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Abstract. The Bagley-Torvik equation is an imperative differential equation that considerably
arises in various branches of mathematical physics and mechanics. However, very few methods exist
for the treatment of the model analytically; in fact, researchers frequently shop for semi-analytical
and numerical methods in their studies. Therefore, the main goal of this research is to find the
exact analytical solution for the fractional Bagley-Torvik equation fitted with Dirichlet boundary
data, as well as a system of fractional Bagley-Torvik equations. Thus, this research aims to show
that the modified Adomian decomposition method (MADM) via the proposed two algorithms is
a very effective method for treating a class of Bagley-Torvik equations endowed with Dirichlet
boundary data. Certainly, MADM is a very powerful approach for solving dissimilar functional
equations without the need for either linearization, discretization, perturbation, or even unneces-
sary restraining postulations. Additionally, the method reveals exact analytical solutions whenever
obtainable or closed-form series solutions whenever exact solutions are not feasible. Lastly, some
illustrative test problems of the governing model are examined to demonstrate the superiority of
the proposed algorithms.
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1. Introduction

Fractional calculus is an aged area of research that recently reemerged more strongly
with burning applications that cuts across all aspects of life. Indeed, the area started
off by the ignition put forward by Leibniz (1695) and Euler (1730) [28, 30], and since
then keeps propelling to date. Notably, various real-life models are discovered to be
perfectly captured through the application of fractional differential equations (FDEs).
These FDEs have, in recent times gained considerable relevance in modeling different
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emerging problems arising in, for instance, electrical networks, electromagnetic theory,
fractals theory, viscoelasticity, control theory, material science, chemistry, potential theory,
fluid flow, biology, and statistics to mention but a few [5, 6, 10, 11, 24, 26, 27, 33, 34, 39, 41].
In light of this, different researchers have in the past and recent times proposed a variety of
methods, including analytical, semi-analytical, and computational to deal with FDEs. In
this regard, the present paper shops for an elegant semi-analytical method that is founded
on the utilization of the famous Adomian decomposition method (ADM) [1, 3, 4, 15—
17, 32, 38, 47, 49].

On the other hand, the boundary-value problems (BVPs) featuring fractional-order
derivatives have - in recent years - fascinated or rather shaped the thoughts of various
theoreticians and experimentalists in diverse stems of applied and pure sciences. In par-
ticular, we make mention of the Bagley-Torvik equation, being an imperative differential
equation that arises in various branches of mathematical physics and mechanics [46]. This
equation is, however, used in modeling various processes, including viscoelasticity, the sub-
mergence of solid structures in fluids, and the interaction of solid media with fluids among
others; for more on the uniqueness and existence results of the model when prescribed
with Dirichlet boundary data, an interested reader can consult [8, 25] and the references
therewith. Moreover, as it is always thorny to tackle FDEs analytically, many mathemati-
cians have introduced several efficient computational schemes based on various concepts
to computationally treat the class of Bagley-Torvik equations. Here, we make mention of
such approaches that are applied on the Bagley-Torvik equation in recent years to com-
prise the quadratic spline solution [50], the cubic spline polynomials [51], the Chebyshev
wavelet method [35], the shifted Legendre polynomials [45], the Taylor’s method [40],
the exponential spline technique [7], the Chelyshkov-Tau approach [20], the Chebyshev
collocation method [44], the quintic B-spline polynomial [23], the exponential spline ap-
proximation [21], the Green’s function iterative approach [22] and the shifted Chebyshev
operational matrix [29] to review but just a few; yet, read [14] for a mesmerizing study on
the Bagley-Torvik equation with the aid of the differential transform approach.

However, we, in the current paper aim to make use of the modified Adomian decom-
position method (MADM) [2, 9, 12, 36, 37, 42, 48] by proposing two different algorithms
to treat the Bagley-Torvik equation with Dirichlet boundary condition. MADM is a semi-
analytical approach that was improved upon the classical ADM [3]-[38] to easily reveal
exact analytical solutions whenever obtainable or closed-form series solutions whenever
exact solutions are not feasible. In fact, the approach is very powerful in solving dis-
similar functional equations without the need for either of linearization, discretization,
perturbation, or even unnecessary restraining postulations. Besides, the method has been
successfully used in the literature to solve various real-life models. In addition, we orga-
nize the paper in the following pattern: Section 2 gives certain fundamental definitions of
features with regard to fractional calculus, Section 3 gives the procedures of the devised
MADM algorithms on BVP for the Bagley-Torvik equation, while Section 4 demonstrates
the applicability of the devised algorithms, and Section 5 provides some concluding points.
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2. Fractional calculus

