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Abstract. In this paper, we investigate and analyze the Apostol numbers and polynomials, ex-
tending these properties by integrating them with the multi-polylogarithm function. Through this
approach, we establish new properties and introduce a novel concept, which we refer to as the
Apostol-type multi-poly Genocchi polynomials with parameters a,b, and ¢. Several properties of
these polynomials are established including identities, the relation to Bernoulli polynomials, in-
cluding some recurrence relations, addition and explicit formulas which are parallel on generalized
poly-Genocchi polynomials.
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1. Introduction

The Genocchi numbers, denoted by G, are an important sequence of integers that
arise in various areas of mathematics, including combinatorics, number theory, and graph
theory. They were named after the Italian mathematician Angelo Genocchi (1817-1889),
who studied it extensively. The Genocchi polynomials are related to the well-known
Bernoulli and Euler polynomials a famous work of Jakob Bernoulli (1654-1705) when
he studied the sums of the pth power of the first n — 1 integers 17 + 2P 4 3P + (n — 1)P.
One of the outgrowths on the generalization of classical Bernoulli polynomials By, (z) is
the development of the poly-Bernoulli numbers BY and polynomials BY (x). Many
researchers in recent decades provided relation to Euler numbers E,, and polynomials
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k)

E,(z), Genocchi numbers G,, and polynomials G, (x), poly-Euler numbers E,(l and poly-

Euler polynomials E,(Zk) (x), poly-Genocchi numbers Qflk) and poly-Genocchi polynomials

G (x).
In 1970 J.M. Gandhi [1] presents the conjectured of Genocchi Numbers by

Con = (—1)NZ 122 T8 T(N-1)?

where > notation is defined by

SR =k = (k= 1)) K (k-
STERY -1 =k2Y (k1) (k- 1)) &
=k2{<k+1>2—k2}—<k—1>2{k2—<k—1>2}

which generalizes to the recurrence form

DY (k=12 (kNP =ED) (k+ 12D (k+2)%- ) (k4 N)P=(k—1)2) E) (k+1)?

The recurrence relation was proved by Riordan and Stien [2] by means of Analytic Cal-
culus. There are several ways to define the Genocchi numbers. In this paper, we adopt
the definition of [3—8]which are a sequence of integers that are defined by the exponential
generating function

S Zgn oM< (1)

with the usual convention about replacing G™ by G,, is used. These are few Genocchi
numbers: Go =0, Gy =1, Go = -1, G3 =0, Gy =1, G5 =0, Gg = —3, Gy = 0,
Gg = 17,and etc.

The classical definition of Genocchi Polynomials, denoted by G, (z), is usually defined
by means of the exponential generating function

e Zgn o < e

where G, () is the Genocchi polynomials of degree n and is given by

G = (}) G

k=0

The first few Genocchi polynomials are [9]: Gi(z) = 1, Go(x) = 22 — 1, G3(z) = 322 — 3u,
Gy(x) = 42% — 622 + 1, G5() = 5% — 1023 + 52
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2. Preliminaries
2.1. Generating Function and Polylogarithm and Genocchi Polynomials

1
The geometric series [10] 1= 14+x+2%+234 ..., has formal power series S 2",
- n>0

say for example the generating function of a + ab+ ab®> + ab® + ... = Z ab™z" is ] ab .
—bx
n>0
Also the exponential generating function for the sequence of numbers (a,) is defined to
wT
be the power series ag + a1{; + a23; + ag% +...otagt+.. = Zar—. Consider the
: ' : : r!

sequence (a,) = (1,k,k% k3,... k",...) where k is a nonzero constant. The exponential

[e.e]
(k)"
generating function for (a,) is 1 + T+ kz‘f +...= Z = ek

r=0
The classical polylogarithmic function [11] is defined by

o n

Li(:) =) (3)

n=1

which is the k-th polylogarithm if £ > 1 and a rational function if £ < 0.
The multiple polylogarithms [12] are defined by

z
Likbk%ksv“‘ e (Z) = Z mkl ka e mkr ’ (4)

0<mi<ma...<m, "1 2 T
where ki, ko, - - - , k, are positive integers and z a complex number in the unit disk. For

r =1, this is the classical polylogarithm L;, (z).

