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1. Introduction

The concept of an almost distributive lattice (ADL) was introduced by Swamy and Rao,
[13] as a common abstraction of many existing ring theoretic generalizations of a Boolean
algebra on one hand and the class of distributive lattices on the other. In that paper, the
concept of an ideal in an ADL was introduced analogous to that in a distributive lattice
and it was observed that the set PI(R) of all principal ideals of R forms a distributive
lattice. Also, the concepts of minimal prime ideal belonging to an ideal of an ADL in
[7], normal ADL in [6], pseudo-complemented ADL in [14] and Stone ADL in [15] were
introduced. The notions of a-ideals and o-ideals of distributive lattices were introduced
in [2] and [3] respectively. In this paper, for each a-ideal of an ADL to become a o-ideal,
a set of equivalent conditions is derived, which tends to result in a characterization of
generalized Stone ADLs. Some necessary and sufficient conditions for the maximal ideal
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of an ADL are derived. For each ideal of an ADL that becomes a o-ideal, a set of equivalent
conditions is derived, resulting in a characterization of relatively complemented ADLs. On
an ADL, a one-to-one correspondence is derived between the set of all prime o-ideals of
the ADL and the set of all prime o-ideals of the quotient ADL. Finally, we proved some
properties of the set of all o-ideals of a normal ADL topologically. Throughout this paper,
R stands for an ADL with 0.

2. Preliminaries

This section contains definitions and important results from [5] and [13], which will be
required in the paper’s text.

Definition 1. [18] An algebra R = (R,V,A,0) of type (2,2,0) is called an almost dis-
tributive lattice (abbreviated as ADL) if it satisfies the following conditions:

(1) (aVb)Ac=(anc)V (bAc)
(2) ah(bVe)=(aAb)V(aAc)
(3) (aVb)Ab=b
(4) (aVb)ANa=a
(5) aV(anb)=a
(6) 0ANa =0
(7) aVvO0=a foralab,cc R.
Theorem 1. [13] If (R,V,A,0) is an ADL, then
(1) avb=a<aNb=0>
(2) aVb=bsaAb=a
(3) A is associative in R
(4) anbAc=bAaAc
(5) (aVb)Ac=(bVa)Ac
(6) aV (bAc)=(aVb)A(aVec)
(7) an(@vb)=a,(aAb)Vb=bandaV (bAa)=a

(8) aNa=a andaVa=a foralla,b,ce R.
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It can be observed that an ADL R satisfies almost all the properties of a distributive
lattice except the right distributivity of V over A, commutativity of V, commutativity of
A. Any one of these properties makes an ADL R a distributive lattice.

As usual, an element m € R is called maximal if it is a maximal element in the partially
ordered set (R, <). That is, for any a € R, m < a = m = a.

As in distributive lattices [1, 4], a non-empty subset I of an ADL R is called an ideal
of Rifavbel and aAx € I for any a,b € I and x € R. Also, a non-empty subset F' of
R is said to be a filter of Rif aAnb € F and xVa € F for a,b € F and x € R.

The set Z(R) of all ideals of R is a bounded distributive lattice with least element
{0} and greatest element R under set inclusion in which, for any I,J € Z(R), I N J is
the infimum of I and J while the supremum is given by IV J :={aVb|a € I,be J}.
A proper ideal (filter) P of R is called a prime ideal (filter) if for any z,y € R,z Ay €
PlxVye P)=x € Pory e P. A proper ideal (filter) M of R is said to be maximal
if it is not properly contained in any proper ideal (filter) of R. It can be observed that
every maximal ideal (filter) of R is a prime ideal (filter). Every proper ideal (filter) of R is
contained in a maximal ideal (filter). For any subset S of R the smallest ideal containing

S is given by (S] :={(V si) Az | s; € S,x € Rand n € N}. If S = {s}, we write (s]
i=1

instead of (S] and such an ideal is called the principal ideal of R. Similarly, for any S C R,

[S):={xV (A si)|si€S,xe€ Randn e N}. If S ={s}, we write [s) instead of [S) and

such a filter ;S 1called the principal filter of R.

For any a,b € R, it can be verified that (a]V (b] = (a Vv b] and (a] A (b] = (a Ab]. Hence,
the set (PI(R),V,N) of all principal ideals of R is a sublattice of the distributive lattice
(Z(R), V,N) of all ideals of R. Also, we have that the set (F(R),V,N) of all filters of R is
a bounded distributive lattice.

Definition 2. [9] An ideal I of an ADL R is said to be dense if I* = (0]. Otherwise, I is
called a non-dense ideal.

Definition 3. [10] For any non-empty subset A of an ADL R, define A* = {x € R |
aNz =0 for alla € A}. Here, A* is called the annihilator of A in R.

For any a € R, we have {a}* = (a)*.
Annihilators have many important properties. We give some of them in the following:

Theorem 2. [10] Let R be an ADL. For any x,y € R, we have:

(1) z<y=(y)"c (@)

(2) (xAy)"=(yAa)"
(3) (xVy) =(yVa)
(4) (xVy) = ()" N(y)"
(5) ()" V(y)* S (zAy)”
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(6) ©=0%< (z)" =R.

Definition 4. [7] A prime ideal of R is called a minimal prime ideal if it is a minimal
element in the set of all prime ideals of R ordered by set inclusion.

Theorem 3. [7] Let R be an ADL. Then a prime ideal P is minimal if and only if for
any x € P, there exists an element y ¢ P such that z ANy = 0.

Theorem 4. [7] Let R be an ADL with mazimal elements. Then P is a prime ideal of R
if and only if R\ P is a prime filter of R.

Definition 5. [9]/ An ideal I of an ADL R is said to be an a-ideal if (a]** C I for all
acl.

In [13], an ADL R is said to be relatively complemented if for any a,b € R with a < b,
the interval [a, b] is a complemented lattice.

Theorem 5. [13] An ADL R is relatively complemented if and only if for any a,b € R,
there exists a unique x € R such thataVx =aVb and a Nb=0.

