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Abstract. This study aims to use a novel scheme for the Atangana-Baleanu Caputo fractional
derivative (ABC-FD) to solve the fractional Bernoulli equation and the fractional Rossler model.
Furthermore, the suggested technique is compared to Runge-Kutta Fourth Order (RK4). The
proposed method is efficacious and generates solutions that are indistinguishable from the approx-
imate solutions generated by the RK4 method. Therefore, we can adapt the approach to various
systems and develop results that are more accurate. On top of that, the new technique (ABC-FD)
can identify chaotic situations. Consequently, this approach can be used to enhance the perfor-
mance of other systems. In the future, this technique can be employed to determine the numerical
solution for a multitude of models applicable in the fields of science and engineering.
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1. Introduction

Fractional calculus, a science that deals with non-integer order derivatives and integrals
has attracted significant attention from a variety of scientific disciplines [42]. Fundamental
concepts in fractional calculus were first explained by Oldham and Spanier [42], Gorenflo
and Mainardi [22] and Samko et al. [29]. These contributions have had a significant
influence on the comprehension and simulation of intricate dynamic systems.

Numerous studies have focused on chaotic behavior within the framework of fractional
calculus, as it is a feature shared by many nonlinear systems. Dudkowski et al. [11]
brought attention to the fact that dynamical systems might have hidden attractors, high-
lighting the significance of correctly identifying chaotic regimes. The range of fractional
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calculus applications in diverse domains has been expanded by recent studies by Salah
et al. [12], Abdoon et al. [13] and Abu-Ghuwaleh et al. [2], which highlighted the ef-
ficacy of fractional methods in solving multi-dimensional equations, influenza modeling,
and integrating master theorems, respectively.

There has been a lot of study into the use of fractional calculus approaches to try to
understand and regulate engineering systems that exhibit chaotic behavior. Guma et al.
[23], Almutairi et al. [4], Xu et al. [20], and Lai et al. [38] show how fractional approaches
can be used to study healthcare risk factors, validate efficiency models, and create chaotic
systems with multiple attractors, all of which add to our knowledge of chaotic dynamics.
Analysing complex circuits [36], synchronizing reaction-diffusion systems [24], and mod-
elling predator-prey dynamics [40] are only a few of the many engineering applications
that have connected with fractional calculus.

The methods outlined in the literature have demonstrated broad applicability across
diverse domains, showcasing their effectiveness in advancing technologies, these method-
ologies have found resonance in robotics [9], differential equations [39], image processing
[21], control systems [35], solving partial differential equations [25, 31] and various other
interdisciplinary arenas. They have facilitated significant strides in Controlling robotic
manipulators with fractional-order modeling [9], offering innovative schemes in order to
solve fractional differential equations and chaotic systems [39]. Moreover, these techniques
have contributed to the development of cutting-edge edge-detection methodologies using
fractional derivatives with with kernels that are both nonlocal and nonsingular [21]. In
the realm of control systems, these methods have enabled the control of fractional-order
systems such as Chua’s system [35]. Additionally, they have been instrumental in deriving
solutions for intricate mathematical models like the generalized Zakharov equation and
initial value problems involving generalized fractional derivatives [25, 31]. Furthermore,
recent studies [5, 14, 15, 44, 46] have expanded upon these methodologies, presenting
numerical solutions, comparative studies, and applications encompassing symmetric at-
tractors, electric circuits, image encryption, and stability analyses in control systems and
image processing. The adaptability and versatility of these methods continue to pave the
way for advancements in multidisciplinary fields, illustrating their profound impact on
diverse technological landscapes.

The significance of fractional differential equations lies in their ability to accurately
capture non-integer order derivatives, making them essential for understanding diverse
phenomena in science and engineering. The ABC-FD, as a versatile tool within this frame-
work, is introduced and compared to the Runge-Kutta Fourth Order (RK4) method. The
research aims to demonstrate the efficacy of the ABC-FD by generating solutions indis-
tinguishable from RK4, highlighting its adaptability to various systems, and showcasing
its ability to identify chaotic situations. The anticipated contributions include enhanced
accuracy in solving fractional differential equations and the potential to improve numerical
solutions for a multitude of models applicable in scientific and engineering fields, thereby
advancing the understanding and application of fractional calculus in diverse domains.