2.2. Variation of Genocchi Polynomial

Different authors who studied the work of Apostol, used generating functions with a
twist—inserting a parameter A—which gave them a greater flexibility and allowed connec-
tions to new types of zeta functions, when they were studying in the generalization the
Bernoulli polynomials. Then several mathematician was intrigue of this grand work and
further do more research on it which now resulted to the closed relation of and several
variation of Bernoulli, Euler, and Genocchi polynomials. One of the interesting result that
arise from those researches is the Apostol-Genocchi polynomial.

xt
ng)\n! /\et—i—l ’ (5)

Other variations of Genocchi polynomials that appeared in the literature is the Apostol-
Genocchi polynomials of higher order, which defined by

N tn 2t \*
Z;)g( )(%}\)m = ()\et+1 € t, (6)



M. Laurente, AZ D. Ababa / Eur. J. Pure Appl. Math, 18 (4) (2025), 5203 4 of 19

(see [13], [14], [3, 15, 16],[8]).

It is also important to note that the notation of Araci in equation (7) of higher order
denoted by k has a different meaning in the notation of £ the poly-Logarithm other re-
searchers like Corcino, Lou, Srivastava, who study the higher order of Genocchi polynomial
is using « to denote the higher order.

> tn 2t \*
(k) h— xt
n§_ogn (ﬂ?)n! (et+1> e™, (7)

Araci [15] and Kim et al. [14] did some research on equation (7), the Genocchi polyno-
mials of higher order arising from Genocchi basis. The main objective of their studies is
to derive interesting identities on (5) using a new method constructed by Kim et al. [17].

Moreover, Araci and He [3, 15, 16] introduced (7) an extension of the classic Genocchi
polynomials called the Apostol-Genocchi polynomials from which Araci [8] introduced (6)
the higher order of such polynomials as the generalized Apostol-Genocchi polynomials
gﬁf“) (z,\) of order k € C,

Another variation of Genocchi polynomials, is also known as poly-Genocchi polynomi-
als, was introduced by Kim et al. [18] using the concept of kth poly-logarithm, denoted
by Lig(z), which is given by

> " 2L (1—e)
E (k) _ S xt
vt G (@) n! d+1 (8)

Moreover, a modified poly-Genocchi polynomials, denoted by gff% (z), were defined by
Kim et al. [19] as follows

0 n —2t
k), 1" Ly (1—e7)
;Qng(m)m = e, 9)

Note that, when k = 1, equations (8) and (9) give the Genocchi polynomials in (2). That
is,

G (2) = Goa(@) = Gu(a).
Kim et. al [18] obtained several properties of these polynomials.

On the other hand, Kurt [20] defined two forms of generalized poly-Genocchi polyno-
mials with parameters a, b, and ¢, as follows

2L;, (1 — (ab)™?) .1 ~— (k) " ™
"= ; e (S ——— 1
a—t + bt € = gn ($7 CL, b7 C) n| | | < ‘ lna + ln b’ ( 0)

2L, (1= (ab)™) 1 = (k) tn T
= ca,b,c)— t - 11
a*t—{—bt (& r;)gn,Z(xvaa ’C)TL!’ | ‘ < ]lna—i—lnb| ( )
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In [21], Lim defined the degenerate Genocchi polynomials g,(f)()\, x) of order r as

2t .
((1+At)1“) (1+ M)A = ZQ

Besides those generalizations, Araci [5], Duran et al. [22] and Agyuz et al. [23] also
introduced the g-analogue of the Genocchi polynomials G, 4(x) as follows:

Zgnq =t / g Vel tladu_(y),
Z

P

where

—, 7]y = ———.

1—q’ 1 1+4+¢

This definition is constructed by p-adic fermionic g-integral on Z, with respect to p_q. It
can also be defined by

[z]q =

s tn e}
z_;)gn,q(ﬁ)n! = [2]4t Z(—l)met[m—km}q’

which becomes gn,q(o) := G,q when x = 0, and referred to as the nth ¢g-Genocchi number.
Also, Corcino C.B. and Corcino R.B [24]study regarding Higher Order Apostol-Type
Poly-Genocchi Polynomials with Parameters a, b and ¢, they define this by

s n . _ —2t e 3 3
Zgék’a)(m)fﬂ—c”(l (ab) )emt), ) < YUnN + 7

— a=t+ bt |lna + Inb|

they also study the other variation [25], which the concept is from modified degenerate
polylexponential function.