Definition 6. [12] For any ADL R with mazimal elements, define B = {a € L | there
exists b € R such that a Ab =0 and a V b is mazimal}, this is called a Birkhoff centre of
an ADL R. If B = R, then R is called a complemented ADL.

Definition 7. [1/] Let (R,V,A,0) be an ADL. Then a unary operation a — a* on R
1s called a pseudo-complementation on R if for any a,b € R, it satisfies the following
conditions:

(1) anb=0=a*ANb=1b
(2) ana* =0
(3) (aVb)* =a*Ab*.
Then (R,V,A\,*,0) is called a pseudo-complemented ADL.

Definition 8. [15] Let R be an ADL and * a pseudo-complementation on R. Then R is
called a Stone ADL if for any x € R, z* V ™ = 0*.

Lemma 1. [15] Let R be a Stone ADL and a,b € R. Then the following conditions hold:
(1) 0* Na =a and 0* Va = 0*
(2) (aNb)* =a*Vb*.

Definition 9. [10/ An ADL R is said to be a generalized Stone ADL if (a]* V (a]** = R
for all a € R.
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3. On co-ideals of ADLs

For each a-ideal of an ADL to become a o-ideal, a set of equivalent conditions is de-
rived, which tends to result in a characterization of generalized Stone ADLs. For each
ideal of an ADL that becomes a o-ideal, a set of equivalent conditions is derived, resulting
in a characterization of relatively complemented ADLs. On an ADL, a one-to-one corre-
spondence is derived between the set of all prime o-ideals of the ADL and the set of all
prime o-ideals of the quotient ADL. The following definition is adopted from [11].

Definition 10. An ideal K of an ADL R is said to be a o-ideal of R if K = K, where
K°={ze R| KV (z)"=R}.

Proposition 1. Fvery prime o-ideal of an ADL R with maximal elements is a minimal
prime ideal.

Proof. Let M be any prime o-ideal of an ADL R. Then M? = M. Let t € M = M°.
Then (¢)* V M = R. That implies = V y is a maximal element of R for some = € (¢)* and
y € M. Since M is prime, we get x ¢ M. Hence for any t € M, there exists an element
x ¢ M such that z € (t)* (i.e., x At =0). Hence, M is a minimal prime ideal of R.

In general, every minimal prime ideal need not be a o-ideal.

Example 1. Consider a distributive lattice L = {0,a,b,c,1} and discrete ADL D =
{0/,d’}.

0

Clearly, R = Dx L= {(0/,0), (0/,a), (0/,b), (0/, ), (0, 1), (a',0), (a', ), (a',B), ;) (a', 1)}
is an ADL with zero element (0,0"). Consider the minimal prime ideal P = {(0',0), (0, a)}.
Clearly, (0',a)*V P # R. That implies (0/,a) ¢ P?. Hence, P is not a o-ideal of R.

Theorem 6. In an ADL R with maximal elements, the following conditions are equivalent:
(1) R is a generalized Stone ADL
(2) every a-ideal is a o-ideal
(8) every prime a-ideal is a o-ideal

(4) every minimal prime ideal is a o-ideal.
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Proof. (1) = (2): Assume (1). Let K be an a-ideal of an ADL R. Then (a)** C K
for all @ € K. Since R is a generalized Stone ADL, we have (a)* V (a)** = R and hence
(a)* V K = R. That implies a € K7 for all a € K. Therefore, K C K. Clearly, we have
K? C K. Thus, K° = K.

(2) = (3): It is obvious.

(3) = (4): Assume (3). Clearly, we have that every minimal prime ideal is a prime
a-ideal. By our assumption, we get that every minimal prime ideal is a o-ideal.

(4) = (1): Assume (4). Let a € R. We prove that (a)* V (a)** = R. Suppose
(a)*V (a)*™* # R. Then there exists a prime filter @ such that ((a)*V (a)**)NQ = (). Since
@ is a proper filter, there exists a maximal filter NV such that @ C N. Clearly, R\ N is a
minimal prime ideal. By our assumption, we get R\ N is a o-ideal of R. If a € N, there
exists an element b ¢ N such that a V b is a maximal element of R. Since aVb e Q C N
and b ¢ N, we get a € Q. Since a € (a)** C (a)* V (a)™, we get ((a)* V (a)*)NQ #0, it
gives a contradiction. Therefore, a ¢ N and hence a € R\ N = (R\ N)?. That implies
(a)* V(R\ N) = R. So that there exist z € (a)* and y € R\ N such that z V y is
maximal. Since y € R\ N, we get y ¢ Q). Since x V y is maximal, we get x € Q. Since
z € (a)* C (a)* V ()™, we get ((a)* V (a)*) N Q # 0, which is a contradiction. Hence,
(a)*V (a)* = R.

We denote SpecR and MaxR as the sets of all prime ideals and maximal ideals of R,
respectively. For any N € MaxR, define N© = {a € R | (a)* ¢ N}.

Proposition 2. For any N € MaxR, N© is an ideal of R contained in N.

Proof. Clearly, (0)* = R ¢ N and hence N O is non-empty. Let a,b € NY. Then
(a)* ¢ N and (b)* ¢ N. That implies (a V b)* C (a)* ¢ N. Hence, aVb € NO.
Let a € N9. Then (a)* ¢ N. Let r be any element of R. Since r Aa < a, we get
(a)* C (rAa)* = (aAr)*. Since (a)* € N, we get (a Ar)* € N. That implies a Ar € N©.
Therefore, N is an ideal of R. Let a € N©. Then (a)* ¢ N. There exists ¢ € (a)* such
that ¢ ¢ N. Since t € (a)*, we have a At = 0. We have that every maximal ideal is prime
and hence N is prime. Since aAt =0 € N and t ¢ N, we get a € N. Therefore, N C N.

For any ideal K of an ADL R, define W(K) = {N € MaxR | K C N}.
Proposition 3. Let K be an ideal of R. Then we have the following:

(1) K= () N©
NeW(K)

(2) if K € SpecR, then K° C K©
(3) if K € MaxR, then K% = K©.