The current section introduces certain fundamental definitions and features for frac-
tional calculus, consisting mainly of the fractional derivatives and fractional integrals that
were put forward based on the Riemann-Liouville fractional (RLF) and the Caputo frac-
tional (CF) integrals/derivatives. For more on some basics related to this work; an inter-
ested reader can further read the famous book by Kilbas et al. [13].

2.1. Preliminaries

Here, we review some definitions of the fractional-order derivatives and integrals based
on the definitions put forward by Riemann-Liouville and Caputo, respectively. Certainly,
we will be considering the set x = [a, ] € R, such that a < b, a finite closed interval on R,
the set of real numbers.

Definition 1. (RLF integrals): The RLF right-sided I;* y and left-sided 1%,y integrals
of order a € R are respectively defined as follows

b
(Liey)(z) = F(la) /x i _yx(;)_aﬂ dt, (z<b; a>0),

and

(1% y)(z) == F(la) / v . _yS)aHdt, (>a; a>0).

Definition 2. (RLF derivatives): The RLF right-sided D;"y and left-sided D,y
derivatives of order aw € R are respectively defined as follows

ol —d" n—a
Dy y(@) = (0 (),
L —d" [ oy
I(n— ) da:”/x (t_x)aﬂ—nd’ (x>b; a=0; n=[a]+1),
and
[e% dn n—o
Dgiy(z) = d:Tn(IaJr y)(z),

)
= o7 ————dt ca>0; n= 1
I'(n— «a) dz" /a (x —t)oatl-n"" (&>a; a20; n=[a]+1),

with [« representing the integer part of the fractional-order «.

Definition 3. (CF derivatives): The CF right-sided “D;_y(x) and left-sided D¢, y(x)
derivatives of order a € RT on [a,b] are respectively defined via the RLF derivatives as
follows

—_

3

“Date) = (D [0 - 0 - 4] o), 1)

=0
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and
n—1 (k

“Diy(e) = (D |y(t) = Y ;,” (t - a)*]) (@), (2)
k=0

with n = [a] + 1, when a ¢ N, and n = «, for a € N; with N denoting the set of positive
whole numbers.

Note that, as a peculiar case, when 0 < o < 1, the formulae given in (2) and (1) could
be re-expressed as follows

‘Dy-y(x) = (Dy-[y(t) — y(b)])(z),
and
‘Dgry(x) = (Dt [y(t) — y(a)])(z).

2.2. Some useful properties

This subsection recalls some useful properties of the aforementioned RLF integrals/derivatives
and CF derivatives that will be greatly utilized in the course of the governing model.

Lemma 1. Assume o > 0, and further assume n = [a] + 1, when o ¢ N, and n = «,

when o € N. Then, if y(z) € C"|[a,b] or y(z) € AC"[a,b], we accordingly have as follows
n—1

o cyo (_)ky(k)(b)
(I °Di-y) (@) = y(z) =) e Ch )", (3)

k=0

and .

<« ¥ (a)

(@ - a)t. )

(Lg+“Dgvy)(z) = y(x) —

k=0
Consequently, when 0 < o = 1 and y(x) € Cla,b] or y(x) € AC[a,b], the above results
respectively reduce to

(Ip=“Dy-y)(z) = y(z) — y(b),
and
(L3+“Dg+y)(z) = y(x) — y(a).

Lemma 2. The following results for the fractional integral/derivative hold [45]

(i) o

Il = gy e s constant (5)
W D(n + 1)z

Do = g (6)
(iii)

[ofgn) = Dt D ()

MNa+n+1)’
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3. Treatment of Bagley-Torvik BVPs via MADM

The current section mainly makes use of MADM [2, 9, 12, 36, 37, 42, 48] to acquire the
exact analytical solution of the Bagley-Torvik BVP where possible; moreover, when the
acquisition of such an exact analytical solution is not feasible, a closed-form series solution
of the governing model will be acquired. In fact, we will be making consideration to the
BVP of the nonhomogeneous Bagley-Torvik equation endowed with Dirichlet boundary
conditions as follows [51]-[29]

