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Abstract. Let G be a graph with vertex and edge-sets V(G) and E(G), respectively. Then
O C V(Q) is called a J-open independent set of G if O is a singleton set or O is an independent
set of G and for every a,b € V(G), Ng(a)\Ng(b) # @ and Ng(b)\Ng(a) # @. The maximum
cardinality of a J-open independent set of G, denoted by «;(G), is called the J-open independence
number of G. In this paper, we introduce this parameter and we show that it is always less than
or equal to the standard independence (resp. J-total domination) parameter of a graph. In fact,
their differences can be made arbitrarily large. In addition, we show that J-open independence
parameter is incomparable with hop independence parameter. Moreover, we derive some formulas
and bounds of the parameter for some classes of graphs and the join of two graphs.
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1. Introduction

An independent set in a graph is a subset of a vertex-set of a graph where each pair
of distinct vertices are not of distance one. In other words, it is a set of vertices that are
not connected by an edge. This concept is fundamental in graph theory and has a wide
range of applications in various field. Some studies on independent sets in graphs can be
found in [2-4, 12, 17, 18].

In 2022, hop independent set in a graph and its parameter was introduced by Hassan
et al. [8]. They defined a set S C V(G) is a hop independet set of G if any two distinct
vertices in S are not at a distance two from each other, that is, dg(u,w) # 2 for any
distinct vertices u,w € S. The maximum cardinality of a hop independent set of G,
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denoted by ap(G), is called the hop independence number of G. They have shown that
any maximum hop independent set S of GG is always a hop dominating, that is, the hop
independence number of a graph is always greater than or equal to the hop domination
parameter. Moreover, they derived some bounds and formulas for some special graphs
and graphs under some binary operations. Some studies on variants of hop independent
sets and other hop-related concepts can be found in [1, 5-7, 9, 11, 13-16]

In this paper, we introduce new independence parameter called J-open independence.
We investigate this concept on some families of graphs and on the join of two graphs. We
believe, the results of this study could led to other interesting research directions in the
future.

2. Terminology and Notation

Let G = (V(G), E(GQ)) be a simple and undirected graph. The distance dg(u,v) in G
of two vertices u, v is the length of a shortest u-v path in G. The greatest distance between
any two vertices in G, denoted by diam(G), is called the diameter of G.

Two vertices z,y of G are adjacent, or neighbors, if zy is an edge of G. The open
neighborhood of x in G is the set Ng(z) = {y € V(G) : zy € E(G)}. The closed
neighborhood of x in G is the set Ng[z] = Ng(z)U{z}. If X C V(G), the open neighborhood
of X in G is the set Ng(X) = U N¢g(z). The closed neighborhood of X in G is the set

zeX
Ng[X] = Ng(X) U X.

A subset D = {dy,da, - ,dn,} of vertices of G is called a J-open set if
N¢(d;) \ Ng(dj;) # @ for every i # j, where i,j € {1,2,...,m}. A J-open set is called a
J-total dominating set of G if D = {dy,da,...,d} is a total dominating set of G. The
J-total domination number of G, denoted by v (G), is the maximum cardinality of a
J-total dominating set of G [10].

A path graph is a non-empty graph with vertex-set {zi,z9,...,x,} and edge-set
{z122, 2973, ..., THn_12,}, where the :):;s are all distinct. The path of order n is denoted
by P,. If G is a graph and u and v are vertices of GG, then a path from vertex u to vertex
v is sometimes called a u-v path. The cycle graph C, is the graph of order n > 3 with
vertex-set {x1,z2,...,x,} and edge-set {z1x2, xox3,. .., Xp_12n, Tpr1}. Let G and H be
any two graphs. The join of G and H, denoted by G + H is the graph with vertex set
V(G+ H) =V(G)UV(H) and edge set

E(G+H)=EG)UEH)U{uw:ueV(GQ),ve V(H)}.

A subset S of V(G) is called a independent if for every pair of distinct vertices z,y € S,
dg(x,y) # 1. The maximum cardinality of a independent set in G, denoted by a(G), is
called the independence number of G. Any independent set S with cardinality equal to
a(@G) is called an a-set of G.