In this study, our proposed formulation distinguishes itself from the work presented in
Atangana and Qureshi see [8] in both the introduction and numerical scheme sections. In
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the introduction, we acknowledge the contributions of Atangana and Qureshi, particularly
in their application of fractal-fractional operators to chaotic dynamical systems. Our study
builds upon this foundation by introducing a novel numerical scheme that extends and
refines their approach. Specifically, in the numerical scheme section, we detail the key dis-
tinctions, highlighting modifications in the application of fractal-fractional operators and
innovative techniques that contribute to the effectiveness of our proposed method. This
comparative discussion aims to underscore the uniqueness and advancements of our for-
mulation within the broader context of fractional calculus and chaotic dynamical systems
research.

This study presents a pioneering advancement in the application of fractional calcu-
lus, specifically focusing on refining the Atangana-Baleanu Caputo fractional derivative
(ABC-FD) approach. The novelty lies in the fine-tuning of ABC-FD parameters, en-
abling enhanced accuracy in solving the fractional Bernoulli equation and simulating the
Rossler model. Moreover, our research uniquely integrates multidisciplinary concepts,
demonstrating the applicability of fractional calculus in diverse engineering domains. Val-
idation through real-world case studies showcases the effectiveness of our approach in
accurately predicting chaotic behaviour in complex engineering systems. Comparative
analyses against existing methods underscore the superior performance and robustness
of the proposed ABC-FD scheme. This introduction provides a comprehensive overview
of the foundational works in fractional calculus, emphasizing their relevance in studying
chaotic behaviour in engineering systems. It sets the stage for the specific focus on the
ABC-FD approach and its potential applications in engineering contexts.

This has led to the description of many chaotic systems in published literature, all of
which use circuits as their implementation. One of the most significant areas of research
is to construct robust chaotic oscillators with simple architecture, either mathematically
or circuit. This is one of the most crucial areas for research. Chaotic systems behave in
unpredictable and complex ways over time because they are sensitive to initial conditions.

One of the numerous novel methods for studying chaotic systems that have emerged in
recent years is asymptotic stability, which pinpoints the precise nature of chaos. The areas
of mathematics and science covered by fractional calculus [30, 47] are incredibly diverse;
cutting-edge applications are being developed in mathematics, biology, and other subjects
[16, 17].

An innovative technique (ABC-FD) was first introduced and in [18]. Developing a
fresh method for this derivative can increase its application in a few industries and give
significant advantages. Such an innovative plan could have the following possible advan-
tages: enhanced flexibility and precision, enhanced management of intricate systems, and
more relevance to actual occurrences. Making use of a new method (ABC-FD) is also new.
Choosing the right number method for fractional derivatives is very important for getting
a good picture of how the system works. When you use fractional derivatives instead of
integer derivatives, you can get different kinds of attractors, bifurcation patterns, and tem-
porary behaviors. It’s new to point out and analyze these new processes. Fractional order
systems have been used in many areas, as example cryptography, safe communications,
and sending data securely.
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Investigating The Rossler model, renowned for its ability to depict chaotic dynamics,
finds extensive application across scientific, engineering, and interdisciplinary realms. In
scientific exploration, it serves as a foundational illustration elucidating chaos theory’s
fundamental principles, shedding light on nonlinear behaviors, bifurcations, and sensi-
tivity to initial conditions. Engineering domains leverage its chaotic nature for testing
control algorithms in systems susceptible to erratic oscillations, such as electronic circuits
or chemical reactors. Additionally, the model’s chaotic signals contribute to encryption
methods and signal processing techniques, ensuring secure communication. Its utility ex-
tends to simulating complex natural phenomena like fluid dynamics or biological rhythms
while also offering insights into economic and social systems’ nonlinear behaviors. This
versatility positions the Rossler model as an invaluable tool for educational purposes and
as a framework for understanding chaotic dynamics in diverse real-world scenarios.

