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Volterra-Composition Operators Acting on S? Spaces
and Weighted Zygmund Spaces
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Abstract. Let ¢ be an analytic selfmap of the open unit disk D and g be an analytic function on
D. The Volterra-type composition operators induced by the maps g and ¢ are defined as

(171) / Fe(C)g(Q)d¢ and (TE1) ( / (@O (Q)dC.

For 1 < p < oo, SP(D) is the space of all analytic functions on D whose first derivative f’ lies in
the Hardy space HP (D), endowed with the norm || f||ls» = |f(0)| + || f'||z». Let p: (0,1] = (0, 00)
be a positive continuous function on D such that for z € D we define p(z) = p(]z]). The weighted
Zygmund space Z, (D) is the space of all analytic functions f on D such that sup,p p(2)|f"(2)]
is finite. In this paper, we characterize the boundedness and compactness of the Volterra-type
composition operators that act between SP spaces and weighted Zygmund spaces.
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1. Introduction

Let D be the open unit disk {z € D : |z| < 1} in the complex plane C. Let H(D) be the
space of all analytic functions on the open unit disk D. For 1 < p < oo, the analytic Hardy
space HP(D on the unit disk D is the Banach space of all analytic functions f € H(D)
such that

11 = sup / F(rQ)Pdo(¢) < oo,
oD

0<r<1

where o is the normalized Lebesgue measure on the boundary of the unit disk. For f
belongs to HP(D), it is well known from Fatou’s theorem that the radial limit

£1©) = tim £(r¢)
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exists for almost all ¢ on dD. Moreover,

11 = /8 RIRGIIG

for all finite values of p. We often use a standard synonym of notation of writing f instead
of f*. For 1 < p < oo, SP(D) is the space of all analytic functions on the unit disk D
whose first derivative f’ lies in the Hardy space HP(D) endowed with the norm

1 £llse = 1F O+ [1£ ]l -

One can easily show that SP is a Banach space with respect to this norm. It is well known
that SP is a Banach algebra when the norm of f € S? is defined by || floc + ||.f||». For
more information about these spaces we refer the readers to the monograph [5], the papers
([1], [2]), and the references therein.

Let p : (0,1] — (0,00) be a positive continuous function on I such that for z € D we
define p1(2) = p(|z|). The weighted Zygmund space Z,, is the space of all analytic functions
f on the open unit disk D such that

sup u(2)|f"(2)| < oo
z€eD

It is a Banach space with the norm
£ 1|z, = [FO)] + 1f(0)] + Sugu(Z)\f”(Z)l-
zE

When p(z) = 1 — |2|?, this space is known as the classical Zygmund space Z. From
Zygmund’s theorem ([6], Theorem 5.3),we know that f € Z if and only if f is continuous

on D and
‘f (ei(9+h)) 1 f (ei(afh)) _of (ez‘e)}
h

where the supremum is taken over all # € R and h > 0.

IfI] = sup < o0,

Let g be an analytic function on D, the Volterra type operator (see [18]) is defined as

(T,f) (2) = /O Qg (0,

where f € H(D) and z € D. Note that T, can be viewed as a generalization of the cesaro
operator whose first studied by Aleman and Siskkis [4].

It is natural to define another Volterra type operator I, as follows

(I,f) (=) = /0 T FOg(O)dc.
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Recently, many researchers considered these operators and characterized their bound-
edness and compactness between various spaces of analytic functions, for example see ([3],
[8], [10], [11], [12], [13], [14], [16], [20]) and the references therein.

Let ¢ be an analytic function maps D into itself, the composition operator induced by
¢ is defined on the space H (D) of all analytic functions on D by

Cof(2) = f(#(2)),

for all f € H(D) and z € D. It is well known that the composition operator C,f = f o ¢
defines a linear operator C, which acts boundedly on various spaces of analytic or har-
monic functions on D. These operators have been studied on many spaces of analytic
functions. During the past few decades much effort has been devoted to the study of these
operators with the goal of explaining the operator-theoretic properties of Cy, in terms of
the function-theoretic properties of the induced map ¢. We refer the reader to the mono-
graphs ([5], [7], [9], [15], [17], [22], [23]) and the references therein.

Let g be a fixed analytic function on D, f an analytic function of D and z € ID. The
Volterra type composition operators are defined as

(T1) ( / Fe(O)g (),

(171) / F(e(O)gl(C)dC.