Proof. (1) Let a € K?. Then (a)* VK = R. Let N € W(K). Then K C N.
That implies (a)* V N = R and hence (a)* ¢ N. That implies a € N© for N € MaxR.

Therefore, K C () N9. Conversely, let a € () NY. Then a € O(N) for all
NeW(K) NeW(K)
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N € W(K). That implies (a)* € N for all N € MaxR, K C N. Suppose (a)* V K # R.
Then N’ € MaxR such that (a)* V K C N’. That implies (a)* € N and K C N’,
which is a contradiction. That implies (a)* V K = R. Therefore, a € K? and hence

N NC©CK° Thus, K= [\ N©.
NeW(K) NeW(K)

(2) Let K € SpecR and a € K?. Then (a)* V K = R. Since K is a proper ideal of R,
we get (a)* ¢ K and hence a € K. Therefore, K C K©.

(3) Let K € MaxR. Clearly, we have that K is a prime ideal of R. By (2), we get
K7 C K©. Let a € K©. Then (a)* ¢ K. That implies (a)* vV K = R. Therefore, a € K
and hence K© C K°. Thus, K° = K©.

Theorem 7. In an ADL R with maximal elements, the following are equivalent:
(1) R is complemented ADL
(2) for any N € MaxR, N© € MaxR
(3) for any ideals NN' of R, NVN'=R= N°V N =R
(4) for any ideals N,N' of R, NV N'=R= N°V N =(NVN')?
(5) for any N, N' € MaxR with N # N', N° v N© = R
(6) for any N € MaxR, N is the unique member of MaxR such that N© C N.

Proof. (1) = (2): Assume (1). Let N € MaxR and a € N. By our assumption, there
exists an element a’ € R such that a Aa’ = 0 and a V d’ is maximal. Clearly, we get that
d' € (a)* and @’ ¢ N. That implies (a)* € N and hence a € N©. Therefore, N C N©.
Since N C N9, we get N = N©. Since N € MaxR, we get that N© € MaxR.

(2) = (3): Assume (2). Let N, N’ be any two ideals of R such that NV N’ = R.
Suppose N? V N’ # R. Then there exists Q € MaxR such that N7 vV N’ C Q. That
implies N° C Q and N C Q. By Proposition3, (] NP CQand ) N;O C Q.

NieW(N) NIEW(N')
That implies N® € Q and N;© C Q, for some N; € W(N) and N} € W(N'). By our
assumption, we get that N; C @ and N C Q). Since N C N;, N’ C N/, we get N C @ and
N’ C Q. That implies L = N V N’ C Q and hence (Q = R, we get a contradiction. Thus,
N°V N'? = R.

(3) = (4): Assume (3). Let N, N be two ideals of R. Then N7V N7 C (N Vv N')7.
Let a € (NV N')?. Then (a)* V(N V N’) = R. That implies ((¢*)VN)V ((a)*V N') = R.
By our assumption, we have that ((a*) V N)? V ((a)* V N')° = R. That implies a €
((a*)VN)?V((a)*V N')?. Then there exist b € ((a*)V N)? and ¢ € ((a)*V N’')? such that
a=>bVe. Since b € ((a*)VN)? and ¢ € ((a)*VN')?, we get that (b)*V ((a*)VN) = R and
(¢)* V ((a)* v N') = R. That implies (bAa)*V N = R and (¢ Aa)*V N' = R. Therefore,
bAa€ N?and cAa € N?. Hence,a =aha= (bVe)Aha=(bAa)V(cANa)€ N7V N,
Thus, (N V N')? C N7V N,
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(4) = (5): Assume (4). Let N,N’ € MaxR such that N # N’. Then there exist
a,b € Rsuch that a € N\ N and b € N'\ N. That implies N’V (a] = R and NV (b] = R.
So that N’V NV (a] V (b] = R. Therefore, N’V NV (aVb] = R. Since aVb e NV N’ we
get NV N’ = R. That implies (N V N’')? = R. By our assumption, we get N7V N7 = R.
Since N7V N’ € N° v N'©, we get N® v N'© = R.

(5) = (6): Let N,N’ € MaxR with N° C N and N'° C N. Suppose N # N'.
Then by our assumption, we have that N v N'© = R. That implies N = R, which is a
contradiction. Hence N = N'.

(6) = (1): Let @ € R and m be any maximal element of R. Suppose m ¢ (a] V (a)*.
Then (a] V (a)* € N for some maximal ideal N of R. That implies (a] C N and (a)* C N.
Therefore, a € N and a ¢ N©. Since a ¢ N©, there is a maximal ideal Ny of R such that
a ¢ Ny and N© C N;. By our assumption, we get that N = Ny and hence a ¢ N, which
is a contradiction. Therefore, m € (a]V (a)*. That implies there exists an element t € (a)*
such that a Vt = m. Therefore, a At = 0 and a V¢t = m. Thus, L is a complemented ADL.

In general, every maximal ideal of R need not be a o-ideal.

Example 2. Let R = {0,a,b,c}. Define two binary operations V and A on R as follows:

\/‘Oa b ¢ A0 a b c
0/]0 a b c 0/0 0O 0 O
ala a a a al|l0 a b c
b|b b b b b0 a b c
clec a b c c|0 ¢ ¢ c

Consider the mazimal ideal I = {0,c}. Now, (¢)* VI ={0} VI =1 # R. Hence, every
mazimal ideal of R is not a o-ideal.

Theorem 8. In an ADL R, the following are equivalent:
(1) R is a complemented ADL
(2) every mazimal ideal is a o-ideal
(3) every mazimal ideal is a minimal prime ideal.
Theorem 9. In an ADL R, the following conditions are equivalent:
(1) R is relatively complemented
(2) every principal ideal is a o-ideal
(8) every ideal is a o-ideal
(4) every prime ideal is a o-ideal

(5) every prime ideal is minimal.
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Proof. (1) = (2): Assume (1). Clearly, we have that (a]” C (a] for all a € R. Suppose
(a]° € (a]. Then there exists an element b € (a] such that b ¢ (a]’. Since a,b € R and
R is relatively complemented, there exists an element x € R such that a Vax =a Vb and
aANz = 0. Since a Az = 0, we get that a € (x)* and hence b € (z)*. That implies
aVb € (r)*, which gives zV a € (x)*. So that z € (z)* and hence z = 0, which is a
contraction. Hence, (a]” C (a]. Thus, every principal ideal is a o-ideal.