The implications of the Atangana-Baleanu Caputo fractional derivative approach ex-
tend to various engineering domains. The capacity to solve fractional differential equations
and represent chaotic systems with high accuracy could have applications in many fields,
including control theory, signal processing, and communication networks. Engineers may
be able to construct more resilient systems that can deal with nonlinear dynamics and
improve the performance of current systems by using the ABC-FD technique. The appli-
cation of the Atangana-Baleanu Caputo fractional derivative (ABC-FD) method in engi-
neering presents a promising avenue for accurately modeling intricate systems and iden-
tifying chaotic tendencies. Its engineering applications are manifold: in communication
systems, it could refine protocols for better data transmission in unpredictable settings; in
control systems, it might aid in devising strategies to manage nonlinear dynamics, crucial
in robotics and industrial automation. Moreover, its potential in signal processing could
revolutionize data extraction and analysis in diverse fields, while optimizing system design
and enabling predictive maintenance across industries. Biomedical engineering stands to
benefit from its insights into biological systems, potentially advancing medical diagnostics
and treatment planning. Similarly, in renewable energy, its predictive capabilities could
optimize the integration of intermittent sources, contributing to the efficiency of power
grids. Overall, the ABC-FD method’s ability to model complex systems and discern
chaotic behavior heralds’ innovation across varied engineering domains, offering solutions
to multifaceted challenges.

A modified version of the classical Bernoulli equation namely the fractional Bernoulli
equation is a modification that applies notions from fractional calculus to the original
Bernoulli equation. In the discipline of fluid mechanics and other related fields, it is
utilized to describe the behavior of fluids in non-Newtonian and complicated systems
where fractional derivatives play an important role.

There are many different situations in which the fractional Bernoulli equation can be
applied, including the following: Bernoulli’s equation, in its traditional form, assumes
that fluids behave in a Newtonian manner. However, many fluids, such as viscoelastic or
power-law fluids, behave in a manner that is not Newtonian. In order to account for these
difficulties, the fractional Bernoulli equation was developed.

When you use fractional calculus, you can describe how fluid flows through porous
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media that have fractal properties. This is called fractal flow media. The use of this
equation allows for a more realistic modeling of flow dynamics in materials of this kind.

The study of biofluid dynamics is important because biological systems frequently
incorporate fluids that behave in a non-Newtonian manner. Taking into consideration
the non-Newtonian properties of blood, fractional calculus can be used to provide a more
precise description of blood flow in vessels, for example.

Anomalous Transport Phenomena: Fractional calculus can be used to describe systems
that show anomalous diffusion or transport. This is when particles move in a way that
doesn’t follow the usual rules of diffusion. Using this equation, one can better analyze and
comprehend the occurrence of such phenomena.

Additionally, fractional derivatives and integrals are incorporated into the fractional
Bernoulli equation, which is an extension of the traditional Bernoulli equation that allows
it to handle more complicated situations. There is a wide range of applications for it,
particularly in areas that deal with complex fluid dynamics, porous media, and systems
that exhibit non-Newtonian behavior.

This study is driven by the need for innovative solutions in numerically handling com-
plex fractional differential equations, specifically the fractional Bernoulli equation and
the fractional Rossler model. To address this, we introduce the Atangana-Baleanu Ca-
puto fractional derivative (ABC-FD) method and aim to provide a numerical solution
surpassing conventional methods, as demonstrated through a comparative analysis with
the Runge-Kutta Fourth Order (RK4) method. Leveraging MATLAB, our focus extends
beyond solution generation to emphasize the crucial aspect of maintaining numerical sta-
bility in fractional procedures. The study’s objectives include showcasing the ABC-FD
method’s accuracy and stability while highlighting its potential applications in signal pro-
cessing, control theory, communication systems, and other engineering fields. By doing so,
we contribute valuable tools and insights to advance the understanding and application of
fractional calculus.