D%*y(z) + D3 %y(z) + y(z) = g(x), a<z<b, abeRT,
(8)
yla) =X, y(b) = Az,

with g(z) denoting the nonhomogeneous/source term, A; and Ay are constants; while
the function y(x) is the solution that we intend to determine. Certainly, the differential
equation in (8) is a fractional-order differential equation defined in CF derivative sense with
the highest integer-order of 2, and then followed by the CF-order of 3/2. In addition, this
fractional-order model arises in many physical processes, and further has vast relevance
in the study of fluid flows and viscoelastic materials [14], among others; more so, the
highest-order of the equation remains 2, the integer-order, then follows by the fractional-
order derivative of 3/2.

Further, the Bagley-Torvik equation expressed above can equally be expressed in an
operator notation upon making use of the differential operator notation D as follows

Ly = D*y = g(z) — D*?y(z) — y(x), (9)

2
where L = D? = £
X

Furthermore, to determine the explicit exact analytical solution of the Bagley-Torvik
BVP expressed in (8) - using the version expressed in (9) through the differential operator
- the MADM [36]-[42] will be utilized. In fact, two algorithms based on MADM will be
proposed in this section for the governing model in what follows.

3.1. Algorithm 1

The first algorithm can be summed up in the following bulleted lists:

e Applying the inverse operator

L710) :/;/:(.)da:dx,
on (9), one gets

y(@) = y(a) + zy/(a) + L g(2)] = L7 [D*Py(a)] — L7 [y(x))- (10)

Remarkably, we will further put y'(a) = ¢1; because we do not have the value of
this condition at the present, thereafter, the prescribed boundary data will help in
getting a hold of the real value of ¢;.
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e Application of MADM requires that the term

—pL~! {i anx"] + L7t [i anx"} (11)
n=0 n—=0

should be added to (10), with p as a synthetic parameter, and a;, i > 0 are obscure
coefficients. Moreover, recall that the classical ADM [3]-[38] expresses the solution
function y(x) as y(z) = > .2, yn(x). Consequently, one gets

S () = M+ ers—pL [ 3 ana?] + L[ 3 ana?] + L g(a)
n=0 n=0

0 00 (12)
_ 7! [D3/2Zyn(x)} _ -1 [Z yn(x)}.
n=0 n=0

e As a result, one may deduce the resulting recursive scheme from (12) as follows

(0@
yo(z) = A\ + 1z + L' [Z ana:”} ,
n=0

yi(@) = L' g(@)] = pL7 [ D ana”| = LD 2y0(@)] - L (@), (13)
n=0

yor1(z) = =L Dy (@) = LM [ya(@)], n>0.

e Computation of the coefficients a;, for ¢ > 0 by taking y; = 0 and subsequently
fixing p = 1 reveals the solution of (8) in form y(z) = yo(z).

e Lastly, substituting the values of a; into yo(x), and further upon utilizing the second
boundary condition y(1) = Ag, the constant ¢; is thus revealed.

3.2. Algorithm 2
Algorithm 2 is equally based on MADM, which possesses the following steps:

e We begin by implementing the inverse operator L~!(.) that takes following repre-
sentation [19, 31]

() :/; da’ /:N(.)d:x”— ”g__;‘/abdx/j”(.)dx", (14)

on (9), which reveals

y(@) = y(a) —zy(b) + zy(a) = L' [g(2)] = L7 D*Py(a)] = L' [y(2)].  (15)
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e MADM requires the addition of the expression given in (11) to (15) to yield the
following equation

Yoo oyn() = A+ Xex — Nz —pL~ [Zan:n } [Zanl‘ } + L7 g(x)]
o Ds/Qi (@) - L [Z (@),
n=0

(16)

e Then, the formal recursive relation of the governing model is thus determined in this
regard as follows

yo(x) = M + (\a — M)z + L™ [Zan ",

i) = L gl [zanx]— D yo(@)) = L ()], (1)

yni1(z) = =L D Py(@)] = L [ya(@)], n > 0.

Therefore, the values of the coefficients a;, for ¢ > 0 are then calculated by taking
y1 = 0 and setting p = 1. Moreover, these values are then substituted into yo(x) to

obtain y(z) = yo(z).