A subset S of V(G) is called a hop independent set of G if any two distinct vertices
in S are not at distance two from each other, that is, dg(v,w) # 2 for any two distinct
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vertices v, w € S. The hop independence number of G, denoted by ay(G), is the maximum
cardinality of a hop independent set of G [8].

3. Results

We begin this section by introducing the concept of J-open independence in graphs.

Definition 1. Let G be a graph with vertex and edge-sets V(G) and E(G), respectively.
Then O C V(G) is called a J-open independent set of G if O is a singleton set or O is an
independent set of G and for every a,b € V(G), Ng(a)\Ng(b) # @ and Ng(b)\Ng(a) # @.
The maximum cardinality of a J-open independent set of G, denoted by a;(G), is called
the J-open independence number of G.

Example 1. Consider the graph G = P, in Figure 1 below. Let O = {a,d}. Then
dg(a,d) = 3. Thus, O is an independent set of G. Observe that Ng(a) = {b} and

N (d) = {c}. Hence, Ng(a)\Ng(d) = {b}\{c} = {b}, and Ng(d)\Ng(a) = {c}\{b} = {c}.
Therefore, O is a J-open independent set of G. Moreover, it can be verified that a;(G) = 2.

a p Cc d
O—OC—~C——=0

Figure 1: Graph G = P4 with aj(Py) =2

Py

Remark 1. Let G be a graph. Then each of the following holds:
(i) A J-open set O of G may not be an independent set of G.
(ii) An independent set of G may not be a J-open set of G.

The remark above says that the definition of a J-open independence makes sense.

4. Relationships of /-Open Independence and Independence Parameters

Theorem 1. Let G be a graph. Then
(i) as(G) < a(G); and
(ii) 1 < ay(G) < |V(G)|—1.

Proof. (i) Let G be a graph and let O be a maximum J-open independent set of G.
Then O is an independent set of G and «;(G)=|O|. Since a(G) is the maximum cardi-
nality among all independent sets in G, if follows that a(G) > |O|=a;(G).

(ii) Let G be a graph and let V(G) = {a1, a2, ...,an}. Then {a;} is a J-open indepen-
dent set of G. Thus, a;(G) > |{a1}|=1. To show that a;(G) < |V(G)| — 1. Suppose that
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G is connected. Let a;,a; € V(G) such that dg(a;,a;) = 1 for some 4,5 € {1,2,...,n}.
Then a; and a; cannot be both in an independent set S of G. Hence, if a; € S, then
aj ¢ S orif aj € S, then a; ¢ S. Thus, a(G) < |V(G)| —1. By (i), ay(G) < |V(G)| — 1.

Now, suppose that G is disconnected. Let Q1, ..., Qk, k > 2 be components of GG. Since
G # K,, it follows that @Q; is non-trivial for each i € {1,...,k}. Thus, a(Q;) < |[V(Q;)| —1
for each i € {1, ..., k}. Therefore,

a(G) = Q1) + .. +a(Qr) = [V(Qi)| =1+ ... + [V(Qr)| =1 = [V(G)| - k < [V(G)| — 1.
Consequently, a;(G) < |[V(G)| — 1 by (7). O

Theorem 2. Let s,t be positive integers such that 1 < s < t. Then there exists a connected
graph H such that aj(H)=s and a(H)=t. In other words, a(H) — aj(H) can be made
arbitrarily large.

Proof. Consider the following two cases.
Case 1. s =t
Consider the graph H below.

a1 a2 as as_1 Ag
H
U
bl b2 b3 bs—l bs
Let O = {aj,a2, -+ ,as}. Then O is both a maximum J-open independent and maximum

independet set of H. Thus, aj(H) = G = a(H).

Case 2: s <t Let ¢ =t — s and consider the graph H' below.

I T3 Tg
Y1
H
« e . y2
Yq
) Ts—1

Let Oy = {z1,22, -+ ,zs} and Oy = O1 U{y1,92---,yq} Then O; and Oy are maxi-
mum J-open independent and maximum independent sets of H’, respectively. Therefore,
aj(H') = s and a(H') = s + ¢ = t. Consequently, aj(H') = s <t = a(H'). O
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5. Relationships of J-Open Independence and J-Total Domination
Parameters

Proposition 1. Let G be a graph such that G # K,. Then aj(G) < v(G), and its
bound is tight.