The rest of this paper is organized as follows. In Section 2, we start by presenting
some preliminaries and basic definitions which will be needed in the sequel. In section
3, we shall present a numerical scheme for the ABC fractional derivative. In section 4,
the applications of the ABC-FD scheme are illustrated. In section 5 we shall discuss the
numerical result. Finally, in section 6, we present our study’s conclusions.

2. Preliminaries and basic definitions

Firstly, we present briefly the fractional operators that are needed in the sequel.

Definition 1. Let ¢ € [1,00) and Q be open subset of R, the Sobolev space HI(Y) is
defined by [3]:

HIYQ)={fe L*Q): D°fe L*Q), forall |5] < q}. (1)

Definition 2. The Atangana-Baleanu Caputo (ABC) fractional derivative of a function



K. Boulehmi / Eur. J. Pure Appl. Math, 17 (1) (2024), 445-461 450

y(t) € HY(0,¢), ¢ > 0 with o € [0,1] is defined as [7]:

A8 Dty = 204 [ (-

—7)¢ <a<l1 2
l—a(t 7‘)>d7‘,0_a_, (2)

where B(a) denotes a normalization function obeying B(0) = B(1) .

Definition 3. The Mittag-Leffler function can be expressed as follows [37]:

Eo(t) = kzzo Tk D) (3)

Definition 4. The Atangana-Baleanu fractional integral of a function y(t) € H'(0,c),
¢ >0 is as follows [7]:

o _ -« «Q ! a—
o Ify(t) = M(Oé)y(t)+]\4(0z)I‘(0¢)/0 y(r)(t —7)* tdr, 0 < a < 1. (4)

3. 3. Numerical scheme for the ABC-FD

This section investigates a novel scheme for the (ABC-FD), of the form that was first
presented in [43]:

ABE post) = B(t, 2(1)).
A5 Dgyte) = (e, ulo) (5)
ABC

Dg(t) = P(t, =(t)).

Through the application of the fundamental theorem of fractional calculus, we lead to:
t
Q@
_ - - — F - E _ a—1
x(t) — z(0) ABC(a) (t, =(t)) + F(a)ABC’(a)/O (1, (1))t — 1) *dr, (6)
t
— - # - a—1
YO =30) = FpaesH W)+ Farager . B v =) e ()

o t
z(t) —2(0) = mf’(f, Z(t))+f‘(ozL4BC'@/0 P(r, z2(7))(t —17)* tdr. (8)

At the point t,4+1, n=0,1,2...,, the above equation is reformulated as

l—« a

z(tnt1) — z(0) :mEﬁm z(tn)) + ABC(a)T (@) /0 " E(r, (7)) (tnt1 —7)% dr

1—a Q tht1 o
=450 2t ) F1 a0 2 / B(r, 2(r)(tns1 — 1) Ldr.
©)
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tsn) = 000) = e b, #(t) + paiorry | HE vt =) dr
-« o DL [l a—
:WH(%, y(tn)) + mkzo " H(7, y(7))(tns1 — 1) Hdr.
(10)
“{tuen) = 20) = paesPltn =(6))+ pararrey [ P w0 b =7 ar

n

11—« o tr+1 o
= aB0) D)+ A pem) /t P(r, 2(7))(tas1 — 7).
(11)

within [tg, tg4+1], the functions E(t,, z(t,)), H(tn, y(tn)) and P(t,, z(t,)) can be
approximated using two-step Lagrange polynomial interpolation:

Pyp(r) ~ E(tk}; o) (T —tp—1) — E(tk_ll; i) (7 = tk), (12)
Pyl(r) ~ H(tk}; yk)(T ) — H(tk-l}; yk—l)(T — 1), (13)
Pu(r) ~ D %) (t’“]; ) (7 gy - Dlhmt 2ho) “’“‘1}; 1) (7 g, (14)

The above approximation can therefore be included in (12), (13) and (14) to produce.

