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Abstract. In this paper, we introduce a new class Bfn(a, 6) of functions which is defined by hyperge-
ometric function and obtain its relations with some well-known subclasses of analytic univalent func-
tions. Furthermore, as a special case, we show that convex functions of order 1/2 are also members of
the family Bfn(a, 6).
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1. Introduction

Let ./ denote the class of functions of the form
o0
F@ =2+ a,:z" (1)
n=2

which are analytic and univalent in the open disc U = {z : |z| < 1} and normalized by
f(0) =0 = f7(0) — 1. We denote by S*(a) and K(a) the subclasses of ./ consisting of all
functions which are, respectively starlike and convex of order a. Thus,

z2f/(2)
f(2)

S*(a)Z{ferf:Re( )>a,0§a<1,z€U}

and

z2f1/(2)
f1(=z)

K(a):{feﬂ:Re(1+ )>a,0§a<1,z€U}.
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We notice that K(a) € S*(a) C .«f. Further,
Rl@)={fe.od:Re(f/(z)) >a, 0<a<1,z€U}.

If f and g are analytic functions in U, we say that f is subordinate to g, written f < g,
if there is a function w analytic in U, with w(0) = 0, |w(z)| < 1, for all z € U such that
f(2) = g(w(z)) for all z € U. If g is univalent, then f < g if and only if f(0) = g(0) and
fU) < g).

For functions ® € .«&/ given by ®(z) = z+ Z ¢,2" and ¥ € ./ given by ¥(z) = 2+ Z Pz",

n=2 n=2
we define the Hadamard product (or Convolution ) of ® and ¥ by

@+ V)(@) =2+ 2", z€U. 2)
n=2

For complex parameters ai,...,a; and fy,...,B, (B; # 0,—1,...;j = 1,2,...,m) the
generalized hypergeometric function F,,(z) is defined by

_ _ N (a1)y--- (o), 2"
lFm(z):lFm(al,...al,[a’l,...,ﬁm,z) = Z(ﬁll)n (ﬁm)n Tl' (3)
(I<m+1;l,meN, := Nu{0};z€U)

where N denotes the set of all positive integers and (a),, is the Pochhammer symbol defined

by
1, n=0
(o) = { a(a+1)(a+2)...(a+n—1), neN. )

Let H(aq,...a;5B1,-.-,Pm) : . @ — . be a linear operator defined by
[(H(ay,...a;; 1, B))()(2) = 2z Fplag,ag,...a;5B1, B2, B3 2) * f(2)
o0
= z+2f‘n a,z" (5)
n=2

where

(al)n—l e (al)n—l

T DI B

For notational simplicity, we can use a shorter notation H rln [a;] for H(aty,...a;; P15 Bm)
in the sequel. The linear operator H}n[al] is called Dziok-Srivastava operator (see [3]), in-
cludes (as its special cases) various other linear operators introduced and studied by Bernardi
[1], Carlson and Shaffer [2], Libera [6], Livingston [7], Ruscheweyh [8] and Srivastava-Owa
[9].

ForO<a<1landé >0,let Bﬁn(a, &) consisting of functions of the form (1) and satisfying

the condition
H}n[a1+1]f(z)( z )5_1
z H! [a;]f (2)

(6)

<l-a,z€U. 7
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The class an(a,6) is a unified class of analytic functions which includes various new
subclasses of analytic univalent functions. We observe that

Example 1. If l=2and m=1with a; =1, a, =1, ; =1 then

P o
f1e) (m) !

The class B%(a,6) has been studied by Frasin and Jahangiri [5]. Further B%(a, 2) has been
studied by Frasin and Darus [4]. Also we note that Bf(a, 1)=S*(a) and Bf(a, 0) =R(a).

<1—a,520,0§a<1,z€U.}

B%(a,5):= {feﬂ:

Example 2. Ifl=2and m=1witha; =n+1(n>—-1),a,=1, f; =1, then

Dn+1f(z) P ) .
(D”f(Z)) B

<1—a,n>—1,520,0§a<1,zeU.},

B(n,a,6) := {feﬂ:

where D" f (z) is called Ruscheweyh derivative operator [8] defined by

Df(z):= *f(z)EHf(n+1,1;1)f(z).

(1—z)nt!
Also we observe that B(0,a,1) = K(a).
Example 3. Ifl=2and m=1with a; =u+ 1(u>—1), ay =1, f; = u+ 2, then

Ju-i—lf(z) ( b4 )5_1
: 0@

where J,, is a Bernardi operator [1] defined by

<1—a,u>—1,520,0§a<1,zeU},

B(u,a,8) := {feﬁ:

pt1
ZM

Juf(2) =

Z
f (At =HA(u+ 1,1+ 2)f (2).

