deeper understanding of parapseudo-complementation and its implications in the context
of Paradistributive Latticoids.

2. Preliminaries

First we recall the necessary definitions and results from [1].

Definition 1. An algebra (V,V, A, 1) of type (2,2,0) is called a Paradistributive Latticoid,
abbreviated as PDL, if it assures the subsequent axioms:

(LD\/) K1V (/432 A H3> = (Iil vV /452) A (Hl V Hg).

(RD\/) (Hl VAN K,Q) V K3 = (Rl V 53) AN (Hg V I{'g,).

(Ll) (/'431 vV HQ) N Ko = K9.

(Lg) (Iil vV Hg) NK1 =K1

(Lg) K1V (Hl A Iig) = K1.

(1) krV1=1.

for any K1, ko, k3 € V.

For any k1,ks € V, we say that x; is less than or equal to ko and write k1 < kg if
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K1 A\ ko = K1 or equivalently k1 V k9 = kg and it can be easily observed that < is a partial
order on V. The element 1, in Definition 1, is called the greatest element.

Example 1. Let V be a non-empty set. Fix some element o9 € V. Then, for any p,o € V
define V and A on'V by

_ P 0 # 00
pVo=
%0 0= 00
and
0 0% 00
pNo=
P 0= 00

Then (V,V, A, 00) is a disconnected PDL with oy as its greatest element.

Lemma 1. Let (V,V,A,1) be a PDL. Then for any k1, k2, k3, k4 € V, we have the follow-

Theorem 1. An algebra (V,V, A, 1) of type (2,2,0) is a PDL if and only if it satisfies the
following:

(LD\/) K1V (/ig A /<a3) = (Iﬂ vV KZQ) VAN (/<a1 V H3)

(RD\/) (Kl VAN Iig) V K3 = (Iil \Y I€3) VAN (I<L2 \Y I€3)

(RD/\) (Hl V Hg) N K3y = (Iﬂ A /<.13) V (IQQ VAN /€3)

(Ll) (lil \Y Kg) N K9 = Ko

(L3) K1V (/ﬂ VAN KQ) =K1

(Il) k1VvV1=1

(IQ) 1AKL =K.

for all k1, ke, k3 € V.

Definition 2. A Paradistributive Latticoid (V,V, A, 1) is said to be associative if it satisfies
the following condition
K1 A (HQ A Hg) = (/ﬂ A /‘/172) N K3

for all k1,ko, k3 € V.
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Let V be a PDL. Then, an element p; € V is said to be a minimal element if for any
veV,u<u=u=u.

Lemma 2. Let V be a PDL. Then, for any p1 € V, the following are equivalent:
(1). w1 is minimal

(2). K1 Apg = pq for all kg €V

(3). K1 V1 =Ky forallky € V.

Definition 3. A non-empty subset F' of a PDL V is said to be a filter if it satisfies the
following:
Ki,ko € = k1 Nky € F.
ki€ F u €V =puVek €F.

Theorem 2. Let S be a non-empty subset of V.. Then
[S) = {k1V (7\1 si) | si € S,k1 € V,1<i<mn and nis a positive integer }
1=

is the smallest filter of V' containing S.

Lemma 3. Let V be a PDL and F be a filter of V.. Then for any k1,ko € V, we have the
following:

(1) [k1) ={pVr1|peV}

(2) k1 € [k2) if and only if K1 = K1 V Ky for all kK1, ky € V.

(3) k1 V kg € F if and only if ko V k1 € F.

(4) [/ﬁ;l vV IQQ) = [Hg vV Iﬁ?l).

(5) [Iil AN K/Q) = [K/Q AN Iil) = [Kl) V [IQQ).

Theorem 3. The collection F(L) of all filters of a PDL V' forms a distributive lattice
under set inclusion, in which, the glb and lub of any F' and G are given respectively by
FAG=FNG and FVG ={k1 ANk | k1 € F and k2 € G}.

Definition 4. By a homomorphism of a PDL (V,V,A,1) into a PDL (V',V',N',1"), we
mean, a mapping [ :V — V' satisfying the following:

(1) flpa Vp2) = f(ur) V' fp2)

(2) flua A p2) = flp) N fp2)

(3) fQ1)=fQ).

