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Abstract. This study introduces an ample Hausdorff groupoid A xR extracted from an ample
Hausdorff groupoid G and a unital commutative ring R; a Hausdorff groupoid D which is the
discrete twist over A x R. In the groupoid C*-algebra perspective, when R = C there is an
isomorphism between the non-twisted groupoid C*-algebra (C*(G)) and the twisted groupoid C*-
algebra (C*(jl x R;D)). However, in this paper, in a purely algebraic setting, the non-twisted
Steinberg algebra (Ax(G)) and the twisted Steinberg algebra (Az(D; A x R)) are non-isomorphic.
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1. Introduction

The study of groupoids was initiated by Brandt in 1926 in [2]. Brandt utilizes the no-
tion of groupoid in [4] and other researchers produced more studies related to groupoids.
In [12], groupoid is defined as a small category in which every morphism is invertible.
Groupoid was used in various areas like the fibre bundle theory, in differential theory, in
foliation theory and in differential topology.

In 1980s, Renault was motivated by the works of Feldman and Moore [5, 6] for von
Neumann algebras and initiated the study of C*-algebras associated to groupoids in his
PhD thesis [10]. This study proved itself useful as it caters many problem in C*-algebras.
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Significant works on characterization of Lei-type maps with C*-algebra are in [13] and
[8]. Renault then introduced the twisted groupoid C*-algebras where the twist is done by
incorporating a T-valued 2-cocycle to its multiplication and involution. This study yields
extreme importance in the structures of large classes of C*-algebras as seen in the works
of Renault[11], Tu[14] and Barlak and Li[4]. In [15], Williams, Renault and Muhly proved
that the groupoid C*-algebra (C*(G)) and the twisted groupoid C*-algebra (C*(AxR; D))
are isomorphic when R = C with the additional conditions for G to be second countable
locally compact groupoid with a Haar system and abelian isotropy.

Last 2010, thirty years after the introduction of twisted groupoid C*-algebras, Stein-
berg algebra was introduced independently in [3, 9]. It is an algebraic analogue of groupoid
C*-algebra. In 2021, Becky Armstrong, Lisa Clark, et al. introduced the twisted Steinberg
algebra in [1]. It is a purely algebraic analogue of Renault’s twisted groupoid C*-algebra.
This study is a generalisation of Steinberg algebra by twisting the convolution and invo-
lution in two ways: a locally constant 2-cocyle o and a discrete twist X over a Hausdorff
étale groupoid G.

In this paper, we consider a purely algebraic perspective, that is, in the notion of
Steinberg algebra. Without the analysis requirements for our groupoid, our goal is to
show that the non-twisted Steinberg algebra and the twisted Steinberg algebra are non-
isomorphic. Our first task is to construct an ample Hausdorff groupoid A xR from an
ample Hausdorff groupoid G and a unital commutative ring R with R* as the set of units

of R. From the unit space of A x R, we then construct a sequence A x T S DL AR
where D is a Hausdorff groupoid, T' < R* and (D,1,q) is our desired twist over AxR.
We then investigate properties of the Steinberg algebra of G over R or Ar(G) and the
twisted Steinberg algebra associated to the pair (A x R, D) or Ag(D; A x R) and look at
when isomorphism between the two fails to hold.

2. Preliminaries

In this section, important concepts and notations on topological groupoids, Steinberg
algebra and twisted Steinberg algebra arising from a discrete twist are presented.

Definition 1. [7] Let G be a set and G®) be a subset of G x G such that there is a

(composition) map (7, @) — ya from G to G. Suppose that there is an inverse map

v+ ~v~! on G such that (y7!)~! = 4. Then we say that G is a groupoid if the following

are satisfied:

(G1) if (v,a), (o, B) € G®@ . then (o, B), (v,aB) € G®@ and the following equation is
satisfied: (ya)B = v(ap);

(G2) for all y € G, (v1,7) € G?);
(G3) if (v,a) € GP), then (v 'y)a = a and y(aa™t) = 1.

We call G?) as the set of all composable pairs. We write G for the set of composable
triples in G, that is, G® = {(a, 8,7) : (a, B), (8,7) € GP}.
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Lemma 1. [12] Let G be a groupoid and v, 8 € G. We say that (v, 8) € G® if and only
if 5(7) = r(9).

Definition 2. [12] Define the functions s and 7 from G to itself by s(a) = a~la called the
source of a € G and 7(a) = aa~! called the range of a € G, respectively. The common
image of r and s is the unit space of G and is denoted by G(¥), that is, G) := s(G) = r(Q).

Example 1. [12]

(i) Let G be a group with identity e. Then G is a groupoid with G = G x G;s(v) =
vl =er(y) =yt = e and GO = {e}.

(il) If {G;|i € I} is a family of groups with identities {e;|i € I}, then the disjoint union
Uicr Gi has a groupoid structure with d(g) = c(g9) = ¢ for every g € G;. The
composition, defined only for pairs (g,h) € J;c; Gi X Gj, is just the relevant group
law. This is known as a group bundle.

Lemma 2. [7] Let G be a groupoid. We have

(i) (a,7).(7,8) € G? and ay = By imply a = B. Similarly, if (v,a), (v, 8) € G? and
~ya = [, then a = .

(ii) r(af) = r(B) and s(aB) = s(B) for all a, € G2,
(iii) (aB)~'=p"ta~! for all a, f € G,
(iv) r(x) = = = s(z) for all z € GO,
If v € G, then (r(7),7) and (v, s(7)) belong to G, and r(y)y = v = vs(v).

Definition 3. [12] Let *G = r~!(z), G* = s~ !(z), and *GY = “G N GY. The isotropy of

a groupoid G is the set Iso(G) :={y e G:r(y) =s(v)} = U *G*. We say that G is
x€G0)

principal if Iso(G) = GO,

Remark 1. [12] The isotropy of any groupoid is a group bundle.
Lemma 3. [7] A groupoid G is principal if v — (r(7), s(7)) is injective.

Definition 4. [12] A groupoid G is effective if the interior of the isotropy group of G is
equal to its unit space.

Definition 5. [12] Given groupoid G and H, we call a map ¢ : G — H a groupoid
homomorphism if (¢ x ¢)(G?) C H® and ¢(a)d(B) = ¢(aB) for all (a, ) € G,

The following concepts is taken from [12].

A topological groupoid consists of a groupoid G and a topology compatible with the
groupoid structure such that the composition and involution are continuous and G(® has
the induced topology from the product topology. Every groupoid is a topological groupoid
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with the discrete topology. An open set B C G is an open bisection if r|p and s|p are
homeomorphisms onto an open subset of G. A topological groupoid is étale if r (or
equivalently s) is a local homeomorphism. An étale groupoid is ample if the topology of
G has a basis of compact open bisections. Discrete group, discrete groupoids, and discrete
space are some examples of an ample groupoid with the discrete topology.

Definition 6. [12] Given a topological space X and a topological ring R, the open support
of a function f : X — R is the set supp(f) := {zx € X : f(x) # 0} = f~1(R\{0}). We say

that f is compactly supported if supp(f) is contained in a compact set.

We use the following notion for the characteristic function of a subset U of G:

1y : G = R defined by
1 ifgeU
ly(g) = .
0 ifggU

Let RY be the set of all functions f : G — R. Canonically R has the structure of an
R-module with operations defined pointwise.

Definition 7. [12] Let Ar(G) be the R-submodule of R“ generated by the set {1y|U is a
Hausdorff compact open subset of G}, that is, Ar(G) = {f : G — R|f is continuous and
supp(f) is compact}. The convolution of f,g € Ar(G) is defined as

(fxg)@) = > flay g = > f(2)g)

Ve, (2y)€G?,
s(y)=s(x) Zy=x

for all z € G. The R-module Ar(G) with the convolution, is called the Steinberg algebra
of G over R.