4. Applications

This section applies the proposed MADM on several test models, featuring various
forms of BVP of the Bagley-Torvik equation. Precisely, the proposed MADM through
the devised algorithms 1 and 2 will be applied to the governing model and its variant,
including the coupled system of the fractional differential equation, which emanates from
the Bagley-Torvik equation. Moreover, the test models of interest will be considered from
the open literature in order to draw a firm conclusion with well-known exact solutions.

Example 1. Consider the BVP for the nonhomogeneous Bagley-Torvik equation as follows
[43]
D2y(@) + DY2y(w) +y(a) = a® +50+ =o'y =0, y(1) =0 (19
The exact analytical solution of the above BVP is thus found to be y(z) = x> — x.
Algorithm 1:
Write (18) in an operator form as follows

8 .
Ly = D%y = 2% 4 52 + —a%/? — D*?y(z) — y(x). (19)

NG
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Here, we define L™ fo fo Ydxdz to be the inverse operator. Therefore, applying
L= on both sides of (19) such that y'(0) = ¢1 gives

yla) = err = L7 (DY y(a)] - L7 yla)] + L7 4w+

Then, on using MADM as explained in the procedure, we write

i yn(z) cix —pL~! [i ana:"] + L1 [i an:c"} Lt [D?’/Qi yn(a:)}
n=0 n=0 n=0 n=0

™

e _ 8
— L l[ngoyn(aj)} +L 1[:L"3+5:L"—|—T:E3/2],

thereby taking

yo(z) = 1z + L7 ag + a1z + aga® + .., (20)
and
8
y1(z) = —pL_l[a0+a1$+a2m2+...]+L_1[:U3+533+ﬁx3/2]—L_l[D?’/ng(:L‘)] [yo(ac)]
(21)

Computing the values of yo(z) and y1(x) from (20) and (21), respectively by using L~
and (6), one gets

1 1 1
yo(z) = c1x + §a0$2 + 6(11333 + Ea2$4 + ..

yi(z) = p[2aox +6a1x +12a2x + .. ]+20x +6x +35ﬁx 3\/773;

8a0 5/2 160;1 7/2 64@2 9/2 C 3 a/() 4 al 5 a2 6
a1y ovat 60 24t T 120" 3600

Now, put y1(z) = 0 and collecting the like terms, we have

o 1 2 ]. 5 C 3 ]. ao 4
yi1(z) = p5aoe + p6a1+6 6]37 +[— p1592 24] + ...

= 0.

Then, on considering p = 1 and equating the coefficients of x™ from the both sides of the
above equation, one gains ag = as = 0, and a1 = 5 — ¢1. Next, on substituting the values
of ap, a1 and ag in yo(x), where y,(x) =0, for n > 1, we obtain

y(x) = yo(z) = c1z + é(5 —c)zd + ..

Lastly, with the aid of the second boundary prescription, that is, y(1) = 0, we have ¢c; = —1,

which finally yields

y(.%') = 1.3 - T,
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that exactly matches the exact analytical solution for (18).
Algorithm 2:

Applying the inverse operator (14) on the left-hand side of (19), one gets

L7 Lr — y "o y "
y(x) / / dedac x/ d:):/ ded

= y(z) —y(0) — zy(1) + zy(0),
= y().
So,

y(2) = L a® + 5 + j}xi‘*/?] — LDy (a)] - L [y ().

Therefore, upon deploying the MADM procedure, we have
o0 8 oo oo
Z yn(z) = L7Ya3 + 5z + ﬁw?’ﬂ] —pL7t [Z anx"} + L7t [Z aniﬂn]
n=0 n=0 n=0
o0 o0
_ L—l [D3/2Zyn($)} *L_l [Zyn(f)}a
n=0 n=0

which leads to the recurrent scheme as follows

[ o]
n=0
and

yi(x) = Lt [w3 + 52 + ;wi’)/?} [Z an ] — Dg/zyo( )] — L_l[yo(:):)].

i
In fact, explicit expression for yo(x) is found to be

@, 2 % 3, 92 4 (@ @ %)
2x+6x+12x :1:2+6+12.