3. Parapseudo-Complementation on Paradistributive Latticoids

In this section, we define a parapseudo-complementation on a PDL and present some
fundamental findings which helps in verification of the axioms independency.

Definition 5. Let (V,V, A, 1) be a Paradistributive Latticoid (PDL) and consider a unary
operation denoted as p — p* on'V. This operation is called a parapseudo-complementation
on V if it satisfies the following conditions:

(PPCy) If pV o =1, then pV o* = p.

(PPCs) pV p* = 1.

(PPC3) (p A o)* =p* Vot
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If there is no ambiguity about the parapseudo-complementation on a PDL V', we can
say that V is a parapseudo-complemented PDL (PPDL). In the case of a distributive
lattice with one, PPC3 becomes a consequence of PPCy and PPC5. However, in the
case of PDLs, PPC4, PPCs, and PPC(Cj3 are independent. Now, we provide examples to
demonstrate the independence of these axioms.

Example 2. Consider a PDL V' with at least two elements. Let’s define the unary oper-
ation p* =1 for all p € V. We will show that V satisfies (PPCy) and (PPC3) but fails
to satisfy (PPCh).

(PPCs): For any p € V, we have pV p* = pV 1 =1. Hence, (PPC5) is satisfied.

(PPCs): Let p,o € V. We have (p A 0)* =1 and p* Vv 0% = 1V 1 = 1. Therefore,
(PPCs) is satisfied.

Now, we examine (PPCY). Suppose there exists o € V' such that o # 1. We have
oV 1=1. However, oV 1% = o\ 1 =1+ o. Therefore, (PPC}) is not satisfied when o is
not equal to 1.

In conclusion, the PDL V with the unary operation p* = 1 satisfies (PPCy) and
(PPC3) but fails to satisfy (PPCY) when V' has at least two elements.

Example 3. Let V be a bounded distributive lattice with bounds 0 # 1. Define p* = 0 for
all p e V. We will show that V satisfies (PPC4) and (PPCS3) but fails to satisfy (PPCs).

(PPC4): Suppose pV o =1, where p,0 € V. We have pV o* = pVv 0 =p. Therefore,
(PPCh) is satisfied.

(PPC3): For any p,0 € V, we have (p A 0)* = 0 and p* vV o* = 0V 0 = 0. Thus,
(PPCs) is satisfied.

Now we examine (PPCy). Suppose 0 € V. We have 0V 0% = 0V 0 = 0, but we require
0V 0% = 1. Therefore, (PPCs) is not satisfied in this case.

In conclusion, the bounded distributive lattice V with the unary operation p* = 0
satisfies (PPC1) and (PPCs) but fails to satisfy (PPCy) when V contains 0 as an element.

Example 4. Let V be a disconnected PDL with atleast two elements other than 1. Then
(V3,V,A,1) is a PDL, where V, A are defined co-ordinate wise. Now, for any p € V3, we
write |p| for the number of non-units in p. Define ¢ on V3 as follows:

For any p € V3, define p% = (pf,pg,pg) where, fori=1,2,3

L pi#1
pt=190 pi=1 |p|=2
2 pi=1 |pl=1,]p[>2

and 1% = (2,2,2).
Then (V3,V,A,1) is a PPDL which satisfies (PPCy) and (PPCy) but fails to satisfy
(PPC3). For, if p = (0,1,1) and o = (1,0,1), then p* = (1,2,2) and o* = (2,1,2)
and p A o = (0,0,1). Hence (p A 0)* = (1,1,0) and p* V o* = (1,1,2). Therefore,
(p o) # p* v ot
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Lemma 4. Let (V,+,-,0,1) be a commutative regular ring with unity and let py be the
unique idempotent element in V such that pV = poV. Now, for any p,0 € V, define

(1) pVo=oop

(2) pAo=p+o0—oop

(3) p* =1—po.

Then (V,V,A\,0) is a PDL in which 1 is a minimal element and & is a parapseudo-
complementation on V.