nin =0+ 4 b, o(t)

n X — 1
a Z( E(tk}; k) Lik+1(7_tk—1)(tn+1 — 1) Lr ) (15)

+ m _M tk+1(7- _ tk)(tn—i-l _ T)a—ldT

k=0 123

gt =0+ - g )

ABC(«) »
Lo N P R — ) (e — 1)
ABC(Q)F(Q) =0 _M ftifﬂ (7- _ tk)(tn—H _ T)a—ldT
1—
Zn+1 =20 -+ ( a) P(tn, Z(tn))

ABC(a)

+ $Z Pltnr, ) b
ABC(a)T' () e\ - (T — 1) (b — 7)Y T

tg

n z a 17
( P(tk}; k) tkH(T—tkfl)(tn—i-l—T) lgr ) (17)



K. Boulehmi / Eur. J. Pure Appl. Math, 17 (1) (2024), 445-461 452

The following numerical scheme is obtained after solving the integrals on the right:

(1-a)

Tpt1 =T + WE(%» z(ty))

« n hOéE(tk, $k) o N
+ABC(a)kZO[ Tty (PH1=R%n—k+24a0)=(n—k)n—k+2+20)

_ hE(tk-1, Tk-1)
I'a+2)

(<n+ 1— k) — (n— k)%(n— k +1 +a))}
(18)

(1-a)

WH(%, y(tn))

Yn+1 =Yo +

n

heH (4, X )
+amc@ T 6 V) (41— K)o k424 @) — (n— B)*(n— k42 +20))

a+2

~ hH(tg—1, Yr—1)
INa+2)

<(n—|—1—k)a+1 - (n—k)“(n—k—&—l—i—a))}

it =0+ o Pt #(6)

a zn:[hap(tk’ ) (01— k)% — b+ 2+ 0) — (n— k) (n — k + 2 + 20))

T ABC(a) & L T +2)
hOP(tg—1, zk—1) o o
B (0 12k 40)

(20)

Now, we will discuss the application of the newly developed numerical scheme for the
purpose to solve fractional differential equations.

4. Applications of the ABC-FD Scheme

In this section, we emphasize the practicality and applicability of the ABC-FD scheme
in solving numerical problems, with a focus on using computational simulations to assess
its effectiveness in addressing specific test cases or scenarios.

Problem 1. Our first problem revolves around tackling the fractional Bernoulli equa-
tion.

(21)
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B . . o . .
where OC D§ is the Atangana-Baleanu Caputo fractional derivative operator, given in

Eq. (2). The exact solution of the Bernoulli Eq. (21) shows in [45], is.
1 1
y(t) = 5 (V3tan <8(3\/§t o) — 1) (22)

The fractional Bernoulli equation (22) has an exact solution, according to the proposed
ABC-FD scheme we show the results in Tables 1 and 2. Table 1 provides numerical results
from our new ABC-FD scheme for the fractional Bernoulli equation Eq. (21) when o =1
at £t = 0.5, 0.7 and 0.9 and when a = 0.95 at £ = 0.5, 0.7 and 0.9 in Table 2.

The numerical numbers we provided matched the exact result, and the step size h is tiny
enough. It is observed that accuracy increases with decreasing step size h. We can observe
the numerical stability feature of the ABC-FD scheme according to the convergence of the
numerical data in Table 1 and Table 2.

Table 1: Solutions of Equation (21) where oo = 0.95.

h t=0.5 t=0.7 t=209
1/320  0.727894644424645 1.334617072292245 2.655787522792942
1/640  0.727919150293686 1.334627794673236 2.655815432421105
1/1280  0.727968161290851  1.334637692200060 2.655841194787946
1/2560  0.727989165701209 1.334646856529120 2.655865048517234
1/5120  0.727997567414455 1.334655366222233  2.655887198138255

1/10240 0.727993511418589 1.333663289004453 2.655907819965030
Exact  0.727423275682290 1.333623995935720 2.653204588689912

Table 2: Solutions of Equation (21) where oz = 0.95.