(2) = (3): Assume (2). Let K be any ideal of R and a € K. Then (a] C K. That
implies (a]” € K?. By our assumption, we get (a] C K and hence a € K?. Therefore,
K C K?. Since K? C K, we get K? = K. Thus, K is a o-ideal of R.

(3) = (4): Tt is obvious.

(4) = (5): Assume (4). Let M be any prime ideal of R. By our assumption, we have
that o-ideal of R. Let a € M. Then a € M?. That implies (a)* V M = R. There exists
s € (a)*,t € M such that sVt is a maximal element of R. Clearly, we get s ¢ M and
s Aa = 0. Therefore, for any a € M, there exists an element s ¢ M such that s A a = 0.
Thus, M is a minimal prime ideal.

(5) = (1): Assume (5). Let z,y € R such that z € [0,y]. If y ¢ (z] V (z)*. Then
there exists a prime ideal @ of R such that (z] V (z)* C @. That implies (z)* C @ and
(] € Q. So that (z)* C Q and = € Q. By our assumption, ) is a minimal prime ideal.
Since (z)* C @, we get x ¢ @, which is a contradiction. Therefore, y € (x)* V (z]. Hence,
there exist s € (z],t € (x)* such that y =tV s. Since t € (z)* and s € (x], we get t Az =0
and tAs=s Now,z=zAy=azA({tVs) =(@At)V(xAs)=xAs=s. Since
y=tVs=tVa, wegettc[0,y]. Therefore, R is relatively complemented.

Define a binary relation ¢ on R as (a,b) € ¢ if and only if (a)* = (b)* for all a,b € R.
Clearly, ¢ is a congruence relation on R with ker¢ as the smallest congruence class modulo
¢. Also, we have that R/¢ is a quotient ADL by defining [a]s A [b]g = [a A b]s and
lalg V [blgp = [a V by, where [a]4 is the congruence class of x modulo ¢. It can be easily
verified that f: R — R/¢ is a homomorphism by defining f(a) = [al4.

Lemma 2. Let ¢ be a congruence relation on an ADL R with a maximal element m and
a,b€ R. Then

(1) a <b=la]y C [bly
(2) laly = [0]s & a=0
(3) laly = [m]s & (a)" = {0}.
For any ideal K of R, define K = {laly € R/¢ | a € K}. Clearly, we have that K C K.
Theorem 10. For any a-ideal K of an ADL R, we have the following:
(1) [zl e K sz e K
(2) K is an ideal of R/

(3) iff? is a prime ideal of R, then K is a prime ideal of R/ .
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Proof. (1) Assume that [z]s € K. Then there exists an element b € K such that
la]y = [b]s. That implies (a,b) € ¢ and hence (a)* = (b)*. Since K is an a-ideal of R and
be K, we get that a € K. Assume that a € K. Then [a]s € K.

(2) By (1), it is clear.

(3) By (1) and (2), it can be verified easily.

From the above result, we get the following result:
Corollary 1. For any a-ideals K1, K> of an ADL R, K, C K & K1 C K.
For any s € R, define ([s],)° = {[tls € B/o | [slo A [fls = 0]},
Lemma 3. For any s,t € R, we have the following:
(1) ([sls)* = {[tls € R/o [ s At =0}
(2) ([slg)° is an ideal of R/¢
(3) ([0]¢)° = R/¢ and ([m]y)° = ([0]¢)°, where m is any maximal element of R
(4) te (s)" = [t € ([sly)°
(5) ()" = (1) < ([s]s)° = ([t]s)°
(6) [slo < [tlo = ([t]s)° < ([s])°

(7) ([sls)° N ([t]6)° = ([s V tl)°
Definition 11. Let K be an ideal of R/¢. Define p(K) = {laly € R/¢ | ([aly)°V K =
R/¢}, where ([aly)° V K is the supremum of ([aly)® and K in R/¢.

Theorem 11. Let K be an ideal of R with maximal elements and ¢ be the congruence
relation on R. Then we have the following:

(1) p(K) is an ideal of R/¢ contained in K
(2) if K is an a-ideal of R, then so is K in R/®
(3) if K is a o-ideal of R, then so is K in R/.

Proof. (1) Clear. N

(2) For any a-ideal K, we have that K is an ideal of R/¢. Let a,b € R such that
([a]g)° = ([bl¢)° and [a]y € K. Then we have that (a)* = (b)* and a € K. Since K is an
a-ideal, we get b € K. That implies [b], € K. Therefore, K is an a-ideal of R/¢.

(3) Let K be a o-ideal of R. Clearly, K is an ideal of R/¢ and p(K) C K. Let
laly € K. Then a € K. Since K is a o-ideal of R, we have that (a)* V K = R. Then
there exist s € (a)*,t € K such that sVt is a maximal element of R, say m. That implies
[m]y = [sN\/ tly = [s]p V [t}(évand [slp € ([aly)®. Therefore, [m]y € ([a]g)° V K and hence
(lalg)°V K = R/¢. Thus, K is a o-ideal of R/¢.

We denote Spec,R and Spec,R/¢ as the sets of all prime a-ideals of R and R/,
respectively.
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Theorem 12. For any congruence relation ¢ on R, the mapping is an order isomorphism
of Spec,, R onto Spec,R/¢.

Proof. Let M € Spec,R. Then clearly, we have that M is an a-ideal of R/¢. Let
K € Spec,R/¢. Take H = {a € R | [a], € K}. Since K is an a-ideal of R/¢, we get
that H is an ideal of R. Let a,b € R with (a)* = (b)* and a € H. Then ([a]y)® = ([b]y)°
and [a]g € K. Since K is an a-ideal of R/¢$, we get [b], € K. That implies b € H.
Hence, H is an a-ideal of R. Therefore, H =K. Clearly, we get that H € Spec,R.
Let M,N € Spec, R with M C N. Then M C N. Hence, the mapping is an order
isomorphism of Spec, R onto Spec,R/¢.