3. Close Relation of Bernoulli polynomial and Euler polynomial to
Genocchi Polynomial

A generalization of Bernoulli polynomials introduced by Kaneko [26] is defined in terms
of the following kth polylogarithm Lig(z):

Lix( Z nk’

‘ N
3

(lzl < 1) (12)

where k € Z. When z = 1, the kth polylogarithm gives the Riemann zeta function. That

is,
=1
Lig(1 Z g
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Also, when k£ = 1, the 1st polylogarithm yields the natural logarithmic function as
follows:
Lii(z) = —In(1 — 2).

This special case of the polylogarithm motivates the construction of poly-
Bernoulli numbers in the sense that

Lil(l — €_x) = X.

The poly-Bernoulli polynomials and numbers were defined in [19] by means of the
following generating functions, respectively:

Liy(l=e) o ™ piyyn "

—a_7 °© —;Bn (ﬂf)m (It] < 2m) (13)
Liy(1—e) i t”
M‘%B’l -y th<2m) (14)

If k =1, from equations (13) and (14), respectively, we have
BW(z) = B,(z), BY) = B,,. (15)

n n

We present again equation (8), since this a poly-Genoccchi Polynomials and this work

of Kim et al. [19] defined poly-Genocchi polynomials g,(f)(:c) as follows
2L;, (1 —et) > t"
e N L (R
n=0
Note that when x = 0, (8) reduces to

2L; (1 —et
T Zg — (] < ). (16)

where QT(LIC) are called the poly-Genocchi numbers.
Note also that when k = 1, equation (8) gives the Genocchi polynomials

> t" 2L; (1 —et)
(1) v 11 xt
nz;)gn (x)nli et +1 €

2t
et +1

— Z Gn(x) &
n=0

xt
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Moreover, they defined a modified poly-Genocchi polynomials, denoted by gff; (z), as
follows:

Liy(1=e) 1 = o), "
T _zzogng(x)n!. (17)

Equation (17) also gives the Genocchi polynomials (77?)
Liy(1=e™) o _ N~ gy ot
a1 = 2 Gl
n=0
o
et 41
o
tn
=D Gnl@)
n!
n=0

Consequently, Kim et al. [19] obtained several properties of the poly-Genocchi poly-
nomials.

xt

On the other hand Kurt [20] ivestigated most creative stage of poly-Genocchi of equa-
tion (10) and (11) which are following

—t+bt Zg( xabc

2Li, (1= (ab) ™) o o= o). £
a—t + bt ¢ —Z_;]ng(m,a,b,c)m

which are motivated by the definitions in (8) and (9), respectively.
If we put z =0,a =1,b=c=e in (10), we have
t" 2L, (1—et)

(R (0: L
G?’L (0’ 1’676)71! et ‘l— 1

which gives the definition of Kurt [20] for the poly-Genocchi numbers G{¥ which is also
the definition of Kim et al. in [19] the poly-Genocchi numbers.

Further, in [12] they defined the Generalized Poly-Genocchi Polynomials with Param-
eters a, b, and ¢ by

P Ly (1 (@) "
- @ S 1
Zg (x;a,b,¢)— | peS A |t|<\lna+lnb\ (18)
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4. On Apostol-Type Multi Poly-Genocchi Polynomials with Parameters
a,b and c

Definition 4.1. An Apostol-type of multi poly Genocchi polynomials with pa-
rameters a,b and c is defined by

[ee] —2t
L ey (1= (ab) ™)
(k1k2ka,kr) (2o \ g b o) = —Fkaks, ke rat 19
nz_:ogn (iL‘, ) @, 70) n (a‘t + /\bt>r c ( )
where z is any real number with k1, ks, ..., k. € Z*, X € C and a, b, c are any positive real
numbers.
When ¢ = e equation(19) reduces to
o] —2t
L oy (1= (ab) ™)
(k1 ka2 ks esir) (o U7 Mg kg kg, by rat
nz%gn 1,k2,k3 (z; A a,b,e) i (0= + )" e (20)
We use Q,(Ik“kQ’k:i"”kr)(w; A, a,b) to denote gékl’kz’k:‘"“’kr)(x; A,a,b,e). That is,
. _ —2t
i g(k‘l;kQJfS:"';kr) (1. \a b)ﬁ — Ll’flvkzaksr'wkr(l (ab) )em:t (21)
= ) (a=t + X\bt)" '

For instance, if we put a = 1,b = e in equation (21), then this will reduce to

" Lik ko kg, ko (1 —€ )
§ :g1(1k1,k2,k3, ,kr)(x; M\, e)m _ 1,k (i - )\et)r oot (22)
n=0