Proof. 1t is clear that (V,V,A,0) is a PDL. Note that, for any p,0 € V, (pe)o = poeo
and (p+ 0 — poo)o = po + 00 — pooo- Also, 0p = 0 and 19 = 1. Now, we prove that ¢ is a
parapseudo-complementation on V. Let p,p € V and pV o = 0. Then ggp = 0 and

pVot = (o%)op

= o%
= (1-o00)p
=

Y

Also, pV p* = pV (1= po) = (1= poJop=(1=po)p=p—p=0.
Let p,0 € V. Then,

p* Vot = (1—po)V(1—o0)
= (I—00)o(1— po)
= (1o—o00)(1—po)
= (I—00)(1~—po)
= 1—po— 00+ pooo
= 1—(po+ 00— pooo)
= 1—(p+o—o00p)

L—(pA oo
= (p o)

Therefore, 4 is a parapseudo-complementation on V.

Example 5. Let (V,V,A,1) be a disconnected PDL. Fix py # 1 € V and define 4 on V
as follows:

.{1 A1
By =
pr pr =1

Then & is a parapseudo-complementation on V.

In the case of a distributive lattice the dual pseudo-complementation, if exists, is
unique. But, in a PDL there can be several parapseudo-complementations. For, in Exam-
ple 5, we get one parapseudo-complementation on V' corresponding to each p;(# 1) € V.

Theorem 4. FEvery finite PDL is parapseudo-complemented.



R. Shukla et al. / Eur. J. Pure Appl. Math, 17 (2) (2024), 1129-1145 1136

Proof. Let V be a finite PDL. Then V has a minimal element, say m. Now, we
prove that V is parapseudo-complemented. For this, define ¢ on V by p® = (m V p)*,
where (m V p)* is the dual pseudo-complement of m V p in the finite distributive lattice
[m,1] and p € V. We prove ¢ is parapseudo-complementation on V. Let p,po € V.
Then p Vp =p®Vpvm) = (mVp*Vv(mVp) =1. Suppose oV p = 1. Then
(mVp)V(mVe)=1and mV g€ [m,1]. Hence (mV p)* < (mV ). Thus p° < (mV o).
Now, 0 < oV p® < oVmV o = o. Therefore, o0V p° = 0. Let p,o € V. Then
(pA0)?=(mV(pho)*=(mVp)A(mVoe)*=(mVp*V(mve)®=p°ve

Let (V,V,A,1) be a PDL. By an interval in V, we mean the set [p, o] = {u1 € V]p <
w1 < o} for some p, o € V such that p < p. Clearly, [p, o] is closed under V, A. Since [p, g]
is a PDL with p as its zero element and p as its greatest element, every interval [p, o] is a
bounded distributive lattice.

Definition 6. A PDL (V,V,A,1) is said to be relatively complemented if every interval
[p, 0, p<oinV is a complemented lattice.

Theorem 5. Let (V,V,A,1) be a PDL with 1. Then the following are equivalent:

(1). V is relatively complemented.

(2). V is sectionally complemented, i.e the interval [p,1], p € V is a complemented lattice.
(3). Given p,p €V, there exists a unique 3 € V such that p1Vp=1and uyy Ap=o0ANp.

Proof. (1) = (2) is clear.
(2) = (3) : Assume (2) and let p,p € V. So that the interval [p A p, 1] is complemented
and p € [p A p,1]. If g is the complement of p in [p A p,1], then p1 A p = o A p and
1V p=1. Since any ps € V satisfies pas A p = 0 A p and s V p = 1 belongs to [o A p, 1].
Therefore, [0 A p, 1] is a boolean algebra and hence the uniqueness of p; follows.
(3) = (1) : Assume (3). Let p,p € V such that p < p and let pu; € [0,p]. Then by
(3), there exists pa € V such that ug V ps =1, p2 A g = 0 A g = o. It is clear that
0= o A1 = 1 A pg < ua. Now, we prove that the element ps A p € [0, p] and us A p is
complement of uq in [g, p|.
Clearly pu2 A p < p. Now, oV (u2 Ap) = (0 V p2) A (0 V p) = p2 A p. Hence pz A p € [o, p].
Now, p1 V (p2 A p) = (p1 V p2) A (g V p) = LA (1 V p) = p and

0o = fi2 A i1
= [ V (2 A p)] A pr.
(2 A pa) V [(p2 A p) A pal.
(2 A pun) V[ A (2 A p)].
(2 A pa) Vo] A [(p2 A pa) V (p2 A p)l.
= pr AoV (pz A p)l.
= p A (e V p2) AoV p).
= 1 A (p2 A p).

