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Abstract. The present study investigates the relation between derivations and hyperideals on
ordered hyperrings with no zero divisors. Also, we identify some results for the ordered hyperrings
induced by the homomorphism of the ordered hyperrings by derivations. The present work explores
some aspects of derivations in ordered hyperrings. Also, we establish some results in connection
with homomorphisms and hyperideals. Furthermore, we describe prime hyperideals associated to
a derivation d on an ordered hyperring 7" and derive several results about homomorphisms and
derivations on ordered hyperrings.
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1. Introduction

Marty presented the hypergroup ideas in 1934 [1]. Krasner originally considered
hyperring, which is a development of ring, in [2].

The study of hyperideals have been made by Heidari and Davvaz in the context of
ordered semihypergroups in [3]. The study also demonstrated that the direct product of
ordered hyperstructures are ordered hyperstructures. Later on, Davvaz et al. [4] utilized
pseudoorders to construct strongly regular relations in ordered semihypergroups and ex-
amined the relationships between ordered hyperstructures and ordered structures. Also,
see [5, 6]. Al-Tahan and Davvaz [7] use the ordered hyperstructure to communicate with
biological inheritance and genetics to do research, and to access applications.
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Derivation in rings was first explored by Posner [8] and later on hyperrings by Asokku-
mar [9] and Kamali and Davvaz [10]. Derivation on ordered semihyperring was presented
by Rao et al. in [11]. Omidi and Davvaz considered ordered hyperring, which is a devel-
opment of ordered ring, in [12]. Also, see [13-16].

The present work explores some aspects of derivations in ordered hyperrings. Also, we
establish some results in connection with homomorphisms and hyperideals.

2. Preliminaries

We set that
OKH: the set of all ordered Krasner hyperrings (F, ®, ®, <),

Der(E): the set of all derivations of E.

Definition 1. [2] (E,®,®) is a Krasner hyperring if:

(1) (E,®) is a canonical hypergroup;

(2) (E,®) is a semigroup and z®0=00 2z ={0},Vz € E;

(3) © is distributive with respect to the hyperaddition @.
Definition 2. [12] Let (E,®,®) be a Krasner hyperring. (E,®,®,<) € OKH if

(1) (E,<) is a partially ordered set;

2) (L) e<=lat=<latV,l teE;

(3) (I,I) e< and (0,t) e<= (lot,l'Ot)e< and tOLtol) e<.
Note that for every ) # L, L' C E,

L=<L &VvielL3dl'elL such that (I,I') <.

Definition 3. [12] Let (E,®,®,<) and (E',&',&',<') € OKH. A function A : E — E’
is a homomorphism if VI,l' € E,

(1) Ai @) C A1) &' Al);
(2) Alol)=A(l) " Al');
(3) (L,I) e<= (A(l),A(l")) e<’.
Definition 4. [3] Let (E,®,®,<) € OKH. 0 £ X C E is a hyperideal of E if
(1) (X,®) is a canonical subhypergroup of (E,®);

(2) lox,xole X,Vle E\Vx € X;
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(3) (X]:={le E|l<wz, for some x € X} C X.
Definition 5. [11] Let (E,®,®,<) € OKH. d € Der(E) if for all l,l' € E,
(1) d(le ") C d(l) ®d(l');
(2) diol) edl) ol @lodl);
(3) (1,I') e<= (d(1),d(l")) <.

3. Main Results
Let (E,®,©,<) € OKH. Then, 0 # z € E is a zero divisor if
dJ0#Ave FEsuchthat z0v=0=v0 z.

Theorem 1. Let (E,®,®,<) € OKH with no zero divisors and 0 # d € Der(E). IfY
1 a proper hyperideal of E, then d is nonzero on Y.

Proof. Let
dim)=0,Y0#meY.

As Y is a hyperideal of E, m® g €Y,V g € E. Thus,

dim®g) =0.
So,
dim®g) €d(m)©g®m©d(g)
=00g®modg)
=0®mod(g)
=m©d(g).
Hence,

m©d(g) =dm®g) =0.
By hypothesis, E has no zero divisors. Thus,
d(g)=0,VgeFE
a contradiction. Therefore, d is nonzero on Y.
Theorem 2. Let (E,®,®,<) € OKH and

geEg®g,Vge L.
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Idg(g) = g for any g € E, is a homomorphism iff Idg € Der(E).
Proof. Let Idg be a homomorphism and g,¢’ € E. Then,
ldp(g©g') =1dp(g) © Idp(y')

=904
€od)eoyd)

=1dp(9) ©¢g ® g Ide(g).

Hence, Idg € Der(E).
Conversely, let g, ¢’ € E. Then

Idp(g©¢) =90 4¢ =Idp(g) © Idg(d').

So, Idg is a homomorphism.