Lemma 4. In an ADL R, we have the following:
(1) every proper o-ideal contains no dense element
(2) every non-zero o-ideal is non-dense
(3) every non-dense prime ideal is an a-ideal.

Proof. (1) Let K be any proper o-ideal of R. Suppose a is a dense element of R
with @ € K. Then (a)* V K = R. That implies (0] V K = R. Hence, K = R, we get a
contradiction. Therefore, every proper o-ideal contains no dense element.

(2) Let K be a non-zero o-ideal of R. Then there exists a non-zero element a € R
such that a € K = K?. That implies (a)* V K = R. Therefore, ((a)* vV K)* = R* and
hence (a)** N (K)* = {0}. Suppose K* = {0}. Then (a)** = {0} and hence a = 0, we get
a contradiction. Therefore, K is a non-dense ideal of R.

(3) Let @ be any non-dense prime ideal of R. Then @ = (a)* for some non-zero element
a of R. Let b € Q. Then b € (a)*. That implies (b)** C (a)* = Q. Hence, @ is an a-ideal
of R.

We denote Spec’R and Spec®R/¢ as the sets of all prime o-ideals of R and R/,
respectively.

Theorem 13. For any congruence relation ¢ on R and every member of SpecR s non-
dense, there is an order isomorphism between Spec® R and Spec’ R/¢.

Proof. Let P € Spec’R. Then P € Spec’ R/¢ and hence P e Spec,R/¢. Let
K € Spec’R/¢. Then we have that K € Spec,R/¢. Take H = {a € R | [a]4 € K}. Since
K € Spec,R/$, we get H € Spec,R. Hence, H =K. Let a € H. Then la]g € H=K.
That implies ([a]s)° V K = R/¢. We prove that (a)* vV H = R. Suppose (a)* vV H # R.
Then (a)*V H C M for some M € SpecR. That implies (a)* € M and H C M. By
our assumption, we get that M is non-dense. By the above result, we have that P is an
a-ideal of R. Hence, P € SpecR/¢. Since (a)* C M and H C M, we get (la]g)® € M and
H C M. That implies ([a]s)° € M and K C M. So that R/¢ = ([a]y)° V K C M, which
gives M = R/¢, we get a contradiction. Therefore, (a)* V H = R and hence a € H°.
Thus, H C H?. Since H° C H, we get H is a o-ideal of R.
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Corollary 2. For any congruence relation ¢ on R, we have the following:
(1) there is one-to-one correspondence between Spec, R and Spec,R/®

(2) if every member of SpecR is non-dense, then there is one-to-one correspondence
between Spec’ R and Spec’ R/ ¢.

Theorem 14. For any congruence relation ¢ on R and every member of SpecR s non-
dense, every a-ideal of R is a o-ideal if and only if every a-ideal of R/ is a o-ideal.

Proof. Assume that every a-ideal of R is a o-ideal. Let K be an a-ideal of R/¢. Then
K = H for some a-ideal H of R. By our assumption, we get that H is a o-ideal of R.
Hence, H = K is a o-ideal of R/¢.

Conversely, assume that every a-ideal of R/¢ is a o-ideal. Let K be an a-ideal of R.
Clearly, we have that K is an a- ideal of R/¢. By our assumption, we get K is a o-ideal
of R/¢. Let a € K. Then [a]s € K. We prove that (a)*V K = R. If (a)* V K # R, then
(a)* vV K C M for some M € SpecR. By the hypothesis, we have that M is non-dense.
That implies M is an a-ideal of R. Clearly, we get M € SpecR/¢. Since (a)*V K C M,
we have that (a)* € M and K C M. That implies ([a]s)° C M and K C M. Therefore,
R/o = ([a]¢)°vf~( C M and hence M = R/, which is a contradiction. Thus, (a)*VK = R,
which gives K C K?. Since K? C K, we get K? = K. Hence, K is a o-ideal of R.

4. o-prime spectrum of normal ADLs

In this section, we derive the properties of prime o-ideals of a normal ADL topologically.

Lemma 5. A join of two o-ideals of an ADL R is a o-ideal of R. Also, the intersection
of two o-ideals is a o-ideal of R.

Proof. Let I,J be any two o-ideals of R. Then I = I and J? = J. Clearly, we have
that (IvJ)? C IVvJ. And also, we have that 17V J? C (IV.J)? and hence IV.J C (IVJ)°.
Therefore, (IV J)? =1V J.

Note that the set Z7(R) of all o-ideals of an ADL R is a sublattice of all ideals of R,
which is closed under arbitrary joins.

Definition 12. [6] An ADL R with mazimal elements is said to be normal if for any
x,y € L with x ANy = 0, there exist elements a,b € R such that x Na =0,y Ab =0 and
a Vb is maximal.

Theorem 15. Let R be an ADL with maximal elements. Then the following are equivalent:
(1) R is normal
(2) every minimal prime ideal is a o-ideal of R

(8) every prime ideal contains a unique minimal prime ideal
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(4) for every ideal Q,Q° is a prime ideal.

Proof. (1) = (2): Assume that R is normal. Let M be any minimal prime ideal of R.
We prove that M is a o-ideal of R. Clearly, we have that M? C M. Let x € M. Since M
is minimal, there exists an element y ¢ M such that A y = 0. Since R is normal, there
exist elements a,b € R such that t Aa =0,y Ab=0 and a V b is maximal. That implies
a € (z)",be M and a V b is maximal. Therefore, (z)* V M = R and hence M is a o-ideal
of R.

(2) = (3): Assume (2). Let P be any prime ideal of R and M, N be any two minimal
prime ideals of R such that M C P and N C P. By our assumption, we have that M
and N are o-ideals of R. That implies M? = M and N° = N. We prove that M = N.
Suppose M # N. Then choose an element = € M such that x ¢ N. Since z € M, we get
that x € M? and hence (z)* vV M = R. That implies a V b is a maximal element of R for
some a € (z)* and b € M. That implies x Aa = 0,b € M and a V b is maximal. Since
x ¢ N, we get that a € N. Since M C P and N C P, we get that a,b € P. That implies
aVb € P, which is a contradiction. Therefore, M = N. Hence, every prime ideal contains
a unique minimal prime ideal of R.