Therefore, pa A p is the complement of u in [g, p]. Hence V' is relatively complemented.

Note that every relatively complemented PDL is an associative PDL.
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Theorem 6. Let V be a relatively complemented PDL with a minimal element my. Then
V' is parapseudo-complemented PDL.

Proof. Let V be a relatively complemented PDL with a minimal element m;. For any
p €V, let p* be the complement of p € [m1 A p,1]. Now, we prove that 4 is parapseudo-
complementation on V. Clearly, for any p € V, we have pVp* = 1. Let o € V be such that
oVp=1. Then, oVp* = oV (p* Ap) = oV (m1Ap) = 0Vmi = o. Now, we prove that, for
any p,0 €V, (pAo)* = p*Vo*. Now, (p* Vo)V (pno) = (p* Vet V) A(p* Vet Vo) =
(P*VpVet)AT=1A1=1 Then, (p*Ve*)A(pro)=(p*ApAo)V(e* ApAo) =
(miApAQ)V (e* NoAp) = (miApAe)V (miAgAp) = (miApA)V(miApAg) = (miApAe).

4. Properties

We present here some elementary properties of parapseudo-complemented PDL and
further prove some essential conditions for a PDL with a minimal element to be parapseudo-
complemented. The following lemma can be proved easily.

Lemma 5. Let V be a parapseudo-complemented PDL. Then, for any p,o0 € V, we have
the following:

(1). 1* is a minimal element.

(2). If p is a minimal element, then p* = 1.
(3). 14* =1.

(4). p*vp=1.

(5). pV p** =p.

(6). p*=p***.

(7). p* =1« p** is minimal element.
(8). 1¢ < p*.

(9). p* Vv o* = o* Vv p*.

(10). p< 0= 0% < p*.

(11). (pveo)* <o* (pVvo)* <p*.
(12). p* < 0% & 0% < p**.

(13). p=1xp** =1.

Lemma 6. Let V be a PDL with two minimal elements m1 and mo. Then the bounded
distributive lattices [mq, 1] and [ma, 1] are isomorphic.

Proof. Let V be a PDL with two minimal elements, m; and mg. Define f : [mq,1] —
[ma, 1] by f(p) = ma V p. Now, we prove that f is an isomorphism. Clearly f is well
defined. Let p, 0 € [m1,1] and f(p) = f(o). Then maV p=maVp. Now p=m; Vp =
miVmeVp=mVmaVo=mgVe=p Therefore, f is one-one. Let t € [my,1].
Then my Vit € [mq,1] and f(my Vit) = moVmy Vit =mgoVt=t Hence, f is onto.
Let p,0 € [m1,1]. Then f(pV o) =maVpVo=(ma2Vp)V(maVo) = f(p)V f(e) and
flpng) =maV(pAp) = (maVp) A(meVe) = f(p) A f(e), which implies f satisfies
homomorphism property. Also, f(1) = mg V 1 = 1. Therefore, f is an isomorphism.
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Theorem 7. Let V be a PDL with a minimal element, m. Then the following are equiv-
alent:

(1). V is a parapseudo-complemented PDL.

(2). [m,1] is a dual pseudo-complemented lattice.

(3). [mu1,1] is a dual pseudo-complemented lattice for all minimal elements my in V.

Proof. (1) = (2) : Let ¢ be a parapseudo-complementation on V. We know that [m, 1]
is a bounded distributive lattice. Now define 4 on [m, 1] by p* = mV p® for all p € [m, 1].
Then p* € [m, 1] and pV p* =pV (mVp®) =pVp®Vvm=1Vvm=1.Let o € [m,1] and
pVo=1 Then oV p=1and hence oV p® = o. Now p* Vo=mVp®Vo=mVoVp’ =
mV o = o. Therefore, p* < o. Hence, ¢ is dual pseudo-complementation on [m, 1].
(2) = (3) : Suppose [m, 1] is a dual pseudo-complemented lattice. Then [my, 1] is a dual
pseudo-complemented lattice for all minimal elements my in V.
(3) = (1) : Suppose [m1, 1] is a dual pseudo-complemented lattice for all minimal elements
mq in V. For any p € V, we have m A p is a minimal element in V' and [m A p, 1] is a dual
pseudo-complemented lattice. Let p* be the dual pseudo-complement of p in [m A p, 1].
We prove that p — p* is a parapseudo-complementation on V. Clearly, p V p* = 1. Let
oeVandpVp=1Put7=mAp)Vo=(mVe)A(pVe)=(mVo)Al=mVp. Then
Te€[mAp,1land pVT=pVmVo=pVo=1. Sothat p* < 7. Now, 7 = p* V 7 implies
that mV o= p* Vm V p and hence oV mV o= oV p* V o. Thus, we get o = oV p*.
Finally, let p, 0 € V. We have p € [m A p,1] and ¢ € [m A g, 1].
Now,