The following example is a Steinberg algebra of R over Z.

Example 2. [12] Consider the set of G = R\ {0} which is a group under multiplication. By
Example 1, G is a groupoid with the following structures: G = G x G, s(y) =y 1y =1,
r(7) =y~ =1 and G = {1}. We note that G is an ample Hausdorff groupoid with
respect to the discrete topology. Its base is composed of singletons {r} where r € G. We
let G as our unital commutative ring and 14,1 : G — Z is the characteristic function of a
subset {r} of G. Then

Az(G) = spang{ly, : {r}is a compact open bisection}
{f:G—=1Z}. (1)
Hence, Az(G) together with the convolution
(fxg)@) = > flay D)= > [f(2)g)
yeG, (z,y)eG(Q),

s(y)=s(z) Zy=a

is a Steinberg algebra of Z over G.
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The following discussions is taken from [1] where the Steinberg algebra is twisted via
the discrete twist.

Definition 8. Let G be a Hausdorff étale groupoid, and R be a commutative unital ring,

and let T < R*. A discrete twist by T over G is a sequence GO x T Snd G, where the
groupoid G(© x T is regarded as trivial group bundle with fibres T, ¥ is a Hausdorff étale
groupoid with (9 = (G x {1}), and i and ¢ are continuous groupoid homomorphisms
that restricts to homeomorphism of unit spaces, such that the following condition holds:

(1) The sequence is ezact, in the sense that i({z} x T) = ¢~ '(z) for every z € G, i is
injective, and ¢ is a quotient map

e groupotl 1s a locally trivial G-bundle, in the sense that for each a € G, there
2) Th id ¥ is a locally trivial G-bundle, in th hat f h G, th
is an open bisection B, of G containing «, and a continuous map P, : B, — X such
that
(i) gqo Py =1idp,
(ii) the map (8,2) — i(r(8), 2) Pa(B) is a homeomorphism from B, x T to ¢~ 1(Ba).

(3) The image of i is central in 3, in the sense that i(r(e€), z)e = €i(s(e), z) for all e € &
and z € T

We will denote a discrete twist over G by (2,1, q).
The following is an example of a discrete twist.

Example 3. Consider the the set of integers Z as our groupoid and unital commutative
ring. Then our groupoid Z will have the following structures: Z* = {—1,1} , s(z) =
4z ={0}, r(z) =x+z' = {0}, ZO) = {0} and Z?) = {(z,y) € Z x Z|s(x) = r(y)}.
Note that Z is a Hausdorff étale groupoid having the discrete topology. Let the function
o :Z? — T < R* be a continuous 2-cocycle. Choose T' < Z* = {1}. Then Z x T is a
Hausdorff groupoid with respect to the product topology with multiplication given by

(o, 2) (B, w) == (af, o(a, B)zw),
and inversion given by
(a,2)7 1= (e Lo(a,a )27 = (a7l o(a™ @),

for all (a, ) € Z@ and z,w € T. Then, (Z x T,i,q) is a discrete twist by 1" over Z with

the sequence Z(®) x T & Zx T <% 7 where i(z,z) = (x,2) and q(vy,2) =~ for all z,y € Z
and z € T

Definition 9. A continuous map P, : B, — X is called a continuous local section if it
satisfies Definition 8(2i). If P(G(®) = %) = (G x 1), then P, is a continuous global

section.
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Definition 10. Let G be an ample Hausdorff groupoid and let (2,4, q) be a discrete twist
by T' < R* over GG. Denote C'(X, R) as the collection of continuous functions from ¥ to
R. We say that f € C(X, R) is T-equivariant if f(z-€) = zf(e) for all z € T and € € X,
and we define Ar(G;X) :={f € C(X,R) : f is T-equivariant and g(supp(f)) is compact}.

Lemma 4. Let G be an ample Hausdorff groupoid, and let (3,14, q) be a discrete twist by
T < R* over G. Then Ar(G;¥) is an R-submodule of C(3, R).

Definition 11. Let G be an ample Hausdorff groupoid, and let (3,4,q) be a discrete
twist by T' < R* over G. Let P : G — X be any continuous global section. There is a
multiplication called convolution on the R-module Ar(G;X), given by

(f *2 9)(€) == 2 eqstaten F(eP(1)g(P(v)™h),

under which Ar(G;X) is an R-algebra. We call Ar(G;X) the twisted Steinberg algebra of
G associated to the pair (G, ).

The following is an example of a twisted Steinberg algebra of a discrete group Z over
a commutative ring R called the twisted discrete group algebra.

Example 4. Let R be a discrete commutative unital ring and consider an ample Hausdorff
groupoid Z with the discrete topology. Let o : Z — R* be a continuous 2-cocycle which
is locally constant. Then the set Ag(Z,0) = span {1y, : Z — R|{z} is compact open
bisection of Z} with the twisted convolution

(f *o g)(z) = Z(

is the twisted Steinberg algebra of Z over R associated to the pair (Z,o) denoted as
ARr(Z, o).

x,y)EZg}:Z O-(:Ca y)f(x)g(y)

3. The groupoid A x R and discrete twist (D,i,q)

In this section, we will define what is AxR from a groupoid G and a commutative unital
ring R, investigate its properties and construct the discrete twist (D, 7, ¢q). Throughout, G
is an ample Hausdorff groupoid.

Let A =Tso(G) = {y € G : s(y) = r(y)} be the isotropy of G. For u € GO we let
Ay, = {y € A: s(y) = u}. We define 4, = {x : A, — R*|x is a continuous group
homomorphism} with 4, and R* having the subspace and discrete topology, respectively.

Define R = G/A = {yA: v € G}. Let y =yA e R, A = {(x,u) : u e GO,y € A,}
and A xR ={(x,u,%) : (x,u) € A,r(y) = u}.

Theorem 1. Let G be an ample Hausdorff groupoid and R be a commutative unital ring.
Then R is an ample Hausdorff groupoid.

Proof. Let m : R — R be the composition map defined by m((d, 8)) = aff = aSA
where af € G and (o, 8) € G? and i : R — R be defined by i(3) =4~ =y 1 A.
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Let (d,,ﬁ:’) (4, /1) € R® such that (&, ) = (¥,/1). Then aA = vA and A = pA. So
that m((&, 8)) = afA = aABA = yAuA = yuA = m((%, fv)). Thus, m is well-defined.
For é,4 € R with & =4, i(%) =7 A =a'A = i(&). Also, for 4,3 € R with 4 = §,

s() =71 = (vA) A=y AyA = BTABA = B3 = s(B);

r(y) =43 = Ay A = BABTIA = BT = r(B).

Thus, the inverse, source and range maps are also well-defined.
Let (&, ), (3,%) € R®. Then s(a) = B3~ and s(ﬁ) = 44! since a and 8 are

composable. Hence,

s(af) = (af)~(aB)
= (of A) HapA)
= platAaBA
= o lapg g4
= s(ap)A
= s(p)A,
= p'BA

Also, r(%) = 441 = B7'8 = 8718 A. Hence, s(aff) = r(%). Thus, (&3,%) € R?). We
also have 84 = 8. Hence,

r(By) = (By)(By)!
(ByA)(ByA
ByAy~1BTA
BBy T A
r(By)A
r(B)A
= BBlA.