(3) = (4): Assume (3). Let Q be any prime ideal of R. We have that Q© is the
intersection of all minimal prime ideals contained in ). By our assumption, we get that
Q9 is a minimal prime ideal of R contained in Q. Therefore, Q is prime.

(4) = (1): Assume (4). Let a,b € R with a Ab = 0. Suppose (a)* V (b)* # R. Then
there exists N € SpecR such that (a)* Vv (b)* C N. That implies (a)* € N and (b)* C N,
which give that a ¢ P® and b ¢ P©, which is a contradiction to P® is a prime ideal.
Therefore, (a)* V (b)* = R. Hence, there exist elements s € (a)* and t € (b)* such that
sVt is maximal. Thus, R is normal.

Theorem 16. Let R be an ADL with maximal elements. Then R is normal if and only
if for every a € R, (a)* is a o-ideal of R.

Proof. Assume that R is normal. Let a be any element of R. We prove that (a)* is a
o-ideal of R. Clearly, we have that (a)*” C (a)*. Let b € (a)*. Then a Ab = 0. Since R
is normal, we have that (a)* V (b)* = R. That implies b € (a)*" and hence (a)* C (a)*".
Therefore, (a)* = (a)*. Thus, (a)* is a o-ideal of R.

Conversely, assume that for every a € R, (a)* is a o-ideal of R. We prove that R is
normal. It is enough to prove that every minimal prime ideal of R is a o-ideal of R. Let
M be any minimal prime ideal of R with a € M. Then there exists an element b ¢ M such
that a A b = 0. That implies b € (a)*. By our assumption, we have that (a)* is a o-ideal
of R and hence b € (a)*”. That implies (a)* V (b)* = R. That implies s V ¢ is a maximal
element for some s € (a)* and ¢ € (b)* C M. That implies (a)* V M = R. Therefore, M
is a o-ideal of R.

Definition 13. A o-ideal I of an ADL R is said to be a prime o-ideal if for any I, I €
JU(R),IlﬂIQ Cl=5LCIlorl,Cl.
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Let Spec?(R) be the set of all prime o-ideals of an ADL R. For any G C R, let
h(G) = {M € Spec’(R) | G € M} and for any a € R, h(a) = h({a}). For any two subsets
G and H of R, it is obvious that G C H implies h(G) C h(H). The following observations
can be verified directly:

Lemma 6. For any z,y € R, the following conditions hold:

(1) U h(a) = Spec” (R)

a€ER
(2) h(a) U h(b) = h(a v b)
(3) h(a) N h(b) = h(a Ab)
(4) h(a) =0 < a=0
(5) h(a) = Spec®(R) & a is a mazimal element of R.

From the above Lemma, it can be easily observed that the collection {h(a) | a € R}
forms a base for a topology on Spec?(R) which is called a hull-kernel topology.

Definition 14. For any ideal I of an ADL R, define I® =|J{J € 3°(R) | J C I}.
Lemma 7. Let I be any ideal of R. Then I is the largest o-ideal of R contained in I.

Proof. Clearly, we have that {0} is a o-ideal of R and {0} C I. That implies {0} € I
and hence I® # . Let x € I®. Then 2 € [J{J € 3°(R) | J C I}. Then there exists
J € 39(R) such that J C I and = € J. That implies x € I. Therefore, I A C I. Let
x,y € I™. Then there exist .J, K € 3°(R) such that € J,J C I and y € K, K C I. That
implies x Vy € JV K C I. Since the join of two o-ideals J and K is a o-ideal of R, we get
that z Vy € I®. Let x € I®. Then there exists J € J°(R) such that 2 € J C I. Let r be
any element of R. Then z Ar € J C I. That implies z A r € I®. Hence, I® is a o-ideal
of R contained in I. Clearly, I is the largest o-ideal of R contained in 1.

Lemma 8. Let R be an ADL with maximal elements. Then for any ideal K of R, we
have K& C K°.

Proof. Let K be any ideal of R with a € K*. Then there exists H € 3°(R) such that
a € HC K. Since H is a o-ideal of R and H C K, we get that (a)* V K = R. That
implies @ € K. Therefore, K& C K°.

Lemma 9. Let K be an ideal of a normal ADL R with mazimal elements. Then K =
K?. Moreover, K is a o-ideal of R.

Proof. Clearly, we have that K& C K?. Let a € K°. Then (a)* V K = R. Then
there exist elements s € (a)* and t € I such that a V b is maximal. Since s € (a)¥,
we have that a A s = 0. Since R is normal, there exist elements s1,{; € R such that
sA sy =0,aAt; =0 and s; V1t is maximal. Since sV ¢ is maximal, s € (s1)* and t € K,
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we get that (s1)* V K = R. That implies s; € K?. Since t; € (a)*, s1 V ¢; is maximal and
s1 € K7, we get that (a)* vV K? = R. That implies a € (K?)?, so K% C (K?)?. Therefore,
K? is a o-ideal of R contained in K. Since K% is the largest o-ideal of R contained K,
we get that K7 C K*. Hence, K© = ¢(K). Thus, K7 is a o-ideal of R.

Theorem 17. Let P be a proper ideal of an ADL R with maximal elements. Then o-ideal

P of R,P= () N©, where N runs over all mazimal ideals of R containing P.
PCN

Proof. Let P be any proper o-ideal of R and N be a maximal ideal of R with P C N.
Let a € P. Then (a)* V P = R. That implies there exist elements s € (a)* and t € P
such that s V ¢ is maximal. Since s € (a)* and ¢t € P, we have that a As =0 and t € N.
Since sV t is maximal and ¢ € N, we get that s ¢ N. Since a As =0 and s ¢ N, we get
that a € N©. Therefore, PC [ N9 Leta€ [\ N©. Then a € N© for all maximal

PCN PCN
ideal N of R containing P. Now, we prove that a € P. Suppose a ¢ P. Then there
exists a prime ideal @ of R such that a ¢ @ and P C Q. We know that a proper ideal is
contained in a maximal ideal. So that Q C M, where M is a maximal ideal. That implies
M® C Q° C Q. That implies M© C Q. Since a ¢ Q, we get that a ¢ M® and P C M,

which is a contradiction. Therefore, a € P and hence () N© C P. Thus, P= () N©.
PCN PCN

Theorem 18. Let K be a o-ideal of a normal ADL R with maximal elements. Then T%
is a normal ADL.