Proof. Let G be a graph such that G # K,,. and let Q be a maximum J-open inde-
pendent set of G. Then @ is a J-open set in G. Since (@) is a maximum cardinality of
a J-open set of G, it follows that v;.(G) > |Q| = as(G).

For the tightness, consider Py. Then aj(Py) = 2 = ~v5(Py). O

Theorem 3. Let a and b be positive integers such that 1 < a < b. Then there exists a
connected graph G such that aj(G) = a and v5(G) = b.

Proof. Suppose that a = b. Consider the graph G below.

U1 Va U3 Vg
G: 0O
U Uz us Uy Uq—2 Ug—1 Uq
Let O1 = {ui,ug,...,u.} and Oy = {v1,v2,...,v.}, Then O; and Oy are maximum J-

open independent and maximumu J-total dominating sets of G, respectively. Therefore,
ay(G) =a=y5(G).

Now suppose that a < b. Let ¢ = b — a and consider the graph H below, where
{va,71,72,...,7¢} is a clique.

V1 Vo U3 Vg Va—2 Va—1
H N e\
Ul Us Uus Uq Uq—2 Ua—1 Uq

Let @1 = {ui,ug,...,u.} and Q2 = {v1,v2,...,04,71,...,7¢}. Then @ and Q2 are
maximum J-open independent and maximum J-total dominating sets of H, respectively.
Hence, aj(H) =a and v (H) =a+q=0. O
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6. The Incomparability of J-Open Independence and Hop Independence
Parameters

Remark 2. The hop independence and J-open independence parameters of a graph are
incomparable.

To see this, consider the graph K5 + Ps below.

I Z2 x3 Iq L5

)

Ky + Bs:

1 Y2

Let O1 = {x2,24} and Oz = {x1,22,y1,y2}. Then O7 and Oy are maximum J-open inde-
pendent and maximum hop independent sets of K5 4+ Ps, respectively. Hence, aj(K2 +
P11) =2 and ah(KQ + P5) = 4.

Next, consider the graph C4 + P below.

04 + P112

Let O" = {y1,y2, %10, 211} and O" = {xg, x4, 26, 28,210}. Then O’ and O” are max-
imum hop independent and J-open independent sets of C4y + P;; respectively. Thus,
Oéh(C4+P11) =4 and OéJ(C4+P11> = 5. ]

7. J-Open Independence in the Join of Two Graphs

Theorem 4. Let G and H be a graphs. A subset O of a vertex-set V(G+H) of G+H is a
J-open independent set of G + H if and only if O satisfies one of the following conditions:

(i) O is a J-open independent set of G.

(ii) O is a J-open independent set of H.



REFERENCES 928

Proof. Let O be a J-open independent set of G + H. Then either O C V(H) or
O CV(G). If O C V(G), then O is a J-open independent set of G. Thus, (i) holds. If
O C V(H), then O is a J-open indepedent set of H. Hence, (ii) holds.

Conversely, suppose that (i) holds. Since V(G) C V(G+H), O is a J-open independent
set of G+ H. Assume that(ii) holds. Since V(H) C V(G+H), it follows that O is a J-open
independent set of G + H. O

Corollary 1. Let G and H be graphs. Then
ay(G+ H) = mar{a;(G),a;(H)}.

Proof. Let O be a maximum J-open independent set of G + H. Then by Theorem
4, O is either a J-open independent set of G or H. If O is a J-open independent set
of G, then a;(G+ H) = |0] < ay(G). If O is a J-open independent set of H, then
ay(G+ H) =[0] < ay(H).

On the other hand, suppose that O is a maximum J-open independent set of G. Then
by Theorem 4, O is a J-open independent set of G + H. Thus,

as(G) = 0| < ay(G + H).

Similarly, If O is a maximum J-open independent set of H, then O is a J-open independent
set of G+ H. Hence, aj(H) = |O| < aj(G + H). Consequently,

aj(G+ H) = max{a;(G),a;(H)}.
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