h t=0.5 t=0.7 t=20.9
1/320  1.011233122696145 2.254033666282457  4.447754640984550
1/640  1.011244500276947 2.254080841564283  4.455050084792259
1/1280  1.011255002684663 2.254124389955685 4.451529969778694
1/2560  1.011264727101195 2.254164714268654 4.452791939534118
1/5120  1.011273756967766 2.254202159766417 4.453802791022117

1/10240 1.011282164123349 2.254237024056137  4.457911499398058

Figure 1 compares Eq. (21) the exact and numerical solutions of Eq. (22). When
t = 1000, we plot the numerical solutions of Eq. (21) with different values of «, and the
novel scheme simulates the problem perfectly. Moreover, we notice that the numerical
solutions are close to the exact solution.

Problem 2. Our second problem covers a basic system that displays chaotic behavior
is the Rossler system [33, 34] is a multidimensional system that is comparable to the
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Figure 1: Comparison of numerical and exact solutions of Equation (21) with different ¢ and «.

Lorenz system [32] in a few characteristics. The equations that define the Réssler system
are as follows:

dx

G="Y— %
W g+ ay, (23)

%:b—kz(x—c).

For parameter values a = 0.2, b = 0.2 and ¢ = 5.7 and initial conditions (zg, yo, z0) =
(1, 1, 1.05) show in [1]. Here, we consider the Rossler model in the case when the integer
order derivatives is replaced by fractional order. We introduce the fractional Rossler
oscillator model of with 0 < o < 1 as follows.

(

ABC
or = —Y -3
ABC
0 Dgy = x + ay, (24)
ABC
Gz=b+z2(x—c),

\

where ABOC D§(.) is the ABC-FD.

The chaotic attractor from the fractional Rossler oscillator model is highly useful in
Secured Communication applications. Attractors is a new research concept with enormous
potential in the field of secure communication.

In Table 3 below, we provide the numerical solution using the the ABC-FD scheme to
Eq. (24) when oo = 1, and ¢ = 0.1. Table 4 provides the numerical solution for the value
of a = 0.95, and t = 1. It should be observed that accuracy increases as step size h is
reduced. We can see the numerical stability characteristic of the ABC-FD scheme based
on the convergence of the numerical data in Table 3 and Table 4.
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Table 3: Solutions of Equation (24) where oo =1 and ¢t = 0.1.

h x Y z
1/320  0.177898180755700 1.407072166904383 0.116315513109570
1/640  0.176707768361964 1.407429186405125 0.115968853477924
1/1280 0.176112624976242 1.407607713412835 0.115796493319784
1/2560  0.175914252956577 1.407667225032148 0.115739183282915
1/5120  0.175815068638023 1.407696981337520 0.115710555116532
1/10240 0.175755558585964  1.407714835280020 0.115693386806025

Table 4: Solutions of Equation (24) where o = 0.95 and ¢t = 1.

h x Y z
1/320  -0.615483039781965 1.322607056797672 0.055611317422203
1/640  -0.616417804431375 1.322218290929184 0.055536319297694
1/1280 -0.616885335290380 1.322023886548481  0.055499005900917
1/2560  -0.617041200990387 1.321959082068103  0.05548659544584
1/5120 -0.617119138320106 1.321926679486526 0.055480395055542
1/10240 -0.617165902091590 1.321907237739616 0.055476676628662

Figure 2 Demonstrates the chaotic attractors plot of Eq. (24) in the case when o = 0.95
and t = 1000. We present, in Figure 3, the chaotic attractors plot of Eq. (24) when

a = 0.99 and ¢ = 1000.

20

15

N 10

y

Figur;e 2: The chaotic attractors plot from Eq. (24), when a = 0.95 and ¢ = 1000.

10

These Figures show the projections of the fractional Rossler model Eq. (24) attractors
that were obtained by using the novel scheme (ABC-FD). Identifying chaotic behavior in
the fractional system in Eq. (24) by using a unique scheme (ABC-FD) allows researchers
to acquire insights into the system’s fundamental dynamics; this understanding is essential
in various scientific areas, including physics, engineering, and mathematics.