The classical Volterra operators are obtained in the case when ¢(z) = z. These operators
have been studied by many researchers, for example see ([3], [11], [12], [19], [21], [24], [25])
and the references therein.

In this paper, we are investigating the boundedness and compactness of the Volterra
type composition operators Ty and I acting between SP(D) spaces and weighted Zyg-
mund spaces Z,.

2. Preliminaries

In this section we present some well known, but useful, information that are curial
for the main results of this paper. The following lemma is a well known fact that can be
proven by using Cauchy estimates, so we omit the proof.

Lemma 1. If {f,} is a sequence converges to zero on compact subsets of D, then {f]}
also converges to zero on compact subsets of D as n — oco. In particular if K is a compact
subset of D, then lim sup |f'(w)| = 0.

n—oo weK

The following lemma is a know fact, for the readers who are interested in its proof we
refer them to (Theorem 1, [16]).
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Lemma 2. If1 < p < oo, the following are true:

(i) SP(D) C SY(D) c H>;

(1i) | flloo < mllfllsrmy < 7l fllspm)s

(iii) SP(D) is a Banach algebra;

(iv) polynomials are dense in SP(D).

3. Boundedness and Compactness of /7

In this section, we characterize the boundedness and compactness of the operator I
acting between S? spaces and weighted Zygmund spaces Z,,. The results will be written
in terms of

Ky(e) - M)
(1= Jp(2)[)"/"
and
1(2)|g(2)1l¢' (2)]
(1= |(z)[2) PP
where z € D, g € H(D), and ¢ is the analytic selfmap of .

KQ(Z) =

In the following Theorem 1, we characterize the boundedness of I that acts between
SP spaces and weighted Zygmund spaces.

Theorem 1. Let g be an analytic function on D and ¢ be an analytic selfmap of D. Then
Iy SP — Z,, is bounded if and only if

M; =sup Ki(z) < oo and My = sup Ka(z) < co.
zeD zeD

Proof. Suppose that I : S” — Z,, is bounded.
First, for a fixed w € D we consider the test function

S (1 _ |(p(w)‘2)(2p—1)/p
Pl = =)

By direct calculations, we get

”fl,wHSp = ||f{,w||Hp < 2(21)—2)/17’ (1)

, _ 1
Falelw) = 2)
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and

; 2¢(w)
Lw(p(w)) = (1— ’so(w)|2)(p+1)/p'

Therefore, we obtain the following

(12 frw)” (w) = (f1 4 (p(w))g(w))’
= f1uw(p(w))g(w)¢' (w) + fi ., (p(w))d (w)
2 (w) ¢! (w)g(w) g (w)
(1= [(w) )PP (1~ [p(w)[2) P
Moreover, we consider another test function

(1 _ |4P(w)‘2) (3p—1)/p

Pl = S e

By direct calculations, we get

1 f2llse = |l fallee < 2627272,

A |
B = T
and
! (o) = — 22

(1— ’¢(w)|2)(p+1)/p'

Similarly, we obtain the following

" 3p(w)¢' (w)g(w) g (w)
17 fo) (w) = +
Ui fae) ) = B T 1 o)

Now, using equations (4) and (5), we get

" " WS"/(W)Q(U’)
(Iffzw) (w) — (Ig)flﬂ,u) (w) = (1- ‘¢(w)|2)(p+1)/17'

Hence, by the boundedness of I : S* — Z,, we have

u(w) [plw)e (w)g(w)
(1= () [2) D77

< G M f2,wllse + (1G] f 1l 57
< ||| <2<3p—2)/p 4 2<2p—2>/p>

<Cy

935
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On the other hand, Lemma 2 tells us that polynomials are dense in SP spaces. Thus
P,(z) = 2" in SP and we get the following

7)) = ( [ Pltetonatuyan) '

([ o)

=9'(2)-

Similarly, we obtain the following

Hence, using the previous equations, we get

2('9) (2) = (I7P2)" (2) = 20(2) (IT P1)" (2)- (7)

Therefore, using equation (7) we get

A

1
sup p(w)|¢'(w)g(w)] < 5|15 Pollz, + sup (IIIfPleM sup IsO(w)|>
weD weD weD

IN

LN P2l gp + ([ LZ NP1 sp
< O

Now, for a fixed 0 < r < 1, consider w € D such that 0 < |p(w)| < r < 1. Then we get

pw)lp()¢/ (wgw) _ _p(w)le'(w)g(w)|
(1= lp(w)2) "2 (1= fpw)2)