We may use the notation gr(Lkl’kg’kS""’k’“)(m;/\) = g,ﬁ’“l”“Q”“g'""”“r)(a:;A,1,e) and call them
Apostol-type multi poly-Genocchi polynomials. When A\ = 1 equation (22) gives
L 1—e2)

— (k1,k2,k3,....kr) " Uy ko k k ( "
S22,/ 3 5.5 e . _ 1,72,R3, " Fr re
Zogn P (@; l)ﬁ = (1+e) e, (23)
e

When z = 0 equation (21) gives

00 n . _ —2t
Zgr(l,kl7k2’k37”.7k7‘) (0; )\7 a) b)il = lelkaYkg’”"kr(l (ab) )
n:

(a '+ Ab)" (24)

n=0

We use g,ﬁkl”“Q”“'S’""”“T)(a, b) to denote gékl’kz’k&“"kr)(();a, b) the Apostol-type multi poly-
Genocchi Numbers.
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Theorem 4.2. An Apostol-type of multi poly-Genocchi polynomials with parameters a, b,

and c satisfy the relation.

Qﬁlkl’b’k“”’kr)(:c; A a,b,c) = (Ina + lnb)"gr(fl’k”k?”'”’k” <

T:Ulnc—i—rlna.
lnab ’

)\> Lab # 1.
(25)

Proof. By definition of an Apostol-type of multi poly-Genocchi polynomials in equation

(19) we have

tn
n!

Z g’r(lkl,k?Q,k'&mva) (x’ )\’ a, b, C)* -
n=0

Ykq,kg k3, kr

(1—(ab)™™)

rxt

(= + AbE)" ¢

. Likl,kz,kg ,,,,, k,«(l - (ab)izt) rat

C

hy kg kg, (- (ab)~*") R
(1+ Alab)t)" o

Uky,kg kg, ok (1 (e)_2tlnab) em:tln cert Ina
(1 + )\etlnab)r

_ (e)thlnab) .

(relnc+rina)
(1 + )\etlnabt)r €

Let z = tlnab, then t= % Thus we have,

na

) - -2
lel,kg,kg, AAAAA kr(]‘ (6) z) Z_(rzlnc+rina)

oo tn
k1,ko,ks3, - ky . _
E gT(L 1,k2,k3,, )(%/\7@7()’6);! -

n=0

€lnab

_ (e)—Qz) e(rz1nc+r1na)z

In ab

_ i Gk s o) (mc Inc+ rlna; )\) 2"
n=0

_ iggﬂ’k%k&“"k") (rx Inc+rina )\> (tInab)"
n=0

o n n
- Z Gkik2 ks k) (mc Inc+rina )\> (t)"(In ab)
n=0

n=0

n

— Z(lna + Inb)rGlknka ks k) <ra: Inc+rlna ; )\) ()"

Inab n!

9

Inab n!

9

Inab n!

Inab n!

t
Comparing the coeffiecient of — we obtain the desired result. Therefore,
n!

gr(zkl’kz’k%“’kr)(x')\ a,b,c) = (lna—|—lnb)"G$Lk1’k2’k3""’kr) (

I

rwlnc—i—rlna')\
In ab ’
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The next theorem contains a kind of recurrence relation of an Apostol-type of multi
poly-Genocchi polynomials.

Theorem 4.3. An Apostol-type of multi poly-Genocchi polynomials satisfy the
recurrence relation

n

Gkt (@ 415X, a,b,¢) = (n><”nc>mg ) (3, a,b,0).
m

m=0

Proof. By the equation (19) in Definition (4.1)

0o n ) o —2t
Yo gk (@ 4 10 a,b, c)t Lty s L= O] )
2 (=t + A7
- Likl ko, kr (1- (ab)_Qt) rat rt
R P VT
Likl Koyeeskr (1 B (ab)_2t) ratlnc _rtlnc

" rtlnc ) i i
Rewriting e"n¢ = g (7| as exponential generating function form so we have,
n!
n=0

Zg?glﬂ,lm, - )(x_|_1 )\ a, b C (Zg k1,k2,.. ,kr)(w )\ a, b C) )(ZW)
n.

n=0 n=0 n=0
Using the product of two generating function, so we have,

n

- t . "= (rlne)™t™
(k 7k 7"~:k7‘) . o (k17k27"'7k7‘) .
Zgnl 2 (a:—i—l,)\,a,b,c)n!fzzgn_m (x,)\,a,b,c)(n_m)! —

o n=0 m=0
o n gn—m 1 mym |
S S g L R
n=0m=0 (n —m)! m)! n!
— < Z (n>(rlnc)mg7(1k1;§2, ’kr)(l‘,k,a, b, C))
n=0 m=0 m n

t'f'L
Comparing the coeffiecient of — we obtain the desired result. Therefore,
n!