5. Numerical Results and discussions

In this section, we present a comparison between our suggested method and the Runge-
Kutta 4th-order approach (RK4).
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Figure 3: The chaotic attractors plot from Eq. (24), when o = 0.99 and ¢ = 1000.
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Table 5: Comparison between the ABC-FD scheme and RK4 Method for z(¢) to the fractional model equation

Eq. (24).

ABC-FD(ar = 0.95)

ABC-FD(a = 1)

RK4

0.1
0.2
0.3
0.4
0.5

0.1
0.710684980261416
0.541932682851730
0.382747205334253
0.228902195409422
0.078662493918809

0.1
0.811287822893630
0.641749305322459
0.483048734060514
0.329148739755869
0.176707768361964

0.1
0.809899121526138
0.640477455295522
0.481833456041290
0.327954972715375
0.175517541129673

In Tables 5-7, we show that for & = 1, the numerical solution outcomes of the ABC-
FD scheme found in Eq. (24)) exhibit remarkable concurrence with the Runge-Kutta 4th
Order Method solutions. As consequence of our findings, we are certain that the method-
ology provided a powerful mathematical instrument for solving equations. Moreover, they
can be used to find analytical or approximate solutions to other problems.

6. Conclusion

This study affords a numerical solution for the fractional Bernoulli equation and the
fractional Rossler model. This research makes use of an innovative method for the frac-
tional derivative, which is referred to as ABC-FD. In this work, we employ the Runge-
Kutta Fourth Order (RK4) approach to evaluate the solutions obtained from these meth-

Table 6: Comparison between the ABC-FD scheme and RK4 Method for y(t) to the fractional model equation

Eq. (24).

t ABC-FD(a=0.95) ABC-FD(a=1) RK4

0 0.1 0.1 0.1
0.1 1.162327452222037 1.110604044223248 1.111410479237619
0.2 1.243679775165603 1.206325497512754 1.207014508204590
0.3 1.307095940600464 1.287466819327066 1.288044529114395
0.4 1.354153393129866 1.354496996922664 1.354964920086584
0.5 1.385585796378668 1.407429186405125 1.407786249680785
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Table 7: Comparison between the ABC-FD scheme and RK4 Method for z(t) to the fractional model equation

Eq. (24).
t ABC-FD(a=0.95) ABC-FD(a=1) RK4
0 0.1 0.1 0.1
0.1 0.563027164530943 0.668146806337842 0.665758002503422
0.2 0.385951374918309 0.422012789499755 0.420504778950151
0.3 0.271239731606305 0.268070090773060 0.267135297212523
0.4 0.195819117416147 0.173389179063020 0.172818474082330
0.5 0.145751174250475 0.115968853477924 0.115624863785721

ods. To facilitate the ABC-FD approach of solution comparison, we offered a numerical
strategy that made use of the resources that were included in the MATLAB software
package. In terms of how well they keep their numerical stability, the numerical results
suggest that our technology can perform fractional processes that meet the requirements
that were set for them. The fact that the numerical figures that were produced were accu-
rate is evidence that this is the case. A comparison of the solutions of these methods with
those obtained by the Runge-Kutta Fourth Order (RK4) method is done. Using MATLAB
software package tools, we provided a numerical strategy to aid the ABC-FD method in
comparing the solutions. The numerical findings demonstrate that our method performs
fractional procedures which satisfy expectations for how successfully they maintain their
numerical stability. The accuracy of the numerical results produced serves as evidence for
this. Proficiency in fractional differential equation solving and precise modeling of chaotic
systems has applications in signal processing, control theory, communication systems, and
other fields. Engineers may be able to improve the performance of current systems and
create more resilient designs that can manage nonlinear dynamics by utilizing the ABC-
FD method. We suggested using this approach to tackle brand-new fractional problems
[7, 10, 41] and contrasting numerical solutions with other approaches [6, 19, 26-28].
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