Also, on computing the component of y1(x) using the inverse operator (14), one explicitly
gets

yo(z) =

32 1 ) 53 32 a a a
vi(z) = 2724 —af + 2o - ( 35\F) z—p| o+ Tt + ot

35 /7 20" 6 6 12
[64@:1;9/2 + 144a,27/% + 504a92>/% — (105a2

(2]
2 "6 12 945\/7

1 182
4 210a1+630a0)x3/2} [ @2 6 _ 915

44
i 28 } _ =
210/ L9 72T 3 0T 5T T g
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50 (B E T 90 360

More so, upon collecting the related terms of yi(x) from the above equation at p = 1, we
get

yi(z) = —gié%xgﬂ + <353\2/7? — 1(12?/17?)907/2 - 1??;7?:65/2 + 9451\/% <1O5a2
+ 210a; + 630%):53/2 - %x(j n (% - 1‘;—10)955 - (a2 + 22) t
SO ST
sioge (ot )~ g )

Indeed, on taking yi(x) = 0, and thereafter equating the coefficients of x™, we find ay =
0, a1 =6, and ag = 0. Hence, substituting these values into yo(x), gives y(z) = yo(z) =
23 — x, which matches the exact analytical solution of (18).

Example 2. Consider the BVP for the nonhomogeneous Bagley-Torvik equation [29]

221/2

I'(3/2)
2

which admits the exact analytical solution as follows y(z) = z* — .
To begin with, we write (22) in an operator form as follows

D*y(x) + y(z) = +a? —z, y(0)=0, y(1)=0, (22)

2$1/2

3/2

+ 22—z —y(z). (23)

Nezt, upon deploying the inverse operator I3/2 on both sides of (23) using the property
(4) on the left-hand side with y'(0) = ¢1, one gets

z/
PP @) = 1 [1?(3/2) +a? —a| = PPy(a))
1 z® 2x1/2
kz—%yk Tk+1) e [F(3/2) tat - “”“} — PPy ()],
z/
y(x) = cx+ 13/2 {1?(3/2) + 2% - :c} [3/2[2/(%)}

Using MADM and the properties mentioned in (5) and (7), we write

[e.e]

g% yn(x) = 1z —pI3? [ 3 anx"} 432 [i anxn} ycl [1*2(9;1//22) e x] )]

n=0 n=0
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upon which we iteratively consider

yo(z) = C1:c+13/2[ 2012 +:c2—x} +I3/2{§:an$”},

I'(3/2) —
32 8 4a 8a
_ 2 7/2 5/2 0  3/2 1 5/2
R TN Ty N T
105/ 315 /7
and
oo
(@) = —pl*2[ > ana"| - I yo(a))
n=0
- p[3\/7rx Byrt TimvaT T Bisyat Tl T yat
32 7/2 1 5 1 4 aO 3 al 4 a9 5 3a3 6
1057 60" 21" g 24" T 60" 360" T

Now, setting y1(x) = 0 with p = 1 and collecting the related terms while equating the
coefficients of ™ in both sides of the above expression, one obtains

_ _%.3 (i_ﬂ) 4_(i @) 5_ 303 ¢
n(@) 6" T 2" 2" "G Te0)" 360" T
= 0.
Hence, we acquire a9 = ag = 0, a1 = 1, and ay = —1, which when these values of

ap, a1, ag and as are substituted in yo(x), where y,(z) =0, for n > 1 reveals

32 7 8  5p 8 52 32 7
105 /7 TN ATV 05" T

= clm+x2+...

y(z) =yo(z) = cz+z°+

Lastly, when cancelling the noise terms, alongside using the second boundary prescription
of y(1) = 0, one obtains ¢c; = —1, so that

y(.’lf) = .'172 -,

which matches the exact analytical solution for (22).

Example 3. We make consideration to the BVP for the nonhomogeneous Bagley-Torvik

0] |
D*y(x) + D*y(z) +y(x) =2 +1, y(0) =1, y(1) =2, (24)

that admits y(x) = x + 1 as its exact analytical solution.
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Algorithm 1:
We re-write (24) using operator notation as follows

Ly(z) =z +1 - D¥?y(x) — y(x). (25)
Applying inverse operator L~1(.) = [ [(.)dzdx on both sides of (25) such that y' (0) = ¢1

gives
y(z) =1+ cx — LDy (2)] = L' y(x)] + L™z + 1].