(mA(pAo)V(p*Ve?) = (mVp* Vo) A((pno)Vp* Vel
= (mVp* Vet )A(pVp* Vo) AoV ptVe?)
= (mV p*V o¥).
= p* Vot (since p* € [m A p,1])

Therefore, p* v ¢* € [m A (p A 0), 1].

Now, (pA o)V (p* Vo) =(pVp* Vo)A (oVp?Vet) =1 Let 7€ [mA(pAop),1] and
(pANo)VT=1. Then, (pV7)A(0V7)=1 which implies that pV7=1and oV 7 = 1.
Also, (mAp)VT e mAp,1land pV (mAp)VT)=pV(TV(mAp)) = 1. Hence, we get
p* < (mAp)VT. Sothat, (mAp)VT = p*V (mAp)VT = [(p*Vm)A(p*Vp) VT = p*VT.
Therefore, m V7 = p* vV 7. Now, [m A (p A 0)] < 7 implies 7 = [m A (pAo)] VT =
(mVT)AN[(pVT)A(eVT)=mVT.

Therefore, p* V 7 = 7 implies p* < 7. Similarly, we get o* < 7. Hence p* V o* < 7. Thus,
we get that (p A Q)’ = p* V o*. Therefore, 4 is a parapseudo-complementation on V.

Lemma 7. Let V be a PDL and A C V. Then the set

A*={teV |tVvp=1forallpe A}
is a filter of V.
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Proof. Let t1,to € A®. Then t; Vp=1,t2Vp=1forall p e V. Hence (t; At2)V p=
(t1Vp)A(taVp) =1A1=1. Therefore, t; Aty € A®. Now, let t; € A® and k1 € V. Then
kK1 Vt1Vp=r1V1=1. Hence, we get k1 Vt; € A®. Thus, A® is a filter of V.

The filter A® is called the annihilator filter corresponding to A. If A = {p}, we write
A® = [p]*.

Lemma 8. Let V be a PDL. Then for any p,o € V, [p A 0]® = [p]* N [o]°®.

Proof. Let k1 € V. Then, k1 € [pAo]* @ ki1 V(pho) =1 (k1Vp)A(k1Ve) =1
kiVp=1land k1 Vo=1& K € [p]* and k1 € [p|* < k1 € [p]* N [o]*.

Lemma 9. Let V be a PDL and p € V. Then [p) = V if and only if p is a minimal
element.

Proof. Suppose [p) = V. Then, for any k1 € V, we have k1 € [p) and hence k1Vp = k1.
Therefore, p is a minimal element. Conversely, suppose that p is a minimal element. We
have [p) C V. Let k1 € V. Then k1 V p = k1. Therefore k1 € [p). Hence [p) = V.

Now, we prove the following theorem which characterize parapseudo-complementation
on PDL.

Theorem 8. Let V be a PDL. Then V is a parapseudo-complemented PDL if and only if
for any p € V', the annihilator filter [p]® is a principal filter.