AR @ p 1 ab ) = S0 g () (rn )G (@ abe).

m=0

Theorem 4.4. An Apostol-type of multi poly-Genocchi polynomials satisfy the
relation

n

Gk k) (@i X abe) = ) (ﬁ) O O

=0
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Proof. Using equation (19) of Definition (4.1) can be written as

n L; (1- (ab)im)
(k1 oo Mgy kg, Ry ratlnc
Zg 1,k2 x)\abC)n!— (a=t + Abt)"
_ era:tlncZg(kl k2, kr)()\ a b)tn
n=0
= M Z Grkavek) (3 a,b)
n=0 n=0 !
izn: Txtlnc (kth, ke )()\ a b)ﬁ
=0 =0 n B Z Z o

n

= E < E (L‘T’IDC — )g(kl’k27 v )(Avavb)tl)
1!
=0

= Z < (xrlnc)” Z — g(kl’]@ )(A,a,b)zn>
n=0 1=0 o

= Z ( Z (7) (rlne)™” ZQi(k’,l’k%'"’kr)()\,OL, b)x””) ﬁ

n=0 =0

n

: . " . .
Comparing the coefficients of 5 we obtain the desired result. Therefore,
n

Gk R (X a,be) = S0 (7) (rn )G R R () a, b)an

The following theorem contains a differential equation that can be used to classify an
Apostol-type of multi poly-Genocchi polynomials as Appell polynomials [12].

Theorem 4.5. An Apostol-type of multi poly-Genocchi polynomials satisfy the
relation

gn]?ik””’kr)(:t;/\,a,b,C)=(n+1)(rln0)g(’“’k2’ F) (2 0, a,b, ). (26)

Proof. By applying the first derivative to equation (4.1), with respect to x we have

> n L; ab 2t
Z igr(bkl,kg,...,ky‘)(x; )\7 a, b7 C)L _ T't(h’l C) k1,kg,..., kr( ( ) )erzt Ine
— dx n! a r

this means that,

igﬁkl’k%""k”(w;)\,a,b, ) t" b L gy, (%)
dz rine n! (a=t+ AbH)"

n=0
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Rewriting the left hand side of(*) we get

d g (k1,k2,..., )(I', A, a,b,c) -1 _ i gékl,kQ,...,kr)(x; A a,b,c) i

dx rlne n! dz rlnc 0!

= d g,(Lkl’kQ""’kT)(az;)\,a, b,c) t" 1

—~ dx rlne n!
& d gt (s  a, b e) !
7n:1 dx rlne n!

Changing the index,

Lig, by (1— (ab)~*) ratlnc d Gy, (k1 k..o )(:L‘ A a,be) "
(a=t 4+ A\pt)" N da: rine (n+1)
_ d gk )(:U;)\ a,b,e) "
4 dx rine (n+1)n!
so we have,
n 00 (k1,k2, 0 kr) . n
Z k17k2,~~~,k‘r)(x. \a.b C)L _ ign 1,2 (az,A,a,b, C) +
dx T ) dx rinc (n+1)n!

n=0
oo

d "
(a kb (. Gk kr)@rabe) L
ngo(rlnc)(n—i—l)dxg L2 (z; A a,b,c) g da: 12 .

tTL
Comparing the coefficients of 5 we obtain the desired result. Therefore,
n

A glhakokn) (o) a,b,e) = (n+ 1)(rne)GE 525 (23X 0, b, ¢).

When ¢ = /", the next corollary is obtained from (4.5)

Corollary 4.6. An Apostol-type multi poly-Genocchi polynomials satisfy the
relation

G (10, ., M) = (- 1)GEEAA) :), a,b,e),

Corollary (4.6) is one the properties to be classified as Appell polynomial. Being
classified as Appell polynomials, the Apostol-type multi poly-Genocchi polynomials must
possess the following properties

GlFkaeke) () q.b) Z()

=0
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= C
ki ko, Ky _ i i
Glfrhaeke) (X a,b) = <Zilpz>x”
1=0

d
for some scalar ¢; # 0 and where D is the operator —. It is necessary to find the sequence

(cn). However, using Theorem (4.4) with ¢ = e,

GUrnskareke) () g p) = Z (7;) GUkLhzsske) () g b) 2"
=0

And letting ¢; = flkl’kQ""’k’“) (A, a,b) we obtain the next corollary.