Further, using the MADM procedure along with (6), we gain
o0 o o0 oo
Z yn(z) = 14 ciz—pL™? [Z ana;"} + L1 [Z anx”} — Lt [DB‘/QZ yn(x)]
n=0 n=0 n=0 n=0

- Lt {i yn(x)} + L7z + 1],
n=0

upon which the related iterates yo(x) and yi(x) are considered from the latter equation as
follows

yo(z) = 1+ecx+ L1 [Z an:c"} ,
n=0

1 2, 1 3 1 4
= 1—|—cla:+§aga: + —a1x” + —agx” + ...

6 12
and
oo
yi(x) = L_l[l-l-:c]—pL_l[Zana:"} Lt [D3/2y0(1:)} — L7 yo(2)],
n=0
_ 1o 13 [1 o 1 5 1 4 } der 30 8ao 59
= 237 —1—61' D 2a0x +6a1x +12a2x + ... 3ﬁa: 15\/7?% ,
160/1 7/2 64@2 9/2 1 2 C1 3 0/0 4 al 5 a9 6
05va" omsyrt 2V 76T T2 T 10" 360"

Next, collecting the like terms, and thereafter equating the coefficients of x™ in both sides
of the above expression, where y(x) =0 with p =1 gives

nlw) = Ga" = ga0r” — gart = pas’ — gt = o
_ 16a1 75 B4az gy C1 5 G0 4 @1 5 G2 6

1057 94hym 60 24" T 120" T 360"

= 0.
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Therefore, we obtain ag = 0, a1 = 1—cy1, and as = 0. In addition, substituting these values
in yo(x), where yn(xz) =0, for n > 1 yields

y(x) =yo(z) =1+ 1z + é(l — ).

Moreover, on using the subsequent boundary condition y(1) = 2, one acquires ¢c; = 1, so
that

y(z) =x+1,

which is indeed the reported exact analytical solution for BVP (24).
Algorithm 2:
Here, we make use of the equation represented in an operator notation (25), and further
define L™ as given in (14). Thus, implementing the inverse operator on equation (25)
reveals
y(@) = 2+ 1+ L+ 1] — LD 2y(a)] — L y(a)]

Using MADM and (6)
iyn(l‘) = z+1+ Lz +1]-pL™" [ianmn} +L7! [ian:v"]
n=0 n=0 n=0
- Lt {D?’/zi yn(x)} — L1 [i yn(:c)} .
n=0 n—0

Now, let
o0
yo(r)=ax+14+ L1 {Zanx"},
n=0

and

yi(e) = L7 o +1] - [Zanx}— D 2yo(w)] = L™ yo());

then, we precisely compute the expressions for yo(x) and yi(x) via the inverse operator
(14) as follows

e ()
— 1420 _ a1
yo(z) = x + +2x+6x+12 2+6+12
and
o 1 2 1 3 2 apg o ay s az 4 ((1() al CLQ):|
yi(x) = 2w+6m 33: p{2x+6x+12x x2—|—6+12
1
o [504@0905/2+144a1x7/2+64a2x9/2— (630@0—1—210(11
T
1 44 82
105 —1260) 3/2} — [28 Ba+ —280}
+ as T 210ﬁ ao+3a1+9a2 T
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@ 4 0 5 02 g (@ ar | a2 1)3_12
. T 12736 72 6)°

24" T 120" T 360" 27
(@ Ta1 | az g)
24 7360 ' 90 3/°

In fact, the explicit expression for yi(x) will be found after collecting the like terms from
the equation at p =1 as follows

1
S _ 630ag + 210a; + 105
n(@) 045/ 105y 15y 9457 ( do - 210a1 A 10502
as al a9 aq 4 ag 5&1 aq 3 ap o
) (e (5 )
. 5607 1200 12T 20)t T\ T3 T/t T 2f
13a2 53(11 11&0 1 (82@2 44CL1
— 28 —280)} .
[180 T 360 T 21 " 210ym\ g T3 T .

Finally, setting y1(x) = 0, and thereafter equating the coefficients of x™, we obtain ay =
a1 =0 =ag =0. We, therefore, obtain y(x) = yo(x) = z+1 as the aiming solution, which
is indeed the reported exact analytical solution for (24).

Example 4. We consider the BVP for the nonhomogeneous Bagley-Torvik equation as
follows [35]

x
D2y(e)+ DYy(a) +ole) =a? + 2 4[5 00 =0,y =25 (29
that admits y(z) = x>
Algorithm 1:
Hllustrating (26) via operator notation, one writes

as its exact analytical solution.