Proof. Let p € V be such that [p]* = [k1) for some k1 € V. Since 1 € V, we have
V = [1]* = [m) for some m € V. Hence by Lemma 9, m is a minimal element in V. Define
p® = mV k1. Now, we prove that ¢ is a parapseudo-complementation on V. Let p € V
and suppose [p]® = [k1) = [k2) for some k1,k2 € V. Then k1 = k1 V k2 and k2 = K V K1.
Therefore, mV k1 = mVKk1VKke = mVkyVKkl = mV kg which implies ¢ is well-defined. Let
p € V. Then pVp® = pvmVe; = pVry = 1. Let o € V and oVp = 1. Then g € [p]* = [k1).
Therefore, o = oV k1 = oV mV Ky = oV p°. Finally, let p,o € V and [p]* = [x1),
[0]* = [k2) for some k1,ky € V. Then, [p A 0]* = [p|* N [o]® = [k1) N [k2) = [k1 V K2).
Therefore (pA 0)? = mV (k1 Vk2) = (m VK1)V (mVkg) = p®Ve®. Thus ¢ is parapseudo-
complementation on V.
Conversely, if V' is parapseudo-complemented PDL, then for any p € V', we have [p]® =
[p*). Hence, every annihilator filter is a principal filter.

Theorem 9. Let V be a PDL with a minimal element m. Then V is parapseudo-
complemented PDL if and only if the set PF(V') of all principal filters of V' is a pseudo-
complemented lattice.

Proof. Suppose V is a parapseudo-complemented PDL. Then the set PF(V) forms a
distributive lattice. Let [p) € PF(V). Define [p)® = [p*) where p? is the parapseudo-
complement of p € V. We prove that ¢ is a pseudo-complementation on PF(V). Now,
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[0) N [p)® =1[p)N[p*) =[pVp?*) = [1). Let 7 € V and [p) N [r) = [1). Then [pV 7) = [1)
implies p V7 = 1. Hence 7V p* = 7. Therefore, [r) N [p*) = [r V p*) = [r) so that
[7) C [p*) = [p)?. Thus [p)® is the pseudo-complement of [p) in PF (V).

Conversely, suppose PF(V) is a pseudo-complemented lattice. Let p € V. Then [p) €
PF(V). Write [p)* = [p1) the pseudo-complement of [p) € PF(V). Now, define p® =
m V p1. Then we prove that ¢ is a parapseudo-complementation on V. First we observe
that ¢ is well defined. Suppose [p)* = [p1) = [p2). Then m V py = mV p; V ps =
mV pa V p1 = mV ps. Hence ¢ is well defined. Now, pV p® =pvmVp =pVp =1,
since [V pr) = [p) N [p1) = [p) 1 [0)® = [1).

Let o € V and oV p = 1. Then, [p) N [¢) = [1) and hence [p) N [p)* = [0). Therefore
[0) N [p1) = [0) which implies that [¢) C [p1). Hence o = oV p1 = 0V p1 Vm = oV p°.
Finally, let p,0 € V and suppose [p)* = [p1), [0)* = [01) for some p1,01 € V. Now,
[one)* = [p)*N[e)* = [p1)N[o1) = [p1V 01). Hence, by definition, (pA )% = mVp1Ver =
mV prVmV o1 = p® V o?. Thus ¢ is a parapseudo-complementation on V.

In 1949, P.Ribenboim[10] had first observed that the class of pseudo-complemented
distributive lattices is equational. Now, we prove that the parapseudo-complementation
on paradistributive latticoids is also equationally definable. We give certain equivalent
sets of identities which characterize the parapseudo-complementation on V. For this, first
we need the following lemmas. As there are no hidden difficulties to prove the following
two lemmas, we omit their proofs.

Lemma 10. Let V be a parapseudo-complemented PDL. Then for any p,o € V, the
following are equivalent:

(1). pVo ~ 1.

(2). pVvo* =1.

(3). p** v =1.

(4). pVv o =1.

Lemma 11. Let V be a parapseudo-complemented PDL. Then for any p,o € V, the
following hold:

(1)- (pVo)** =p** v o**.

(2). (pVo)*=(eVp)*.

3)- (pre)* = (enp)?.

Now, we prove that the parapseudo-complementation PDL is equationally definable.