Since s(d) = a~la = B = BABTLA = BB1A, then r(3Y) = s(d) and (&, 3%) € R,
Now, (&8)y = (aBA)YA = (@ A(BvA)) = &(B7) = &(B7). Let 4 € R. Now,

)T =0T =) A=A =

For 4 € R, (i) = 47/(7)7! = 94, Hence, (1,971) € R, Let (§,4) € R®.
Then , (89)3! = B(¥771) = Br(3) = Bs(8) = B and 571(¥8) = ( 4)8 = s(4)8
r(B)B = B. Thus, R is a groupoid.

Let R be a topological space with the quotient topology 7r. Define the quotient map
R : G — R by mr(a) = oA = &. Define the topology for R x R and R?) as follow:
TRxr = {U XV : UV € 7} and 7 = {(UxV)NRP : U XV € 7ryer}. Let U
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be an open set in R. Then V = 7' (U) is open in G. Let (¥,8) € m~'(U) € R®).
Then 7(y)n(B) € U, ie., (,8) € Ux U and (3,8) € (UxU)NRP e Tr(2) since
UxU € Trxr. Since (&, ) is chosen arbitrarily, every element in m~(U) is con-
tained in some open set in T2 and m is continuous. Also, let M be an open set
in R. Then there exists V = 75 (M) = {y € G : mr(y) € M} C G. Note that
it M) =mr(V)={y€ G :ar(y ) € M} = {y € G:~v! € M}. For any open set
U eR, 777_21(U’) is open in G. In particular, V = 7r7_€1(M) is open in G. It follows that
7r(V) is open in R. Hence, i~'(M) is open in R and i is continuous. Thus, R is a
topological groupoid.

Suppose that 4 and 3 are distinct points in R. Then for 7,8 € G, mr(y) = vA and
mr(8) = BA where A # BA. Let U be an open set in G defined as U={aecG:nmr(a)+
BA}. Since yA # BA, then v € U. Hence, U is an open neighborhood in G containing 7.
Now, let V be an open set in G defined as V={aeG:mr(a)#~A}. Since BA # yA,
then 8 € V. Hence, V is an open neighborhood containing 8. Let & € U NV. Then,

mr(a) # vA and mr(a) # SA which is a contradiction since yA and SA are distinct.
Thus, we have found open sets U and V in G such that U NV is empty. It follows that
7(V) and 7(V) are open in R with 7(V)N7(V) = @ and each contains distinct equivalence
classes. Thus, R is Hausdorff.

Since R is Hausdorff then R(?) is Hausdorff. Let B be a basis for a topology in G.
Then 7r(B) = {mr(B) : B € B} is a basis for the quotient topology in R. Let V
be an open subset of R and consider s|.. ) : Tr(B) — V. We denote s1 = 5|, (5)-
Let U be an open subset of V. Then n'(U) is open in G. Since mg(B) is a ba-
sis for the topology on R, then there exists basic element mg(B) in 7mr(B) containing
s7H(U). Now, let s7' = (slar) ™t : V. — wr(B). Let B C wr(B) which is open in
R. Then there exists W C G such that W is the inverse image of of B under mr. Then
W = 75'(B) = {y € G : mr(y) € B}. Since g is surjective, s;'(B) = m»(W). Since
7R is a quotient map then it is an open map. Thus, for any open set U’ in R, g (U) is
open in G. In particular, W = 7r7*€1(B) is open in G. It follows that mr (W) is open in R.
Hence, sl_l(W) is open and the source map is a homeomorphism onto an open subset of
R. Similarly, the range map is also homeomorphic onto an open subset of R. Therefore,
R is an ample Hausdorff groupoid with respect to the quotient topology. O

From now on, we denote the elements of A x R by (x,?) with x € Ar(v). A sub-
set C of A is closed if and only if for all sequences where x,, converges to = such that
Ty, € C, then x € C. We will denote our topology for A as T, ={D: D =0C°Cis
closed in A} and C¢ stands for the compliment of C. Also, Tixpr = WU XV :Ue€T;
and V € g}, and T(AX]R) (AxR) = {Ax B : A B € 74,5} which gives us the relative

topology for (A x R)® as 7 4,my = {(Ax B)N(AxR)? : Ax B €740 (dxr)}
Let r((x. 7)) = (x, r(y
pairs is (A x 7?,)(2 =

)) and s((x,%)) = (x -7, s(7)), respectively. The set of composable
{(064), (A" = x -7} Note that x - v(a) = x(yay™"). Also,
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for every u € G, x - u = x since
x - u(a) = x(uau™") = x(auu™") = x(ar(u)) = x(au) = x(as(a)) = x(a).

Also, i((x,4)) = (x - 7.5™") and m((x, %), (', 7)) = (x,44’) are the inversion and com-
position maps, respectively.

Theorfem 2. Let G be an ample Hausdorff groupoid and R be a commutative unital ring.
Then A % R = {(x,,4) : (x,1) € A,r(y) = u} is a groupoid.

Proof.
Suppose that ((x1,%1), (X1,91)) 5 ((x2,¥2); (xh,95)) € (A x R)P) with

((xas %), (X1, 91)) = ((x2, 32), (x2s 32))-
Then, (x1,91) = (x2,%2) and (x},91) = (x5, %2). Now,
m(((x1,91), (X1, 91))) = (xa, 1191) = (xe, 3292) = m(((xe, 32), (X2, 72)))-
Let (x,%), (X',3') € A x R such that (x,%) = (x',4'). Then
i(06A) = (4971 = i3
r((69) = 06r(n) = () = r((X )

s(0GF) = (x-78(9) = (X -7 s(Y) = s((X', 7))

Thus, the composition, inverse, range and source maps are well-defined.
Let ((x,9), (¢, 7)) 5 (24, (X":4")) € (A x R)). Then

s(0G7) = 07 5() = (7)) = O r(7);

s((X591) = (X -5 s(7) = (X", 47) = (s (7).

Now,
s(06Y), (53) = s((699)) = Oy s(n) = (s (7))
= (' ir() = A r(Y)
= X"r(Y") =" 4");
OV A = (YY) = () = ()

Hence, (x:9)(Xs4), (X", 4")) € (A x R)® and ((x.9), (X, ) (X", 7)) € (A x R)®.

syl ISy

Now, [0 (A4 = 0647037 = 0639797 = 6 A = 0 NI A)
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Let (x,%) € A x R. Then

((Xv;)/)_l)_l - (X : 77;)/_1)

r(06) ™) =r(0c757h)

= s((x9)-

[ A 6] (6 4) ™!

I
~ I~ o~~~
=
=2
=
—~

Also,

06N TMOGNKA)] =

Therefore, A x R is a groupoid. O

Lemma 5. A x R is an ample Hausdorff groupoid.

Proof. Let U be open in A x R. Then U = (A x B) N (A x R) where A x B is
open in A x R. Let ((x,%),(x',%')) € m~*(U). Then (x,%%') € (A x B) and (x,%¥) €
A xR. Since A x B is open in A x R, then there exists open set (A x B)’ containing
(x,373") such that (A x B)' C A x B. Also there exists open set W in A x R containing
(x,%3'). Since AxR C Ax R, then there exists open set W’ in AxR containing
(x,33") where W/ = W N A x R. Consider the set (A x B)' x W' C (Ax R) x (AxR)
where (A x B) € 74, and W' € 74 5. It follows that (A x B)" x W’ is open in

(AxR)x (AxR). Define M = (Ax B) x W)n (A xR)® = {((x,%), ) €
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(AxR)® : m(((,4),(,7))) € (Ax BY NW’'}. We claim that M C m*}(U). Let
(69, (X 7')) € M. Then m(((x,%), (X,7"))) € (Ax B) N W' C (Ax B)NA xR and

ml((6 ), (¢, 3)) € (Ax B)NAxR, e, (%), (X,7)) € m™(U) and M € m~'(U).
Since (A x B)' x W' is open in (A x R) x (A X R), then M is open in (A xR)®. Tt follows

that m~1(U) is open and m is continuous.