Definition 15. A o-ideal M of R is said to be maximal if it is mazximal among o-ideals

of R.

Lemma 10. Let R be an ADL with maximal elements. Then
(1) every mazimal o-ideal is a prime o-ideal
(2) every prime o-ideal is contained in a mazimal o-ideal.

Proof. (1) Let M be any maximal o-ideal of R. Let I,J be two o-ideals of R such
that 7 NJ C M. Now, we prove that I C M or J C M. Suppose I ¢ M and J ¢ M.
Then there exist elements a € I and b € J such that a,b ¢ M. Since M is o-maximal, we
have M V (a] = R and M V (b] = R. That implies M V (a Ab] = R. Therefore, a ANb ¢ M.
Since I, J are o-ideals of R and a € I,b € J, we get that (a)* VI = R and (b)*V J = R.
That implies (a Ab)*VINJ = R. Since INJ C M, we get that (a Ab)*V M = R. That
implies a Ab € M? = M and hence a A b € M, which is a contradiction to a Ab ¢ M.
Therefore, I C M or J C M. Thus, M is a prime o-ideal of R.

(2) Let P be a prime o-ideal of R. Consider § = {I | I is a o-ideal of R, P C I}.

Clearly, P € §. Let {I,}aca be a chain in §. Clearly, we have that (J I, is a o-ideal of
a€cA
R and it is an upper bound for {I, | « € A}. By Zorn’s lemma, § has a maximal element;

let it be M. Therefore, prime o-ideal P is contained in a maximal o-ideal M of R.
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Theorem 19. Let I be a o-ideal of R and F a closed under A such that INEF = (). Then
there exists a prime o-ideal P of R such that I C P and F NP = ().

Proof. Consider § = {J | J is a o-ideal of R,I C P and INF = (}. Clearly, I € §.

Let {Jo}aea be a chain in §. Clearly, we have that |J J, is a o-ideal of R and it is an
a€A
upper bound for {J, | « € A}. By Zorn’s lemma, § has a maximal element; let it be M.

Let I, Is be any two o-ideals of R such that Iy NIy € M. Now, we prove that Iy C M or
I, C M. Suppose I 51 M and I Q M. Then there exist elements a € I and b € I such
that a,b ¢ M. Since a € I and b € I, we have that a Ab € Iy N [a C M. Since a ¢ M
and b ¢ M, we get that M V (a] C M and M V (b] € M. That implies M V (a A b] C M.
By maximality of M in §, we have that (M V (a]) N F # () and (M V (b)) N F # (). Then
choose elements x € (M V (a]) N F and y € (M V (b]) N F. Since F is closed under A, we
have x Ay e (M V (a)NF)N((MV (b]))NF)=(MV (a Ab]) N F. By maximality of M
in §, we have that a A b ¢ M, which is a contradiction to a A b € M. Therefore, Iy C M
or Iy € M. Hence, M is a prime o-ideal of R containing I and M N F = ().

Theorem 20. Let I be a proper o-ideal of R. Then I =(\{P | P € Spec’R and I C P}.

Proof. Consider I, = (\{P | P € Spec’R and I C P}. Let a ¢ I. Then there exists a
prime o-ideal of R such that a ¢ P and I C P. That implies a ¢ I,. Therefore, I, C I.
Let 2z € I. Then (z)* VI = R. Since I is a proper o-ideal of R, choose a maximal o-ideal
M such that I C M. That implies (z)* V M = R and M is a prime o-ideal of R. That
implies x € M? = M and I C M. That implies a € I,. Therefore, I C I, and hence
I=1,.

Theorem 21. In an ADL R, the mapping I — D(I) from the set 3°(R) of all o-ideals
to the set {k(I) | I € J°(R)} is an isomorphism.

Proof. Let I,J € 3°(R) such that I = J. Clearly, we have that h(I) = h(J). Assume
that h(l) = h(J). We prove that I = J. Let © € I. Suppose that x ¢ J. Then there
exists a prime o-ideal P of R such that x ¢ P and J C P. Since J C P, we have
that P ¢ h(J) = h(I). That implies I C P. Since x ¢ P, we get that = ¢ I, which is a
contradiction. Therefore, z € J and hence I C J. Similarly, we get that J C I. Therefore,
I = J and hence this map is one-one. Clearly, it is onto and homomorphism. Thus, it is
an isomorphism.

Theorem 22. Let M be a prime o-ideal of a normal ADL R with mazimal elements.
Then M is a mazimal o-ideal of R.

Proof. Suppose there is a proper o-ideal @) such that M C Q. Now, we prove that
Q C M. Suppose that Q@ € M. Then, there exists an element = € @ such that x ¢ M.
Since x € @), we have that (z)*V @ = R. That implies there exist a € (z)* and b € @ such
that a V b is a maximal element of R. Since a € (z)*, we have that a A x = 0. Since R is
normal, there exist elements ¢,d € R such that aAc= 0,2 Ad =0 and ¢V d is a maximal
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element. Since ¢V d is maximal, we have that (¢)* N (d)* = (0] € M. Since a € (¢)*
and a ¢ Q, we have that (¢)* € Q and hence (¢)* € M. Since M is a prime o-ideal of
R,(c)* N (d)* € M and (¢)* € M, we get that (d)* C M. Since d A = 0, we have that
x € (d)* € M. That implies z € M, which contradicts ¢ M. Therefore, Q C M and
hence M = ). Thus, M is a maximal o-ideal of R.