Lemma 12. A unary operation 4 on PDL V is a parapseudo-complementation on V if
and only if it satisfies the following equations:

(1). pVp* =1.
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Proof. Let V be a PDL and ¢ be a unary operation on V satisfying the given conditions.
We prove that 4 is a parapseudo-complementation on V. Let p,0 € V and oV p = 1. Then,

0 = oV o* (by (2))
= oV 1tV o ( by (5))
= oVv(p*Vvet*) Vet (by (1)
= oVviprpH)** Ve (by (3)
= ov(prp) Ve (by(4)
= oV((pVo)A(p*Ve)*
= oV (p* Vv o)*

= oV p**t v o* (' by (4))
= oV Vv o* (‘by (2))
= oV o** Vv p? (‘by (3))
= oV p? (by (2))

Therefore, it follows from (1) and (3) that 4 is a parapseudo-complementation on V.
Converse follows from Lemma 10 and Lemma 11.

Lemma 13. A unary operation 4 on PDL V is a parapseudo-complementation on V if
and only if it satisfies the following equations:
(1). ovp* =0V (pVo)*

Proof. Let V be a PDL and 4 be a unary operation on V satisfying the given equations.
We prove ¢ is a parapseudo-complementation on V.
Let p,o€ Vand oVp=1.Then oV p* =0V (pVo)*=0oV1* =
Now
pVpt = pv(pvih)*
= pv(*tvp)*
= pV 1+¢
= pV1
= 1
shows that ¢ is a parapseudo-complementation on V.
Conversely, assume that 4 is a parapseudo-complementation on V. Then, by Lemma 5
and by Definition 5 we have (2),(3),(4). So, it is enough if we prove (1). For this, let
p,0 € V. Then

pVoV(pvet = 1
=oV(pVvotvpt = oV(pVo)?
=oVp*Vv(pvo?* = oV(pVo)?

= oV p* = oV(pVvo)?
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5. One to One Correspondence

In this section, we prove that, if ¢ is a parapseudo-complementation on V, then the
set V¢ = {p* | p € V} is a Boolean algebra. Furthermore, there exists a one-to-one cor-
respondence between the set of all minimal elements of V' and the set of all parapseudo-
complementations on V. Finally, it is worth noting that the Boolean algebra V¢ is inde-
pendent of the specific choice of parapseudo-complementation *.

Theorem 10. Let V be a PDL with a parapseudo-complementation 4. For any p*, o% €
V¢, define p* < o* if and only if p* A 0% = p*. Then (V*,<) is a Boolean algebra.
Proof. Let V be a PDL with a parapseudo-complementation ¢. Clearly, < is reflexive
and anti-symmetric. Now, for p* < o* and 0% < 7%, we have p* A 0% = p* , 0* AT¢ = o*.
Therefore, p*v7® = p*Vvo®Vv7r¥ = p*Vv7¢ = 7* which implies p* AT = p* A (p* VT4 = p*,
hence < is transitive. Therefore, < is a partial ordering on V*. Let p*, 0* € V*. Then
(p A o)t = p* Vo Hence p* Vv o* € V* and we have p* vV o* = o* v p*. So that,
p* v o* is the least upper bound of p*, o* € V*. We have p" < p” \% Q’. implies
(p” v Q”)‘ < p*. Similarly, we get (p“ V Q“)’ < o*. Therefore, (p” v Q’.)‘ is a
lower bound of p*, 0% € V*. Let 7% € V* and 7¢ < p* |, 7% < ¢*. Then p” < ¢ )
g" < 7%*. Hence p” \/g" < ¢ Therefore, 7¢ < (p" \/g")’. Thus (p” \/g")‘ is the
greatest lower bound of p*, o* € V*. Hence (V*, <) is a lattice. From now, we represent
(p** v o**)* =(p*7e*).
Now, by Lemma 5(8), we have 1* < p* for all p € V. So that, 1* is the least element in
V* and since 14* = 1, 1 € V* it is the greatest element in V*. Therefore, (V*,<) is a
bounded lattice. Finally, we prove that (V‘, <) has complement and satisfies distributive
property.
Let p* € V*. Then p** € V¢ and p*Vvp** = 1 and p*Ap** = (pv \/p”’)’ = (p" Vo)t =
1*. Hence p" is the complement of p* € V'*.
Now, let p*, 0%, 7¢ € V*. Then,

(PR V (*7T4) = (¥ Vo)V (o4 v e,
[(P** vV 0**) A (p** v )8
0%V (e** AT,
%V (¥ AT,

- [po“’ V(0% AT,
0V (0% v e
[0** V (0% v T4,

= p*N(e* v T¥).

Thus (V*, <) is a Boolean algebra.