Let U be an open set in AxR. Then U =V N A xR where V is open in A xR. Let
(x,%) € i 1 (U). Then, i((x,%)) € VNAxR. Since V is open in A x R , then there exists
open set U, containing (x,%) where U, C V. Also, there exists open set W containing
(X1 )_ WhereWCANR DeﬁneU’—{( ¥y e AxR :i((X,Y)) € Uy nWh
Let (x/,4/,) € U!. By definition, i((x,%)) € Uy N W C V N A x R which means that
(X,y) '—I(U). Hence, U] C z—l(U). Slnce U, C V, then U, C V. NW. Notice that
V NW is open in A x R. Hence, U] is open in A x R. Thus, i~'(U) is open and our
inverse map is continuous.

Let (x,%) and (x',4') be distinct points in A x R. We can choose open sets U and V
in A x R such that UNV = & with (x,%) € U and (x',3') € V. Let U/ =UNAXR
and V' =V NAxR. Since U and V are in T iwr, then U' and V' are open sets in AxR
containing (x, ) and (x’,7’), respectively. Note that U and V are disjoint, hence U" and
V' are also disjoint and we have proved that A xR is a Hausdorff groupoid.

Since A x R is Hausdorff, (A x R)(©) is Hausdorff. Let B be a basis for the product
topology on AxTR. Then, B'= {BNAxTR: B € B} is a basis for the relative topology on
A xR. Now, let 7| = r|g : B — U where U is an open subset of A x R and let V be an
open subset of U. Then V = (A x B)N A xR where A x B is open in A x R. Since B is a
base for the topology on A xR, then there exists a basic element B containing (, ) such
that r1(x,%) € V. Then r; }(U) is open in A x R. Now, denote ;' = (r|z) "' : U — B.
Let B be open subset of B/. Then B = AN (A x R) where A € B. Let (x,%) € ri(B).
Then 77 (x,%) € AN (A xR). Since A is open in A x R, then there exists open set
A’ containing (x,) where A’ C A. Also there exists open set W C A x R containing
(x,%). Define A” = {(x,¥) € U :r{*(X,%) € ANW}. Let (x,4) € A”. By definition,
i, 4) € A”NW € AN (A x R). Hence, 7 (x',4') € AN (A x R) which means that
(x',4") € r1(B). Hence, A” C r1(B). Since A” C A/UW and A’ C A, A” C ANW. Notice
that AN W is open in A x R. Hence, A" is open in A xR. Thus, r1(B) is open and r is
a homeomorphism onto an open subset of AxR. Similarly, s is homeomorphic onto an
open subset of AxR. O

Proposition 1. AxRisa principal groupoid with unit space A.

Proof. Let (x,u)
v € A. Hence, (x,u)
t
u)

[Im

A where u € GO, Then, s(y) = u for v € A, and s(y) = r(y) for
(X, (7)) = (x,7(1) = (x -1, 5(7)). Thus, (x,u) € (A % R)® and
X 7,5(7)) € (AxR)© where (x, ) GAA x R. Then (x -v,s(v)) =
since r(y) = u. Thus, (A4 x R)( ) C A and A is the unit space of

AC(AxR)O. Le

O6r() = (x-vwu

AXTR. R R X
Let § : A xR — A x A be defined by 0((x,7%)) = (r((x,%)),s((x,7))) and let

~~
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(x1,%1) (x2,42) € A x R such that 6((x1,%1)) = ((x2,72)). Then
(r((x1,791)), s((x1,%1))) = (r((x2,¥2))s 8((x25¥2)))-

Also, r((x1,71)) = (x1, (1)) = r((x2,¥2)) = (x2,r(72)) and s((x1, 1)) = (x171,5(n1)) =
s((x2,%2)) = (x2 - 72, 5(72)). Hence, x1 = x2 and 71 = 2. Thus, (x1,%1) = (x2,%2) and 0
is injective. Therefore, A xR is a principal groupoid. O

We now introduce a sequence of groupoids and investigate whether it is our desired
discrete twist over A x R. Define AxG x T = {(x,2,7) : x € AT(V),Z €T, and v € G}.
Let ((x,2,7)) = (x, (7)) and s((x, 2,7)) = (x -7, s(7)) be the range and source maps,
respectively. The composition map and inverse map is (x, z,7) (X', 2',7") = (x, 22’,77Y)
and (x,2,7)"" = (x-v,271,771), respectively. We note that (x,z,7) and (x/, 2,7') are
composable pairs if we have X’ = x - v and x - v is defined by x - v(a) = x(yay~!) where
X u=Yx.

Lemma 6. AxG x T is a Hausdorff groupoid.

Proof. Let (x,2,7), (X, 7,7") € AxG x T with (x, z,7) = (X', #',7). Now,

Gz =0y oy )= AT = ()T

Also,
r((2,7) = 06r() = (6s() = r(( 2 7);
s((62,7) = (x-7,8(0) = (X -7, 5(7) = s((X', 2,7)).
Hence, the inverse range and source maps are well-defined.
Composition is well-defined since for ((x1, z1,71), (X1, 21:71)), ((X2, 22,72), (X5, 25, 7%)) €
AxGxT® with ((x1,21,m), (X1 21:7)) = (X2, 22,72), (Xbs 25, 78))s m(((x1, 21, 11) (X4 21, 71))) =

(X1, 2121, 171) = (X2, 2225, 7273) = m(((X2, 22,72), (X2, 22, 712)))-
Now, let ((x1,21,71)s (X2, 22,72))s (X2, 22,72), (X3, 23,73)) € A% G x T?). Then

s((x1,21,1) (X2, 22,72)) = s((xa, 2122, 1172))
(X172, 8(7172))
(x2 - 72, 5(72))

= (x3,7(73))
((x3,23,73))-

Also,

r((x2, 22,72) (X35 23,73)) = 7((x2,2223,7273))
(x2,7(7273))

= (x2:7(72))
(x1-71,5(71))
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= s((x1,21,m))-

A~

Thus, ((x1,21,71) (X2, 22,72)s (X35 23,73)),((X15 21, 71), (X2, 22, 72) (X3, 23,73)) € (A * G x
T)(Q). Composition in A * G x T is associative since

X1, 2122, 7172) (X3, 23,73)

X1, 212223, 717273)

X1, 21, 71) (X2, 2223, 7273)

X1, 21, 71) (X252, 72) (X3, 23, 73)) -

((Xl, 21, 71)(X2, Z2, 72))()(3, 23, ’73)

(
(
(
(

For (X,z,'y)efl*ng,

(2™ =

Also, 7((x,2,7)7) = r((x 7,271 77) = (- 7)) = (- 750) = s((627).
Hence, ((x,2,7), (0, 2,7) 1) € A% G x T?. Notice that

X1, 2122, M172) (X2, 22,72) !
X1, 2122, 1172) (X2 12,25 5 Y5 )
X1, 712223, 117275 )

X1, 21,717(72))

X1, 21,718(71))

X1, 21,71)-

((x1s 21, 71) (X2, 22,72) ) (X25 22, 72) ™"

(
(
(
(
(
(

Also,

X1, 21,7) (X1, 2122, 7172)

X172 5 ) (xas 2122, 1172)
X1 V1, 21 2122, )

X2, 22, 8(71)72)

X2, 22,7(72)72)