Lye) =2 + 2+ 4\/f ~ D¥y(a) — y(a). (27)

Neat, on enforcing the inverse operator L1(.) = [" [ (.)dxdx on both sides of (27) such
that ' (0) = c1, we get

y(@) = erw — LD y(@)] - L7 y(a)] + L7 a2 + 2+ 4\@} .

Using MADM with (6), we further get
Z yn(x) = c1x— pL~! [Z anm”] + L7t [Z ana:"] + L7t {xQ +24 4\/§]
n=0 n=0 n=0

o [D?’/?iyn(x)} g [i yn(x)},
n=0 n=0
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and thereafter take into account yo(x) and y1(z) as follows

e P

n=0

+ Lage? + L+ Lagt 4
= T —aopr —a1x — a9
Rt gt 1272

and

yi(x) = —pL~t [i anm”] + ! {mQ + 2+ 4\/3} — L ! [D?’/Qyo(x)} — L_l[yo(x)],
n=0

_ Lo 1 3 1 4 } L 4 2 16 50 4c1 3o
= p[2aox +6a1x + 12&2.7} + ... +12$ +x° + 15ﬁx 3ﬁl‘
15ya. 105 @ 945 m 6" ~ 24" 120" 3607

More so, collecting the related terms, and subsequently the equating coefficients of ™ in
both sides of the above expression, where y1(x) = 0 with p =1, one gets

1 1 C1 1 1 agn 4
- (i fos D) (- o3
y1(x) ( 2a0+ x 6a1+6 x° + B 12@2 24:c

5vr. 3vm. 1sy/m. 106y 945/m
= 0.

Therefore, we get ag = 2, a; = —c1, and ay = 0. More so, putting these values in yo(x),
where y,(x) =0, for n > 1, we get

1
y(z) = yo(x) = crz + 22 — 601933.

Finally, deploying the second boundary condition y(5) = 25, we get ¢; = 0, which leads to

the acquisition of y(x) = 22, as the reported exact analytical solution.

Algorithm 2:
As represented in (27), we define the inverse operator L~ in (14). Further, we deploy

L7Y() = [) da fox"(.)d:v” — %fog) dx fox"(.)d:v”, on both sides of (27) to get

y(x) =5z + Lt {:c2 +24 4\/§] — LD ?y(x)] — L [y(2)]

Using MADM and (6)

[e.e]

ni:;]yn(x) = br+ L1 [x2 + 2+ 4\/2} —pL~t [Z anx"} + L7t [ganx"}

n=0
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L1 {D3/2Z yn(x)] — Lt {Z yn(x)} .
n=0 n=0
In addition, the latter equation further results in
yo(z) = bx + L1 [Z anx”} ,
n=0
and
_ T = . _ _
yi(e) = L7} a2 + 2+ 4\ﬁ} —pL7 | Y ana”| — LD yo(@)] - L7 [yo(w)],
n=0

then, evaluating yo(x) using the inverse operator (14) yields

B Gg o A1 3 G2 4 O3 5 <5ﬂ 25a1  125a9 125@3)
yo(x)—5x+2m+6a: tR¥ tyr gttt T )

while y1(x) is found by collecting out the like terms by using the inverse operator (14) and
setting p =1 as follows

_ _&7_26_(Ll %)5 (i_%_@)zx
n(@) g10” 360" \120 T20)" T 2 T2 T )"
125a5  125a2  19a; 5ag 25 185 805
N ( a3+ az  19a; ao_7>x3+<1_@>x2_[ n V5
24 72 36 12 6 2 12 " 15y/x
1125a3 875ay  575a1 65ap 652 1 (
_ 22 (2100v/5ag + 5500v/5
T T3 T T T 6 T 3mova V5ag + 5500v501
512505 643750/5 128a3 11,  Gdas
— 105000 5)} - /2 2292 0/
* 5 2t ™ V)| 3465/7 945/
- - (43312545 + 144375
w5y T \yr Byt T 10305y %+ @2

+ 57750a; + 34650a0 — 346500) 2372,

Moreover, setting y1(x) = 0 while equating the coefficients of x™, we acquire ag = 2, and
a1 = as = a3 = 0. Hence, y(x) = yo(z) = 22, which happens to be the reported eract
analytical solution of (26).