Theorem 3. Let (E,®,®,<) € OKH be commutative and and
geEgdg,Vge L.
For a givent € E, we set
di(g9)=tog, Vge E.
Then d; € Der(E).
Proof. Let g,¢' € E. For a given t € E, we have

di(g@g) =to(goyg)
=tOgdtod

= di(g9) ® di(g'),

and
di(g©g) =to(goyd)

€Eto(gogd)oto(god)
=tegedotog oy
=(togogdeot)od
=(t0godegotod)

=di(9) © g ® g ©di(g).
Let g,¢' € E and (g,¢") €<. Then
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di(g) =t©g<tog =dy')

by Definition 2, and hence d; € Der(E).
Corollary 1. Let (E,®,©,<) € OKH be commutative and
gEgDY,Vge E

Then, the identity function Idg defined by Idg(g) = g for any g € E, is a homomorphism.
Proof. We have

di(9) =10 g=g=1dg(g).
By Theorem 3, Idg = d; € Der(E). Now, by Theorem 2, Idg is a homomorphism.
Corollary 2. Let (E,®,®,<) € OKH be commutative and
geEgdg,Vge E.
If d = dy, where t € E, satisfies the following condition

(¢',9) €< and d(g) = g = d(¢') = ¢,
then
Fizqg(E) ={x € E | d(z) =z}
is a hyperideal of E.

Proof. By Theorem 3, d(g) = di(g) =t ® g, for any g € E. Let g, ¢’ € Fixg(FE). Then
d(g) = g and d(g’) = ¢’. We have

digeyg) =di(ged)
=to(goey)
=tOgotoy
= di(g) © di(g")
=d(g) ©d(g)
=g6yJ.

So, g6 ¢ C Fixy(E).



R. Cai, M. Alsaeedi, M. Akhoundi / Eur. J. Pure Appl. Math, 17 (2) (2024), 604-615 609

Now, let g € Fizy(E) and q € E. Then,
dlg©q) =di(g©q)
=10 (g©q)
=(to©g)Oq
=di(9) ©q
=d(g) ©q

=90q.

So, g ® q € Fizy(E).
Let g € Fizg(E), ¢ € E and ¢ < g. Then,

d(q) = di(q) < di(g) = d(g) = g.
By hypothesis, d(q) = ¢. So, q € Fizyg(FE). Hence, Fizy(E) is a hyperideal of E.

Example 1. Let E ={0,1, f, f'} and

a0 1 o
0]0 1 o
L1 {o,fy {1, f} f
1Ly {of 1
A f 1 0
®l0 1 f f
0/0 0 0 0
1lo 1 f f
f10 f f 0
1o ff o f

<={(z,2) | € E}U{(0, f), (f, D}
Then (E,®,®,<) € OKH. We set

0, z=0,f

foz=11
Then, d = dy € Der(E). Indeed:

df(O)Zf@():O,
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de(l) =fol=f,
de(f)=fofr=1/,
de(f)=fof =0.

Clearly, Fizqy(E) = {0, f} is a hyperideal of E.

Theorem 4. Let (E,®,®,<) € OKH and d € Der(E) with

d(g) =d(1) ©g; Vg € E.

If d is a homomorphism, then d is idempotent.

Proof. Let g € E. We have

Hence, d? = d.

Example 2. In Ezample 1,
dlol)=d1)=f=fof=d1)odl),
dle f)=d(f)=f=fof=d1)od),
d1le f)=d(f)=0=fo0=d(1)odf),
df© f)=d(f)=f=fof=df)od/),
d(f © f')=d(0) =0=fo0=d(f)©df).

Hence, d is a homomorphism of E. Also,

d(g) =d(1)©g; Vg € E.
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Now, by Theorem 4, d is idempotent.

Definition 6. Let (E,®,®,<) € OKH and d € Der(E) be a homomorphism. A proper
hyperideal W of E is said to be a prime hyperideal associated to d if

goOgd eW=geW ord(g)e W, Vg,g' € E.

Theorem 5. Let (E,®,0,<) € OKH and d € Der(E) be a homomorphism. Then'Y is
a prime hyperideal of E associated to d iff for any hyperideals G and G’ of E, we have

GOGCY=GCY ord(G")CY.

Proof. (=): Let Y be a prime hyperideal of F associated tod, GOG' CY and G € Y,
where G, G’ are hyperideals of E. As G ¢ Y,

dg € G such that g ¢ Y.
Take any ¢’ € G'. Then,
goOgd eGoOG CY.
Since Y is a prime hyperideal associated to d and g ¢ Y, we get
dig) eY.

Hence, d(G') C Y.
(<): Suppose that ¢ ® ¢’ € Y for some g,¢' € E. Then < g© ¢ >C Y. So,

<g>0<g>C<goyg >CY.

Hence, < ¢ >C Y ord(< ¢ >) CY. Thus, g €Y or d(¢') € Y. Therefore, Y is a prime
hyperideal associated to d.