X2, 22,72)-

(x1,21,71) (x5 21, 71) (X2, 22, 72))

o~ o~ o~ o~ o~ o~

Hence, Axg x T is a groupoid.
Endowed A * G x T' with the product topology define as 74, » = {(A* B x C) €
AxGxT: A€ i, B € 16,C € 7r}. Since G, T and A x R are Hausdorff, A is
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also Hausdorff. Let (x,z,7v) and (/,2,7') be distinct points in A * G x T. Since A is
Hausdorff, then there exists open neighborhoods A; and A, in A containing x and Y/,
respectively such that A1 N Ay = @. Also, there exists open neighborhoods G1 and G5 in
G containing v and ~/, respectively such that G; N G2 = @. For the Hausdorff space T,
there exists open neighborhoods T} and Tb in T containing z and 2z, respectively wherein
Ty NTy = &. Then by definition of T AG X T U=A1 Gy xT)y and V = Ay x Gy x Ty are
open neighboorhoods in A % G x T containing (x, z,7) and (', 2',7'), respectively such
that U NV = @. Therefore, A * G x T is HausdorfT. O

Lemma 7. Let AxT={(x,zu): (x,u) € A and z € T}. Then A x T is the isotropy
group of AxG x T.

Proof. Note that Iso(A* G x T) = {(x,2z,7) € AxG x T : s(x,2,7) = r(x, 2,7)}. Let
(X, 2,7) € Iso(A%Gx T). Then s(x, z,7) = r(x, z,7), that is, (x-7, s(7)) = (x,7(7)). Note
that x - v = x if and only if v = u where u € G(0. Also, s(y) = 7(v) means v = u € G0,
Thus, (x,2,7) = (x, 2 u) and Iso(A% G x T) = {(x,z,u) € AxGxT: (x,u) € A,z e

~ ~ A

T} = A x T. Therefore, A x T is the isotropy group for A% G x T. O

Lemma 8. Define ~ on AxG x T by (x,2,7) ~ (X', 2,7') if and only if x = X' and there
exists a € A, such that x(a)z = 2’ and v = a-+'. Then ~ is an equivalence relation on
AxGxT.

Proof. Let (x,2,7) € AxG x T. Choose a € A, such that x(a) = 1 € R*. Then
x(a)z = 1(z) = z and s(a) = u. Since v € A,, s(y) = u, s(v) = u = s(a) = r(a)
and a and v are composable pairs in G. Then, (aa~!)y = v where aa~! € A,. Hence
(x:2.7) ~ (X, 2,7)- )

Let (x, 2,7), (X', 2',7') € A*GxT such that (x, z,7) ~ (X, 2,7'). Then x(a)x(a) 1z =
x(a)~'2 and we have z = x(a)~'2’. Also since 7' € A, then s(7/) = u = r(a), that is,
(v,a) € G@ and aa~'y = a~'y which is ¥/ = a~'y,a”' € A,. Thus, (x/,7,7) ~
(X 2,7)-

Let (x1,21,71) ~ (X2,22,72) and (x2,22,72) ~ (x3,23,73). Then x1 = x3 and 23 =
x2(a)xi(a)z1 = xi(a)xi(a)z1 = xi(a)z1. Also, 1 = a-72 =a-a-73 = a-v3. Thus
(x1,22,71) ~ (X3, 23,73). Therefore, ~ is an equivalence relation on A G x T. O

Denote the set of equivalence classes of A% G x T with respect to the equivalence
relation ~ on Lemma 8 by D = A« G x T/ ~={[x,2,7] : (x,2,7) € AxG x T}.

Define the following structure for D and verify whether it is a groupoid. The range
and source maps will be r([x, z,7]) = [x,7(7)] and s([x, z,7]) = [x - 7, s(7)], respectively.
The composition and inverse map is [x, z,7][X,2,7] = [x,22,7Y] and [x,2,7]"! =
[x - 7,217 1], respectively. We note that [y, z,7] and [\, 2/,7'] are composable pairs if
X' = x -y where x - v is defined by x - y(a) = x(yay™!) and x - u = x.

Theorem 3. D is a Hausdorff étale groupoid with respect to the quotient topology with
DO = (A x {1}).
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Proof. Let [x,z,7], X', #',7] € D with [x, 2,7] = [x', #',7/]. Now,

Doz = v AT = AL ETY YT = I A
Also,
r(lx 2,7 = o r()] = D s(7)] = r(IX, 2,
s 2,7 =[x -7, s = X -7, s(7)] = s(X, 2, 7)).
Hence, the inverse, range and source maps are well-defined.

Let ([Xb 215 '71]? [X/h Zi? '7“)7 ([X% 22, '72]7 [X/27 Zé, VéD € D(Q) with ([Xla 21, 71]7 [X/lv 217’71]) =
([x2, 22, 72)s [X5, 25, 74]). Composition is well-defined since

m(([x1, z1,m), X1, 20m)) = [xa, 2z, 1)
= [X27 2225, ’7275]
= m(([X2722772]7[Xl%zév’yé]))'

Now, let ([x1, 21,71, X2, 22,72]), ([X2,22,72], [X3, 23,73]) € D?. Then

s(xa, 21, mllx2, 22,72)) = s([xas 2122, M12))
[X1 - 7172, 5(7172)]
[x2 - 72, 5(72)]
[xs,7(73)]

= 7([x3,23,7])

Also,

m([x2, 22,72l[x3: 23, 73])) = r([x2, 2223, 7273])
[x2,7(7273)]

= [x2,7(72)]
[X1 71, 8(m)]

= s([x1, z1.m))-

Thus, ([x1, 21, 71][x2s 22,72, [X3, 23, v3]) and ([x1, 21, 71]; [x2, 22, 72][X3, 23, 73]) are compos-
able pairs. To show that composition in D is associative,

([Xh 21, Wﬂ [X27 22, 72]) [X3, Z3, ’73] [Xl, 2172, 7172] [X3, 23, 73]
[X 212223, 717273]

(X1, 21, 71 X2, 2223, 72773]
[

X1, 21, Y1) (X2 22, 2] (X3, 23, 73])-
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For [x, z,7] € D we have,

(I, 29 H) 7!

Also, r([x, 2,97 = (-7, 275y = e, r(v D] = [y s()] = s([x, 2,7]). Hence,
(I 2,790 [ 2,9~ 1) D() Notlce that

(Ixas 21, ml[x2, 22, 72)) [x2, 22, 72] 7 [Xl;Z122,7172HX2722,’Y2]71
[x1, 2122, M2l [xe - 72, % 1 ve )
(X1, 212223, V17273 ]

= [x1,21,m7(72)]

[X1; 21, 718(71)]
[

X1, %1, ’71]

Also,

X1, 21, 71) X1, 2122, 7172
X171, 20 X, z122, 71792

[xts 20 (s 20 il s 22, 72)) [
[
[X1 - 71, 27 t2122,71 e
[
[
[

X2, 22, 5(71)72]
X2, 22, 7(72)72]
X2 22, V2]

z
z

Hence, D is a groupoid.

Let D be a topological space with the quotient topology 7p. We define the quotient
map 7p : AxGxT — Dby np((x, 2,7)) = [x, 2,7] for (x, z,7) € AxGxT and [x, z,7] € D
and TA*ng {UxV:Uc¢e i,V € TgxT} Where 7gy 7 is the product topology with the
topology in G and T having the discrete topology.