Theorem 23. Let R be a normal ADL with mazimal elements and P a minimal prime
ideal of R. For every mazimal ideal M containing P,P = M© and P is a prime o-ideal
of R.

Proof. Let P be a minimal prime ideal of R and M be a maximal ideal with P C M.
We prove that M© = P. Let x € P. Then there exists an element y ¢ P such that
x Ay = 0. Since R is normal, there exist elements a,b € R such that t Aa =0,y Ab=10
and a V b is maximal. Since y ¢ P, we get that b € P. Since P C M, we get that a ¢ M.
Since @ ¢ M and z A a = 0, we get that € M©. Therefore, P C M©. Let z € M©.
Then there exists an element y ¢ M such that z Ay = 0. Since P C M, we get that
y ¢ P. Since x Ay = 0, we get that 2 € P. Therefore, M® C P. Hence, P = M©. We
prove that P is a prime o-ideal of R. It is enough to prove that P is a maximal o-ideal of
R. Suppose @Q is a proper o-ideal of R such that P C Q. Let = € Q. Then (z)*V Q = R.
That implies there exist elements a € (z)* and b € @ such that a Vb is a maximal element.
That implies a ¢ @ and hence a ¢ P. Since a A x = 0, we get that x € P. That implies
@ C P. Therefore, Q = P and hence P is a maximal o-ideal of R. Thus, P is a prime
o-ideal of R.

Theorem 24. Let R be a normal ADL and MinR be the set of all minimal prime ideals
of R. Then there is a continuous bijection 1 : MinR — Spec’ R defined by ¥(P) = P.

Proof. Clearly, v is a bijection. Now, we prove that ¢ is continuous. Let h(a) be open
in Spec? (R). We prove that ¢~ !(h(a)) is open in MinR. Now, ¢~ 1(h(a)) = {M € MinR |
PY(M) € h(a)} = {M € MinR | M € h(a)} = {M € MinR | a ¢ M} = h(a) N MinR.
Therefore, 1y~ 1(h(a)) is open in MinR. Hence, 1 is continuous.

Theorem 25. An ADL R is Stone if and only if R is normal and MinR is compact.

Theorem 26. Let R be a normal ADL. Then v : MinR — Spec® R defined above is a
homeomorphism if and only if R is a Stone ADL.

Definition 16. [8/ Let R be an ADL with mazimal elements and B a Birkhoff center of
R. An ideal I of R is said to be a B-ideal of R if for any x € I there exists an element
e € IN B such thate Nx = .

Lemma 11. Let R be an ADL with mazimal elements. Then every B-ideal of R is a
o-ideal of R.
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Proof. Let I be any B-ideal of R. We prove that [ is a o-ideal of R. Clearly, we have
that 19 C I. Let x € I. Since [ is a B-ideal of R, there exists an element b € I N B such
that b A x = z. Since B is a Birkhoff center and b € B, there exists an element ¢ € R such
that bAc =0 and bV cis maximal. Now, zAc = bAxzAc=0. That implies ¢ € (z)*. Since
b € I and ¢V b is maximal, we get that (z)* VI = R. That implies x € I?. Therefore,
I C I? and hence I? = I. Thus, [ is a o-ideal of R.

Definition 17. An ADL R is said to be strongly normal if for any a € R, (a)* is a B-ideal
of R.

Theorem 27. An ADL R with mazimal elements is strongly normal if and only if every
o-ideal of R is a B-ideal.

Proof. Assume that R is strongly normal. Let I be any o-ideal of R. Let z € I.
Then I V (z)* = R. That implies there exist elements i € I and y € (z)* such that ¢ V y
is maximal. That implies y A x = 0 and ¢ V y is maximal. By our assumption, we have
that (z)* is a B-ideal of R. Since y € (z)*, there exists an element b € (z)* N B such
that b Ay = y. Since b € B, there exists an element ¢ € R such that b A ¢ = 0 and
bV ¢ is maximal. Since b A ¢ = 0, we have that y Ac = 0. Now, iAc= (iAc)V0 =
(iNc)V(yAc)=(iVy)Ac=c, since iV y is maximal. Since ¢ € I, we get that ¢ € I.
Now, cAhx =0V (cAz)=(bAz)V(cAz)=(bVec)ANx =z, since bV ¢ is maximal.
Therefore, I is a B-ideal of R.

Conversely, assume that every o-ideal of R is a B-ideal. We prove that R is strongly
normal. Let z € R. We prove that (z)* is a B-ideal of R. Let y € ()*. Then z Ay = 0.
Since L is normal, there exist elements a,b € R such that t Aa =0,y Ab=0and aVbis
maximal. That implies (y)*V (z)* = R. That implies (z)* C (2)** and hence (z)*” = (z)*.
Therefore, (z)* is a o-ideal of R. By our assumption, we get that (x)* is a B-ideal of R.

Theorem 28. For any o-ideal I of an ADL R with mazimal elements, h(I) is clopen in
Spec?(R) if and only if there exists an element e € B such that I = (e].

Proof. Let I be any o-ideal of R. Assume that h(I) is clopen. Then Spec’R \
h(I) = h(J). That implies h(I) U h(J) = Spec’R and h(I) N h(J) = 0. That implies
h(IV J) = Spec’R and h(INJ) = 0. That implies IVJ = R and INJ = {0}. Let z € I.
Then z € I9. That implies (z)* VI = R. That implies there exist elements y € (z)* and
i € I such that y V¢ is maximal. Since IV J = R and I NJ = {0}, we have that i V j is
maximal and i A j = 0 for all j € J. That implies i € B. Now, we prove that I C (i]. Let
xel Now,z=(@Vjij)ANz=>GAx)V(jAz)=(iANx)V0=1iAz That implies = € (i
and hence I C (i]. Therefore, I = (i].

Conversely, assume that there is an element e € B such that I = (e]. Since e € B, there
exists an element f € R such that e A f = 0 and e V f is maximal. Now, h(e) N h(f) =
hie A f) = h(0) = 0 and h(e) Uh(f) = h(e V f) = Spec?(R), since e V f is maximal.
Therefore, h(I) is clopen.
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