Example 3. In Ezample 1, Y = {0, f} is a prime hyperideal associated to d.

Theorem 6. Let (E,®,©,<) € OKH and d € Der(E) be a homomorphism. If W is a
prime hyperideal associated to d, then

VW :={t € E | 3n € N such that t" € W}
18 a prime hyperideal of E associated to d.
Proof. Let z,2' € vV/W. By the proof of Lemma 3.19 in [17],
2® 2 CVW and ©z € VIV.

Also, foranyt € E,t® z,20t e vVW.
Now, let ¢ € (VW]. Then g < z for some z € VW. As z € VW,

dn € N such that z" € W.
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Since ¢ < z, we get
<" eW.

Thus, ¢" € W. So, ¢ € VW and hence (VW] C VW.
Let g© ¢ € VIV and g ¢ VW for g,4 € E.
Claim: d(¢') € VW.

As go g e VIV,

dn € N such that (g ©® ¢')" € W.
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So, g" ® ¢'" € W. As W is a prime hyperideal associated to d and g™ ¢ W, d(¢'"") € W.

Since d is a homomorphism of 7', we obtain
(d(g')" =d(g"™) e W.
Thus, d(g') € vVW. So, VW is a prime hyperideal associated to d.
Let Q be an index set and (T, ®;, ©;, <;) € OKH, for all i € Q. Then,

[ Ti ={(ti)ica | t: € T;} € OKH.
i€

Indeed: for any (w;)icq, (w))ica € 11 Tis
S
(i) (wi)ico ® (Wi)iea = {(ti)iea | ti € wi @i wi};

(i) (wi)ieq © (W))ica = (w; @; W))iecq;

(iii) (’wi)ieQ < (wg),;eg S w; <; w;,Vi e Q.

Define the map m; : [[ T; — T; by mi((w;)ieq) = w;, for each (w;)icq € [] T; and

i€Q i€Q
i € Q and define the map p; : T; — [] T; by
S
t, ifi=
(pi(1))(4) =

0;, otherwise

for each t € Tj.

Theorem 7. Let Q be an index set and (T;,®;,®;,<;) € OKH, for alli € Q. Ifd €

Der([] Ti), then d; = mdp; € Der(T;), for all i € Q.
1€Q
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Proof. Let d € Der([] T;) and z, 2’ € T}, for all i € Q. Then,
1€

di(z ®; 2') = mdpi(z ®; 2
= md(pi(z ®; 2'))
= mi(d(pi(2) ®i pi(2')))
C mi(d(pi(2)) @i d(pi(2)))
= midpi(2) @ mdpi(2')
= d;(z) @i di(¢'),

and
di(z @ 2') = mdpi(2 ©; 2')

= md(pi(z @i ')

= m(d(pi(2) ©: pi()))

€ mi((d(pi(2)) @1 pi(2) Bi (pi(2) 1 d(pi())
= (midpi(2) ©1 mipi()) @i (wipi(2) ©; midpi())
= (midpi(2) @; 2') B (2 ©; mdpi(2)))

= (dz(z) ©; Z/) ®; (Z O di(z’)).
Since d € Der([] Tj), it follows that d is isotone. Also, since m; and p; are isotone, we
1€Q
get m;dp; is isotone. Therefore, d; € Der(T;), for all i € Q.
Let © be an index set, (T3, ®;, ©®;, <;) € OKH and d; € Der(T;), for all i € Q. Define
[T1di: [1Ti— I T:by (I] di)((wi)ie) = (di(wi))icq, for each (w;)icq € [[ T;.
1€Q) 1€ ISY) 1€Q 1€}
Corollary 3. Let Q be an index set and (T;, ®;, ©;, <;) € OKH, for all i € Q. If
d € Der( ][] T;), then d = [] midp; iff d € ]| Der(T;).
=9) ieQ i€Q
Proof. (=): Let d € Der([] T;) and d = [] midp;. By Theorem 7, we have
1€0) 1€Q
midp; € Der(Tj), Vi € Q.

Thus, d € [] Der(T;).
1€}
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(«<): Let d € [] Der(T;) and w € T;. Then (m;([] di)pi)(w) = d;(w), where d; €
1€} 1€Q

Der(T;). So, (mi([] di)pi) = di- Thus, d = [] d; for some d; € Der(T;). Hence,
i€Q i€Q
d= H 7Tz'd,0¢.
1€Q

4. Conclusions

This study was conducted to investigate the significant relationship between homo-
morphisms and derivations in ordered hyperrings. Moreover, we investigated the relation
between derivations and hyperideals on ordered hyperrings with no zero divisors. Fur-
thermore, we described prime hyperideals associated to derivations on ordered hyperrings
and derive several results about homomorphisms and derivations on ordered hyperrings.
One can further apply these notions on fuzzy prime hyperideals associated to derivations
in ordered hyperrings.
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