Let [x,z,7] and [x/,2’,7] be distinct elements of D. Then there exists (x,z,7) »
(X', 2,7 in AxG x T, that is, (x, z,7) # (X', #,7) such that 7p((x,2,7)) = [x, 2,7] and
(X, 2,7")) =[x, #,7']. Since A *G x T is Hausdorff, there exists open neighborhoods
U and V in A% G x T containing (x, z,7) and (x/, 2',7'), respectively such that UNV = @.
Then, 7p(U) and 7p(V) are open neighborhoods in D containing [x, z,v] and [\, 2’,7'],
respectively such that 7p(U) N7p(V) = @.

Let [x,2,7] € D and U and V be open subsets of D where [x, z,7] € U. We need
to show that r : U — V is a homeomorphism. Let V; be an open subset of V' such that
r~1(V1) CU. Then, M = ;' (V1) is open in A%G x T so that r~1(V}) = 7p(M) is open D.
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Hence, r is continuous. Similarly, »~! is continuous. Thus, 7 is a local homeomorphism.

Therefore, D is a Hausdorff étale groupoid.
Let [x, z,7v] € D such that s([x, z,7]) = 7([x, z,7]). Note that

X, 27~ 1[x,z 7]
X2 ,7 x, 2,91
X2 e,y ]

5(Ix, 2,7])

(. z,9]) =

Hence, [x -7, 1,5(7)] = [x, 1,7(7)], that is, x - v = x and 7(7) = s(y). Then v = u € G*)
Hence, the elements in DO will look like [x,1,u]. Now, i(A x {1}) =i(x,1,u) = [x,1,u].
Therefore, D©) = i(A x {1}). O

Note that A x T is the isotropy group of AxGxT by Lemma 7. Hence, AxTis

a group bundle by Remark 1. Then, define the sequence AxT 4 D <% A x R where
D is a Hausdorff étale groupoid by Proposition 3, and the maps ¢ and ¢ are defined by

i((x, z,u)) = [x, z,u] and q([x, z,7]) = (x, "), respectively.

Lemma 9. The maps ¢ and q are continuous groupoid homomorphism that restricts to
homeomorphism of unit spaces.

Proof. Let (x, z,u), (x, 2, u/) € Ax T such that (x,z,u) = (x,2,¢). Then [x, z,u] =
X, 2/, u']. Thus, i((x,z,u)) = i((x/,2,¢)) and i is well-defined. Let [x1,21,71] and
[x2, 22, 72] be elements in D such that q[x1,21,71] # q[x2, 22,72]- Then (x1,%1) # (x2,%2)-
If x1 # x2, then (x1,21,71) * (X2,22,7,). If 41 # 42, then v1A # 1 A. Since A, C A,
then we cannot find a € A, such that v; = a - v2. Hence, (x1,21,71) * (x2,22,72). In
both cases (x1, 21,71) * (X2, 22, 72) which means that [x1,z1,71] # [x2, 22,72]. Thus, ¢ is
well-defined.

We need A x T € A G x T to show that i is continuous. Let (x,z,u) € A x T
where (x,u) € A, and u € GO, Since G c G, then (x,z,u) € Ax G xT. Since
™D : A x gxT — D is continuous, i = 7TD|A T : A x T — D is also continuous.

Let gonp : AxG x T — A xR be defined by (¢ o WD)(X,Z v) = q(mp(x,2,7))
and let U be an open subset of A x R. Then U = (A x B)N A x R where A x B
is open in A x R. Let (x,2,7) € (qomp)~ 1(U). Then q o mp(x, 2,7) € U, that is,
a(mp(x, 2,7) = a([x, 2,7]) = (x,7) € Ax BNAxTR. Then (x,%) € Ax B, that is, y € A
and 4 € B. Since 7g is continuous, 7' (B) is open in G containing ~y. Let

M=AxByx{z}={(x,2,7) € AxGx T :mp(x,2.7) € (qomp) HU)}.
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Then M C (qowp) Y(U) and M is open in A% G x T. Thus, (qo wp)~*(U) is open and
q o wp is continuous. Since wp is continuous , ¢ is continuous.

Consider i x i: (A x T)® — D@ defined by

(i x D) (6 zw) (25 u) = (I 2 ul, [}, 2 D) € DB

Also, g x g : D@ — (A x R)@ defined by

(@ % a)((Ix: 270, s 259'D) = (063 () € (A R)®.
Now,
i(( 2 u)(X, 2 ) = i((x, 22 ud)) = [x, 22, wd];
i((x 2,w)i((X, 2 ) = [z ul) 2 u] = [x, 22, wad].

Also,

a([x. 2,7 2,7 = allx, 22,97 = (6 A

a(lx, 2 Ma(X', 2,7 = (6 M) = 0637
Thus, ¢ and ¢ are continuous groupoid homomorphism.

Let 1 (AxT)O) (A x T)© — DO Since i is continuous by Lemma 9, then i (AxT)©)

is continuous. Let V' be open in (A x T)©). Then V = A x B where A is open in A and
Bisopenin T. Let M = A« GO x B ={(x,z,u) € AxGxT: ﬂD(X,z u) € i(V)}.
Then M = 75! (i(V))) and M is open in A% G x T since A is open in A, G is open in G
and B is open in T. Hence, i(V) is open in D(®) and i~! is continuous. Thus, i| joop 15 @
homeomorphism of unit spaces.

Now, let ¢| ) : DO (fl x R)©). Since ¢ is continuous by Lemma 9, then 4| po is
continuous. Let Y be an open subset of D(®). Then 7! (Y) is open in A% G x T, that
is, T ( ) = A% B x C where A is open in A B is open in G and C' is open in T. Let
M = Ax7r(B)N(AxR)O ={(x,4) € (ANR)() ¢ '(x,%) € Y}. Then M = g(Y)
and M is open in (A xR)© since A is open in A and 7 (B) is open in R. Then ¢(Y) is
open in (A x R)© and ¢~ is continuous. Therefore, ¢| p( is a homeomorphism. O

In order to show that (D,i,q) is a discrete twist over A xR. We prove first the
following results.

Theorem 4. The sequence AxT i> DL AxR s exact, that is,
(i) i{0cu) x T = a (. w)) for (x,u) € (A= R)O),
(13) 1 is injective, and
(1i1) q is a quotient map.
Proof.

(i) Let (x,u) € A. Then i({(x,u)} x T}) = [x, 2, u] for some z € T and q_l(A(X,u)) =
[x, z,u] for some z € T. Hence, i({(x,u) x T}) = ¢ *((x,u)) for (x,u) € (AxR)O),
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(i)

(iii)

Let (x1,21,u1), (x2,22,u2) € A x T with q((x1,21,u1)) = q((x2,22,u2)). Then,
[X1,21,71] = [X2, 22,72, that is, (x1,21,71) ~ (X2, 22,72). Then y; = x2 and we can
choose a € Ay such that x(a) =1 € R* such that z; = x(a)z2 = (1)z2 = z2. Also,
choose a’ € Ay such that a;€ G, Then y1 = a -2 = 42. Thus, (x1,21,71) =
(x2, z2,72) and 17 is injective.

By Lemma 9, ¢ is continuous. Let (x,%) € A x R. Then [y, z,~] where r(y) = u is
the pre-image of (x,%) in D. Thus, q is surjective and a quotient map. O

Theorem 5. D is a locally trivial G-bundle in the sense that for each (x,7) € AXTR, there
is an open bisection By of A xR containing (x,7), and a continuous map P, : By, — D
such that

(4)
(i)

qua:idBa

the map (B, z) — i(r(B), 2)Pa(B) is a homeomorphism from By x T to ¢ *(Bg).

Proof.