Cy
- (1 o T,Q)l—l-l/p

Moreover, consider w € D such that r < |p(w)| < 1. Then we get

plw)re'(w)g(w)] - plw)lp(w)e' (w)g(w)]
(1-— ‘w(w)’2)(17+1)/17 T o(1- |(p(w)’2)(p+1)/1>

< |12 (2(3p72)/p i 2(2p72)/p) ‘
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Hence, using equation (6), we get

p(w) ¢’ (w)g(w)| C
(1— |(p(w)|2)(p+1)/p = 71 (9)

Therefore, using inequalities (8) and (9), we get

w(z)|¢' (2)g(2)|
e L R

< @ + _ G
< max § — i 7"2)1“/”

Second, for a fixed w € D, using equations (2), (3) and (4) we get

(l‘f“”;'(f’ﬂ 1 = 100190 . (0) 4 a0 ) = ) )

= () | (I fr)” () — 2p(w)g(w)y

2u(w)|o(w)g(w)e (w
< I ol + p(w)p(w)g <p)( )l

< ||I;H||f1,w||SP + 2M2.

Taking the supremum over all w € D, we get that M; < co.

Conversely, Suppose that conditions M7 and Ms are finite. Let f € SP, then it is well
known, see [6] or [23], that for all z € D we have

/ [PMIEE
[f1(2)] < Wa

and

LS| 22

(= Py

()] <

Therefore, for z € D, we have

w2 |(120)" ()] = ()
(
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(My + Ma) ([| flls» = 1£(O)])

<
< (My+ Ma) || f|lse-

Taking the supremum over all z € D, we get

(L5 f) ()2, < (M1 + Ma)[|f]sv-

Hence, I is bounded, as desired.
In the following Theorem 2, we characterize the compactness of Ij that acts between

SP spaces and weighted Zygmund spaces.

Theorem 2. Let g be an analytic function on D, ¢ be an analytic selfmap of D and
17+ SP — Z,, be bounded. Then I3 is compact if and only if

lim Ki(z) =0 and Iim Ks(z)=0. 10
o, H12) o, H2(2) (10

Proof. Suppose Iy is compact. Let {z,}nen be a sequence in the open unit disk D
such that |¢(z,)| — 1 as n — oo. For each n € N, consider the test functions fi,, and
f2,0 we used in the proof of Theorem 1 with w = z,.

Then, we get
Froon (@(20)) = @(z0) (1 = lo(za)?) 7,

and

Foma (o) = 22 (1 o)) 7 (2 - () )

Hence, the sequences {fi ., } and {f2.,} converge to zero uniformly on D. Then, by the
compactness of I, f , we get

T (15 f1 1z, =0 and lim (15 £, [z, = 0. (1)

Now, following similar argument as in the proof of Theorem 1, we get

w(zn) M@/(Zn)g(zn)

< g frwllz, + 15 follz,- (12)
(1= lp(zn)2) 7 " "
Hence, using equations (11) and (12), we get
/

n—0o (1 — |¢(zn)|2)(p+1)/p -
Moreover, following similar argument as in the proof of Theorem 1, we get

211(2n) | ¢ (2n)g(2n)|
(1=l (zn) )P0

Bl g ()l _

14
(1= lel) B )

1 f1wllz, | +
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Hence, using equations (11) and (14), we get

f1(2n) 19’ (zn)| _
P (1= ) )P

(15)

Therefore, equations (13) and (15) give us the desired conditions

Iim Ki(z)=0 and lim Ko(z)=0.
o, 1) oo, K2(2)

Conversely, suppose conditions (10) hold. Then for e > 0, there is § € (0,1) such that
Ki(z) < € and Ks(z) < € whenever § < |¢(z)| < 1.

Let {fn} be a bounded sequence in SP such that sup || fn||se < L and {f,} converges
neN
to zero uniformly on compact subsets of D. Let U = {z € D : |p(z)| < 0}.