Example 5. Consider the BVP (24) after being transformed into a coupled system wvia
[18] as follows

D1.5y1 = Y2, yl(o) = 17 yl(l) = 27 (28)
D%Pyy = —ys —y1 + 14z, y2(0) =0.

Here, we apply the inverse operator on both sides of the equations in (28) to get

I1'5[D1'5y1] — 11'5[?/2], (29)
[0.5 D0.5 — 10.5 o _ 1
(D] [—y2 —y1 +1+a].
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More so, applying the property of the fractional derivative mentioned in (4) on the left-
hand sides of the latter equations with y}(0) = c1, we get

y1(z) = 1+ 1 + T[],

Next, upon using MADM, one gets

oo o0 oo o
Z yin(z) = l14+cz+ 11'5[2 Yo.n] — pI1'5[Z anx"| + 11'5[2 anx"|
n=0 n=0 n=0

n=0

) [e's) o0 [e'e)
(@) = =10 yon] = 1% yial + 1091 + 2] = pI®®)> " ana”]
n=0 n=0 n=0 n=0
%)
+ IO.S[Z anxn]
n=0

that expands to

y1o(r) =14 crz+ It S[Zn 0 anz"],
y11(z) = —pI™2 350 5 ana™ + I°[ya,0),
(30)
yo0(x) = 1[0 + 2] + 19°[3 207 ana”],
(Y2,1(2) = —pI®P[3007  ana™] — I™[yao] — 1°°[y1].

Additionally, upon deploying (7), one can iteratively solve the equations in (30) concur-
rently as follows

4ag 8aq 32a9 64as
1 240 3/2 5/2 7/2 902 .
yro(@) =1+ew+ 3f * 15\/Ex + 105\/Ex 315ﬁ$ +

ya(@) = p[?,\/#” BT T I R ST = o
+6x + 237 + 61‘ +12:c +20 >4
and
N L W = R W Ty -
yaa(w) = —p| o T goma A e e T g
— agxr — N2 22,3 934 I%yy].

2 3 12
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Now, to compute the expression for the term I°S[y] in the last equation, we have to

find y1(z) first. So, let y11(z) = 0 with p = 1, and equating coefficients of "2, we get
ap = a1 =ag =az = 0. Then,
yi(x) =yo(z)=1+cr=1+z, (31)

after using the second boundary condition y1(1) = 2. Further, we get

2 4
I0.5 :IO.5 142]= 7:1:1/2 + $3/2.
Next, substituting 19°[y1] in yo1(x), and further letting yo1(x) = 0 with p = 1, the re-
sulting coefficients of ™2 are equated to obtain ag = a1 = —1, and ay = ag = 0. Hence,
substituting these values in yao(x), one gets

2 a4 s 2 a4 ap

x) = ypo(z) = —=a'/? + —a?? — —a'/? — —a?? 10,

y2() = yoa,0(z) N ENG Jr 37 (32)
= 0.

We, therefore, conclude from (31) and (32) that the coupled system expressed in (28)
admits the following solution

yl(x) =1+,

y2(z) (33)

1
0,

which is indeed the exact analytical solution for (24).

5. Conclusion

In conclusion, we obtained the exact analytical solution of the fractional Bagley-Torvik
equation, as well as a system of fractional Bagley-Torvik equations fitted with Dirichlet
boundary data. we introduced two algorithms based on MADM to semi-analytically treat
the class of fractional Bagley-Torvik equation endowed with Dirichlet boundary data. The
algorithms were founded by the inverse linear operator theorems and infused in MADM
to calculate only the first and second components gy and y;; indeed, this is one of the
advantages of MADM over the classical ADM, which computes several components most
at times to arrive as the optimal solution. Further, to demonstrate the effectiveness and
application of the new algorithms, Maple software 2023 has been used for the computa-
tional simulation of different nonhomogeneous BVP for Bagley-Torvik equations, which
are indeed more complex than their homogeneous counterparts. Additionally, based on
the results obtained with regard to the examined examples, one can easily infer that
the devised algorithms are efficient and reliable methods for solving BVPs with Dirich-
let boundary conditions in particular, and in general, they can be extended to tackling
different types of BVPs, such as fractional PDEs and fractional integral IDEs.
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