(i)

Let (x,7) € A xR and B, be an open bisection of A x R containing (x,%) and let
P, : B, — D defined by P,((x,7)) =[x, z,7]. Let U be an open subset of D. Then
WBI(U) is open in A x G x T, that is, WBI(U) = A% B x C where A is open in A, B
is open in G and C'is open in T. Let (¥, z,7) € 7, (U). Then (x,z,7) € A* B x C,
that is, x € A and v € B. Since B is open in G, then mr(B) is open in D containing
4. Let M = A x wp(B)N A xR. Then (x,%) € M and M is open in A x R.
Since (x,%) is chosen arbitrarily, then for every element in P, !(U) there exists an
open neighborhood M containing (,+). Thus, P; ! (U) is open and P, is continuous.

Now, qo Py : By = AxR. Then, qoPa((x,%)) = ¢(pa((x. 7)) = a(lx. 2.7]) = (x.9)-
Hence, the image of B, in P, is just itself and we have qo P, = idp,.

Let 0 : Bo x T — q 1(Ba) where B, x T C AxRxT and ¢ '(Ba) € D. Let
U be an open subset of ¢~'(B,). Then there exists U’ € A % G x T such that
U = U/~ e D where U' is open in A xG x T. Here, U’ is the pre-image of U
under 7p. Since U’ is open in A * G x T, then U’ = (A x B) x C where A is
open in A, B is open in G and C is open in the discrete topology for T'. Note
that 0~1(U) = {(x,2,%) € AX R xT :0(x,27%) € U)}. Since U = U’/ ~, then
there exists an element (y,z,7) in U’ whose equivalence class in D is in U. Since
(x,2,7) € U, then x € A, 2z € C which is open in T, and v € B which is open in G.
Since we have B to be an open set in G containing -, then there exists open set M
in R containing 4. Hence, (A x M) x C' is an open set in A x R x T. Since (x, z,%)
is arbitrary, we have shown that every element in #~!(U) is contained in some open
set in A x R x T. Thus, 6 is continuous.

Note that =1 : ¢~ 1(Ba) — ﬁan T. Let U be an open subset of S, x T. Then,
U =V xT" where V is open in AxR and 7" is open in T'. Let [x, z,7] € 8(U). Then
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0~ ([x, z,7]) € VxT', thatis, (x, z,7) € VxT'. Hence, z € T and (x,7) € V. Since
V is open in A xR, thenV:AxBﬂAmehereXeA,Aopeninfland"yeB,
B open in R. Thus, 7' (B) is open in G. Let 75 (0(U)) = M = Ax 75" (B) x T
which is open in A x G x T. Hence, 9(U) is open ¢ (B,) and 6~! is continuous.
Therefore, 6 is a homeomorphism. O

Theorem 6. The image i(AxT) is central in D in the sense that i(r([x, z,7]), 2)[x, z,7] =
[ 2, 7i(s([x; 2,9]), 2) for all [x,2,7] € D and z € T.

Proof. Let [x, z,7] € D and 2’ € T. Now,

i(r([x, z7), 220 = i(06r(0)s 2)x 2,91
=[x, 2,7 271
=[x, 2'z,r(7)]
=[x, 2'z,].

Also,

(X, z,7)i(s([x, 2,7]),2") =

X 290X 7,25 5(7)]
X 225 vs(7)]

2z ,7]

X 2 Wi((x -7, 8(7), 2"))

[
[
[
[

Hence, i(r([x, 2,7]), 2" ) [x, 2:7] = [x, 2,7]i(s([x, 2,7]), 2") and so the image of i is central
in D. O

The following corollary follows from Theorems 4, 5 and Lemma 6.

Corollary 1. (D,i,q) is a discrete twist over AxR.

4. Non-isomorphic property of Az(Z) and Az(D; A x R)

In this section we present a case in which the non-twisted Steinberg algebra (Ar(G))
and twisted Steinberg algebra (Az(D; A x R)) is not isomorphic when G = Z and R = Z.

Let G = Z and R = Z. The set of multiplicative units of Z is Z* = {-1,1} =T
and the unit space of Z is Z©) = {x € Z : v = s(y) = r(y),y € Z} = {0}. The
source and range maps are s(x ) (—x) +x = {0} and r(z) = = + (—x) = {0}, respec-
tively. The isotropy group for Z is A = Z. Also, R = ZZ = {x +Z : x € Z} = {0}
where {0} = 0+ Z. For u € 7O we have Ay = Z. Also, Ay = {x1,x2lxi : Z —
{1, —1}1is a continuous group homomorphism}, i = 1,2 where x; : Z — Z* defined by
x1(a) =1 and x2 : Z — Z* defined by

@ {1 Hec2z
a =
X2 1 ifae2Z+1.
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Note that
AxZxT = {(x,zz):x € Ay,ze T,z e}
= {(X17 1, :L'), (X17 -1, l’), (X27 1, .T}), (X27 -1, l’)}

So,D=(AxZxT/~) ={[x1,1, 2], [x1, =1, 2], [x2, 1, 2], [x2, =1, z]|= € Z}.
Claim 1: D = {[Xl, 170]7 [Xla _]-ao]a [X?a 170]a [X2a _1’0]}

Fori=1,2,
[Xi, 1, x] {2, 2)|xi = X', Fa € Zwhere x;(a)(1) = 2 andx = a - 2’}
= {(xi,7,2")|3a € Zwherel = y;(a)(1) = 2’ andx = a - 2’}
= {(xi,1,2")|F3a€Z, z=0a-2'}
= {(xi;1,z/a)|la € Z,x € L}
= {(lelvx”a_l .I‘EZ}
= { (Xza T ) (X17130)7(X17131)}
[Xi, —1, z] X, 2 2")|xi = X', 3a € Zwhere x;(a)(—1) = 2’ andz = a - 2’}

Xi, 2, 2')|[Fa € Zwhere — 1 = y;(a)(—1) =2 andz = a - 2'}
Xis—1,2)|[Fa € Z, x =a-2'}
Xi,—Ll,z/a)la € Z,x € 7}
Xi, —1, x)\afl x €L}
(i, —1,-1), (xi, —1,0), (xs, —1,1) -+ }

Hence, (x;,1,0) € [xi,1,z] and (x4, —1,0) € [xs, —1, 2] imply that [x;, 1,2] = [xs, 1,0]
and [x;, —1, ] = [xi, —1,0]. Therefore,

I
s s s,
~ ~ o~ o~

D ={[x1,1,0], [x1,—1,0], [x2, 1,0], [x2, —1,0]}.

and claim 1 is proved.
Now, the source of [x1,—1,0] in D is,

S([Xla_l’o]) = [le_lvo]il[Xh_lvO]
= [Xl 'O’ (_1)7170”X17_170]
= [x1, (=1)71(=1),0(0)]
= [x1,1,0].
Also, the range of [x1,—1,0] in D is,
T([Xl’_lao]) = [Xlu_l)o][Xh_lvO]il

= [Xla_]-?O][Xl '07(_1)7170]
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=[x, (D)= (0)0]
= [Xla 1, 0]

For [x2,—1,0] in D,

S([Xg,—l,O]) = [X27_170]71[X27_170]
= [X2'07(_1)_170][X27_170]
=[xz, (=1)7'(~1),0(0)]
= [X27170]
and
r([X27_170]> - X27_17O][X27_170]_1

Our groupoid D is best understood with this illustration:

[x1,—1,0] [xg, —1,0]
[z1,1,0] [x2,1,0]

Figure 1: Morphisms in D

Hence, the unit space for D is D = {[x1,1,0], [x2,1,0]}.