0
Note that the operator J, was studied earlier by Libera [6 ] and Livingston [7].
Example 4. Ifl =2 and m =1 with a; =a(a > 0), a, =1, 1 =c(c > 0), then

Lla+1,0)f(2) Z g 1
z (L(a,c)f(Z)) -

B(a,c,a,5):={f€ﬂ': <1—a,620,0§a<1,z€U},

where L(a,c) is a well-known Carlson-Shaffer linear operator [2] defined by

L(a,0)f(z) := (Z Ealzkﬂ) % f(2) = H?(a,1;0)f (2).
=0 (k

The object of the present paper is to investigate the sufficient condition for functions to be
in the class Bfn(a, 6). Furthermore, as a special case, we show that convex functions of order
1/2 are also members of the family Bfn(a, 8).
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2. Main Results

To prove our results we need the following lemma.

Lemma 1. [5] Let p be analytic in U with p(0) = 1 and suppose that

zp/(2) 3a—1
Re {1 . 8
N+ T ) e ®
Then Re {p(2)} > a for z € U and % <a<l.
Using Lemma 1, we first prove the following theorem.
Theorem 1. Let f(z) be the functions of the form (1), 6 > 0 and % <a<l.lIf
H! [a; +2]f (2 H [a; +1]f(z
(a;+1) ;"[1 V) sa, m[ll V) a6-1)< 1482, 9)
H [a; +1]f(2) H, [a,]f ()
where f = 3‘;;1, then f(z) € Bfn(a,5).
Proof. Define the function p(z) by
H! [y +1]f(2) z °
p(z) = —— l (10)
z H, [a11f (=)

Then the function p(z) is analytic in U and p(0) = 1. Therefore, differentiating (10) logarith-
mically and the simple computation yields

H! [a; +2]f(2) H! [a; +11f(2)

zp/(z) _5a
Hila;+11f(x) ~  HL[a]f(2)

oG (a;+1)

By the hypothesis of the theorem, we have

zp/(2) 3a—1
Re {1+ () }> 5

+a;(6—-1)—1.

Hence by Lemma 1, we have

l 5
Re Hm[al 1) ( z ) >a,z€U.
z H [a1]f(2)

Therefore in view of definition f(z) € Bfn(a, 6).

Forl =2 and m =1 with a; =a(a > 0), a, =1, ; = c(c > 0), we obtain the following
corollary.
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Corollary 1. Let % <a<l.Iff €.« and

3a—1
2a

[a+2,c]f(z)_ Lla+1,c]f(2)
[a+Laf © Llacdf()

Lla+1,c]f(z) Z g
‘ 2 () [7ere

Therefore f(z) € B(a,c,a, ).

Re {(a+1)§ +a(5—1)}> ,2€U,

then

Takingl =2and m=1witho; =p+1(u>-1), a, =1, f; = u+2, we get

Corollary 2. Let % <a<l.Iff €.« and

3a—-1

Ju+2f(z) Ju+1f(z)
— = o+ ) ———— 2a

JH+1f(Z) J‘uf(z)

Ju+1f(z) z °
e{ . (Juf(z)) }>a,z€U.

Therefore f(z) € B(u,a, ).
Choosing l =2and m=1with a; =n+1(n>—-1),a, =1, f; =1, we have

Re {(,u+2) +(,u+1)(5—1)}> ,z2€U,

then

Corollary 3. Let % <a<l.Iff €. o and

3a—1
2a

D"*2f(z) Df(2)
m+1—m—5(n+1)m+(n+l)(5—l)} >

Dn+1f(z) P )
Re { . (D”f(z)) }>a,z€U.

Therefore f(2) € B(n,a,d).

,2€U,

Re {("r) +2)

then

Choosing | =2 and m =1 with ¢; =1, a;, =1 and f3; = 1, we have
Corollary 4. [5]If f € .« and

1 / 3a—1
2f1) | (1_2f (z))} _3a

f1(z) f(=)

9 9]
Re {f/(z) (m) }>a, zeU.

Re {1—|—

then

Therefore f(z) € Bf(a, 8).
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Choosingl:2andm:1witha1:2,a2=1,[51=1,6:1anda=%wehave

Corollary 5. If f € .« and

22f 11+ 6zf11(z)+6f1(z)  zf11(2) 3 U
2of R +efrn @) |2 S

then

z2f 11(z)
Re {1+ F102) }>0,z€U.

That is, f(z) €K.

Choosing | =2 and m =1 with a; =2, a2=1,[51=1,6:Oanda=%wehave
Corollary 6. If f € .« and

e{zzf///+4zf//(z)+2f/(z)} 1

>—-z€U,
2f1(z)+zf 1 2

then

zf//(z)} 1

Re /(z) + >—,ze€Ul.
{f() LA

Choosingl:2andm:lwithalzl,a2=1,[51=1,6:1anda=%wehave

Corollary 7. If f € .« and

{Zf//(Z)_Zf/(Z)}> 3
‘N~ @ 2 =

then

z2f1(2) 1
Re { O) }>§,z€U.

That is, f(2) is starlike of order 1/2 .

Choosingl:2andm:lwithalzl,a2=1,[51=1,6:Oanda=%wehave

z2f 11(z) 1
Re {1+ F102) }>§,Z€U

Corollary 8. If f € .« and

then
1
Re {f/(2)} > 5> 2€U.
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