Corollary 7. Let V be a parapseudo-complemented PDL with parapseudo-complemenation
¢. Then the map f:V — V¥ defined by f(p) = p” is an epimorphism.
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In the following theorem, we establish a one-to-one correspondence between the set of
all minimal elements in V' and the set of all parapseudo-complemenations on V. First we
prove the following lemma.

Lemma 14. Let V be a PDL with two parapseudo-complemenations 4 and (. Then, for
any p, 0 € V, we have the following:
(1). p° Vv p* =p® and p° A p* = p*.

(2). ¥ = p00,

(3). p* =% < p¥ ="

4). p*=1ep=1<(pVo=1=0=1).
(5). p¥ =10V p*.

(6). p* A p** = 1% & p0 A p0° =10,

Proof. Let V be a PDL with two parapseudo complemenations 0 and ¢ and p,p0 € V.
(1). Since p® V p =1, we get that p® v p* = p®. Hence p° A p* = p*.
(2). p*=(p <>/\p )0 = (p* A p9)0 = p0.
(3). Let p* = o*. Then p© = 000 — ,#00 — #00 — 4000 — 50,
(4). Let p* = 1. Then, we have p® = p® Vv p* = p®Vv1=1 Let p° =1and pVo=1.
Then 0= oV p® = oV 1 =1. Suppose o = 1 whenever pV o = 1. So that p* = 1 since
pV p‘ =1.
(5). We have (19 V p*) v p0 =19 v p® v p* = pO v p* = p°.
(6). Let p’/\p” = 1*. Then pPAp®0 = pOAp* = (19Vp)A(10Vp**) = 10V (p* A p**) =

Let (V,V,A,1) be a PDL with a parapseudo-complementation ¢, and m a minimal
element in V. We define a new operation 4,, : V — V as follows: for any p € V, we have
p¥ =mV p*. Then ¢, is also a parapseudo-complementation on V in which 14 = m.

Theorem 11. Let V be a parapseudo-complemented PDL. Let M be the set of all minimal
elements in 'V and PC(V') be the set of all parapseudo -complemenations on V. For any
m € M, define 8, : V —V by p¥» =mV p* for all p € V. Then m — p*™ is a bijection
of M onto PC(V).

Proof. Let m,n € V be such that ¢,,, = ¢,. Then 14" = 1% so that mV1* = n v 1*.
Hence m = n. Also, for any ¢ € PC(V), if m = 19, then p% = m V p* = 10 v p* = p°
by Lemma 14(5). Then ¢ is same as #,, and m is a minimal element. Thus m — p¥ is
a bijection of M onto PC(V).

Theorem 12. If V is a PDL with two parapseudo-complementations 4 and ¢, then the
map f: V¥ = VO defined by f(p*) = p° is an isomorphism of Boolean algebras.

Proof. Let V be a PDL with two parapseudo-complementations ¢ and ¢{. Clearly
the map f : V¥ — V© defined by f(p*) = p° is well -defined and one -one by Lemma
14. By definition, f is onto. Let p* o* € V. Then, f(p*Ao*) = f((p" \% g")‘) =
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(0% Vo) = (pV )% = (pV )% = (p%° v 00")¢ = pPRe® = f(p*)Af(c*). Also,

Fp*vet) = fllprno)®) = (pro)® = p®Vve® = f(p*) V f(e*). Therefore f is an
isomorphism.

6. Conclusions

In this paper, we have introduced the concept of a parapseudo-complementation on
a paradistributive lattiocoid and examined its elementary properties. By establishing
necessary conditions, we have provided insights into when a PDL with a minimal element
can be parapseudo-complemented. Furthermore, our investigation has focused on the
equationally definable nature of parapseudo-complementation, identifying the properties
required for this concept to be equationally definable within a PDL. This contributes to
a deeper understanding of the formalization and algebraic implications of parapseudo-
complementation. Additionally, we have established a one-to-one correspondence between
the set of all minimal elements and the set of all parapseudo-complementations in a PDL.
This correspondence highlights the interplay between minimal elements and parapseudo-
complementation, providing a valuable connection between the structural elements of a
PDL and the concept under study. In future, our work will focus on ¢-PDL, Stone PDL
and study their topological properties.
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