When Z is endowed with the discrete topology, its base will be composed of singletons
{2z}, for all z € Z. Let 1., denotes the characteristic function of {2z} from Z to Z. The
Steinberg algebra associated to Z is

Az(Z) = span{ly,y : Z — Z|{z} is a compact open bisection of Z}
equipped with pointwise addition,
arlpzy + a2l = (a1 + a2)l(z 420)
and multiplication as follows;
arlpy - a2lp,y = aragly,, 4.

Claim 2: A xR = (A xR)©
The source and range of (x1,0,0) € A x R are:

s((x1,0,0)) = (x1,0,0) " (x1,0,0) = (x1 - 0,0,0)(x1,0,0) = (x1,0,0)
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T((le 0, 0)) = (le 0, O)(le 0, 0)_1 - (le 0, 0)(X1 - 0,0, 0) - (Xla 0, 0)
Also, the source and range for (x2,0, 0) € AxTR are:

s((x2,0,0)) = (x2,0,0) " (x2,0,0) = (x2 - 0,0,0)(x2,0,0) = (x2,0,0)
((x2,0,0)) = (x2,0,0)(x2,0,0) ™" = (x2,0,0)(x2 - 0,0,0) = (x2,0,0).
Hence, (A x R)© = {(x1,0,0), (x2,0,0)} = A x R.
Theorem 7. If Ax R = (A xR)©, then Az(A x R) = Az(D; A x R).
Proof. Let F : Az(A x R) — Az(D; A x R) be defined by

F()(xi27]) = 2 - Fr((xi, 1))

where z € T, (xi,%) € A x R. Linearity holds since for all f,g € Az(A xR) and n € Z,

F(f+9)(xi»z:7) = 2(f+9)(r((xir¥)))
= 2f(r((xi,¥)) +29(r((xi, )
= (F(f)+ F(9)([xir 27

and
F(nf)=zanf(r((xi,7))) = nzf(r(xi, 7)) = nF(f).

Now, observe that

F(fa)([xi>z:7]) = 2(f9)(r((xi, 7)) = 2f (r((xi> 1)) g(r((xi> 7))
Also,

(F(HF (@)X, 29D 06, 7)) = > F(f) 04 F(9) 0 4™

(33,0 /7”)//6(14%73)(2)

(x AN A=)

Since AxR = (/1 xR) O, then for all (y;,7) € A xR the only composable pairs in Ax R is

of the form ((xi,%), (xi> 7)) where s(xi, %) = (xi,) = r(xi» 7). But (x1,0)(x2,0) # (x1,0)-
Hence,

(F(HF(9)([xis 29 (x1,0) = > F(f)(x1,0)F(g)(x1,0)~"
((Xl70);(X170).€(A>473)(2>7
(x1,0)) (x1,0)=(x1,0)

= F(f)(x1,0)F(9)(x1,0)7"
= F(f)(x1,0)F(g)(x1,0)
= z2f(r((x1,0)))g(r((x1,0))).
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Also, since (XQ,O)(Xl,O) # (XQ,O), we get

(F(NF@))([xi 2] (x2,0) = > F(f)(x2,0)F(g)(x2,0) ™"

((x2,0),(x2,0)€(AxR) ),
(x2,0)) (x2,0)=(x2,0)

= F(f)(x2,0)F(g)(x2,0)"
= F(f)(x2,0)F(g9)(x2,0)
= 2f(r((x2,0)))g(r((x2,0))).

Thus, for all (xi,%) € A xR,

F()F(g)(Ixi 27D (i, 7) = 2f (r(xi: 9)))z9(r((xi; 7)) = F(f9)([xi» 2.7])

and F' is a Z-module homomorphism.

Suppose that F'(f)([xi,2,7]) = 0 for [x;,2,7] € D. Then, 2f(r((xi,7))) = 0 for all
z € T and v € Z which means that f(r((xi,%))) = 0. Since A x R = (A x R)©, then
for all (xi,%) € A xR, r((xi,7)) = (xi,%). Hence for all (xi,%) € Ax R, f((xi,7)) =
f(r((xi,¥))) = 0 which implies that f = 0. Thus, F'is injective. Now let h € Az(D; AXR)
and define f, : AxR — Z by fn((xs 0)) = h([xs,1,0]). Notice that every element in
AZ(A X R) is a mapping from A xR to Z. We are left to show that fj, is continuous and
supp(fp) is compact. Since A x R and Z are both discrete, then f is continuous. Since
he Az(D;AxR), h= a1l 1,0y +a2lqpg,—1,0) T aslip,1,0) + aal{p,,—1,00}- Thus,

fh(Xla’Y) = h([Xsza’YD
= (a1lqpy 1,03 + a2l —10 T a31{p, 100 + aalipy,,—1,03) (i, 2,7])

Hence,

fh(XlaO) - h([X17170])
= (a1lqpg 1.0 + a2l —1,01 T a31{x, 1.0 + @alys,—1,0) ([x1,1,0])
_= al

fh(X?vO) = h([X27170])
= (@dgpaa0p + a2lipa -0 + asl{e10} + aalipe,—103) (x2, 1,00)
—

If a; = a3 = 0, then supp(f,) = @ which is closed and bounded, that is, compact. If

a1, az € Z\ {0}, then supp(fn) = {(xi,7) € A R : fu((xi:%)) # 0))} = A x R which is
compact. Thus, f, € Az(A x R). Now for [xi, z,7] € D and since [x;, z,0] and [xs, z, 7]
are the same equivalence classes in D,

F(fn)(xi- 27 = 2fn(r((xi,9)))
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= zfn(xi,7(7))
= z2fn(xi,7)

= zh([x,1,0])
= h([xi, 2,0])
= h[xi, 2,7])
= h.

Then F is surjective. Therefore, Az(A x R) = Az(D; A x R). O

Since A x R = {(x1,0), (x2,0)} is a topological space with the discrete topology,
{(x1,0)} and {(x2,0)} are the basic elements of its base which are compact and an open
bisection since they are singletons. Hence, we introduce our characterictic functions that
spans Az(A x R) as Liei)} A xR — Z defined by

Litxany(9) = {o ifg ¢ {(x, )}

Define the Steinberg algbera of A x R over Z as Az(A x R) = span L0 Howot
equipped with the pointwise addition and multiplication as follows:

a1y, o)y + a2l 0y = (@ Fa2)l 614 (.00

a1l 0y 7 921 .00y = (@1 @2) 1 6031000}

By Theorem 7, Az(AxR) = Az(D; AxR). Then the twisted Steinberg algebra of A xR
over the pair (D,Z) is defined as Az(D; A x R) = span L0 Moo

Thus, dimension of Az(D;A x R) is less than or equal to 2. Note that Az(Z) is a
Z-module. Since Az(Z) is generated by the characteristic functions of the form 1y, where
z € Z which is infinite, then Az(Z) is infinite dimensional. Hence, if we map Az(Z) to
Az(D; A x R) it will never be injective. Thus, isomorphism fails to hold.

Note that from Section 3, the isotropy group of Z is itself, that is, Iso(Z) = Z and the
unit space of Z is Z(®) = {0}. Now, the interior of Iso(Z) = Z # Z(%). By Definition 4, Z
is not an effective groupoid.

Conjecture:
Let G be an effective ample Hausdorff groupoid and R be a unital commutative ring. Then
AR(Q) = AR(D;A X R)

Conclusion: We have defined a groupoid A x R coming from the isotropy of an
ample Hausdorff groupoid G. We have examined the properties of the groupoid AxTR.
We have successfully constructed a discrete twist on A x R thereby the presence of a
twisted Steinberg algebra over A x R via the discrete twist (D,i,q). Finally, we have
shown that for G = Z and R = Z isomorphism between Ag(G) and Ag(D; A x R) fails to
hold.
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