Now, it is clear that

sup a(2) | (17 1) (2)
zeD

< swp )| ()" ()] + sup it | (174)" )

First, we consider the case |p(z)| > 0 then we have

w() |15 1) ()] = 02) | £ ()2 (2)g(2) + o) )]
pI (2)g(2) #(2)lg' (2)

= W= le)P) o fallzr + (1= |p(2)]2) 1/ Il
< (K2(2) + Ki(2)) || fnllse
< 2Le. (16)

Second, we consider the case |p(2)] < §. Since I is bounded and polynomials are
dense in SP(D), by taking f(z) = z we get

sup (=) | (17 )" ()] = sup (=)l (2)] < ox, (17)
zeD z€eD
and by taking f(z) = 2? we get

up p(2) z5)" (=)

=2 iggu(Z)\so(Z)g’(Z) +¢'(2)9(2)| < 0. (18)

Using equations (17) and (18), and the boundedness of ¢(z) we get
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C1 = sup p(2)|g'(2)] < oo,
zeD
and

Cy = sup p(2)|¢'(2)g(2)| < o0
zeD

Hence, for |p(z)| < 0, using these facts we get

w() |15 12)" ()] < Cal Fe(2D)] + Ca [ Falpl2))] (19)

Since {f,} is bounded in SP and converges to zero on {w € D : |w| < ¢}, so do the
sequences {f/} and {f//} by Cauchy’s estimate.

Thus, there exists N € D such that for all n > N and w € D with |w| < ¢ we have

[fa(w)l <e and  [fl(w)] <e

Hence, using inequality (19), we get

sup (2) | (£ £a)" (2)] < Ca sup | f(w)] + C1 sup [£1(w)].
zeD |lw|<d lw|<d

< (Cl —+ 02)6. (20)
Now, using inequalities (16) and (20), we get
11§ Fullz, = 11200 (O)] +sup | (If 1) (=)
ze
< [fn(£(0))g(0)| + 2Le + (C1 + Ca)e
Since {f}} converges to zero uniformly on compact subsets of D, it converges point-

wise. Thus, |f}(¢(0))g(0)] — 0 as n — 0.

Hence, for arbitrary e > 0, we get |17 fullz, — 0 as n — 0. Therefore, I is compact,
which completes the proof.

4. Boundedness and Compactness of T/

In this section, we characterize the boundedness and compactness of the operator Ty
acting between SP spaces and weighted Zygmund spaces Z,,. In the following Theorem 3,
we characterize the boundedness of T} that acts between SP spaces and weighted Zygmund
spaces.

Theorem 3. Let g be an analytic function on D and ¢ be an analytic selfmap of D. Then
Ty : 8P — Zy, is bounded if and only if g € Z,, and

s )
I ST R
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Proof.  Suppose T7 : S — 2, is bounded. Since polynomials are dense in S?,
Pi(z) =1 € SP. By the boundedness of Ty, we get || Ty P1|lz, < oc.

Therefore,
sup ulg"(2)| = sup | (T7 )|
z€eD zeD

< |75 Prllz,

< 00,

which gives us that g € Z,.

Second, consider the test function fi ., we defined in the proof of Theorem 1. Then,

(TF frw)" (w) = (frw(ep(w))g' (w))’

= frw(e(w))g" (W) + fi.,(e(w))¢' (w)g (w)
o' (w)g'(w)
= Ralelw)gw) + S
Therefore, by the boundedness of Ty and equation (1), we get

| _)'m)’ T < ) |17 )" 0] + IS @l )
< T Fowlle, + gl Il
< T I frsollsr + gl Il
< (ITF1 + lgllz,) 2072

Taking the supremum over all w € D, we get

p(w)|e' (w)g' (w)] < 0o
wed (1 — |p(w)[2)P

Conversely, suppose g € Z,, and condition M3 is finite.

Let f € SP and z € D. Then, by using Lemma 2, we get

u() (158" <z>] = u(2) ](f«o( N (2))|
1(2) |£(0(2)g" () + £ (@(2)¢ (2)9'(2)
2)

< Dol e+ 1

< mllgllz, 1 fllse + Ms| fllse.
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Since g € Z,, and f € SP, by taking supremum over all z € D, we get

sup f1(2)
zeD

(T5)" (2)] < Cl Sl (21)
for some constant C'.
Finally, using equation (21), we get
177 fllz, = | (T3 ) O] +| (T70) O + supu()| (770)" =)
<|@n o]+ Cifls
< (€ +O)fsr,

for some constant C*. Hence, Ty is bounded, as desired.

The following Theorem 4 characterizes the compactness of Ty : S” — Z,, whose proof
is similar to that of Theorem 2 and Theorem 3. So the details are omitted.

Theorem 4. Let g be an analytic function on D and ¢ be an analytic selfmap of D. Then
Ty : 8P — Zy, is compact if and only if g € Z,, and

p(2)lg' ()|l (2)]

p(2)=1 (1 — |p(2)[2)/P
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