Corollary 4.7. An Apostol-type of multi poly-Genocchi polynomials satisfy the
following formula:

S (k17k27 ) )
(k1,kayenkr) (. 1/ry _ g (Aa,b) iy
gnl ? (x,)\,a,b,e )—Z Z' D'z".

The following theorem contains the addition formula for Gy (k1 k... ’k’“)( i\, a,b,c).

Theorem 4.8. An Apostol of type multi poly-Genocchi polynomials satisfy the
following addition formula:

n

GiFrha b (@ 4y A a,bye) = Y (2’) (rine)" Gt @i X 0 b ey y A 0.

i=0
Proof. Using equation 19 of Definition 4.1,

(k1.k2,e.. k) : L v (@+y)rt
nzzogn b (x—i—y,)\,a, ba C)TL' - (a—t +)\bt)r ¢
_ Likl ke kr(]' B (ab)_Zt) xrt yrt
(aft + bt)r

m
<Z g(k1,k2, - .T A, a,b, C) ‘> eyrtlnc
mn.

o0 o
tl n )™
Since eyr’tlnc — E M — g (yr In c)n(73!’ SO have7

n!
n=0 n=0

Ak Ak
(k1,k (Kk1,k n
g g 1,52, x—i—y,)\abc (g G, x)\abc)n!> (g (yrlnc) n!)

n=0

Using the product of two generating function,

=3 (T gt wabe e

n=0 *i=0
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7!
and we multiply it by ol so we have,

_ ki ko k i Sl
Z(Zg 12 ac)\abc)(n_i)!>(lnc)i!i!

oo n . 4

= Z (Z <n> (yr lnc)"_zgi(kl’k”“’kr)(x; A, a,b, c)) -
n=0 \i=0 \' "
00 n 4 \
n=0 \i=0 '

tn

Comparing the coefficients of — yields the desired result.
n!

When ¢ = €'/, the next corollary is obtained.

Corollary 4.9. An Apostol-type of multi poly-Genocchi polynomials satisfy the
following addition formula:

n
g,(Lkl’kQ""’kT)(I + i\ a,b, 61/7") = Z (n) gi(khkz,-..,kr) (33; A a,b, 61/7")yn7i7 y #0.
i
=0
Theorem 4.10. An Apostol-type multi of poly-Genocchi polynomials satisfy the following
explicit formulas:

gt @inane) = 3 3 {1 (1) rmolgl s e b)) ™

m=0[1=m
(27)
g,(fl’kg’“ ok )(ac A, a,b,c) Z Z{ } < ) (rlnc) Q(k_lij’ N )()\, a,b)(x)m (28)
m=0Il=m
(1 hzse o) o l+s) (" l) (k1K k) (s)
G, 1) (g N ay b, €) Z v Gniom (A a,b) By (ralnce)
=0 m=0 ( s )
(29)
where ()" =z(z+1)--- (z+n—1), (@), =x(x —1)---(x —n+1),
and
t s ext:iB(s)(x)i
et —1 vt "
retlne _

Proof. First, we prove 27. Using equation 19 of Definition (4.1) and rewrite e
(e—rtlnc)—x — [1 _ (1 _ e—rtlnc)] -z we have,

. _ —2t
Zg k1,k2,....k 1,‘ A a,b C)L' — L’Lk(l (ab) ) |:1 - (1 - efrtlnC)

(aft + bt)r

—T
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Using generalized Binomial Theorem and the definition of Stirling numbers of second kind
we have,

no L 1—(ab)™%) & —1
Zg (k1,k2,....k l’ \a,b, C)t _ tkikg,. kr( ( ) )Z <-%'+m >(1_€—rtlnc)m

n! (@™t + Abt)" = m

_ i (x)(m) (ertlnc — 1)m Likl,kz ..... kr (1 - (ab)im)
o — ertincyy| (a—t T )\bt)'r’
—1)! —1)!
Note that (z)™ = z(z +1)---(z +m — 1) Ei — 13! = (x(ZT ol ) , S0 we have
> " Z(z+m—1)! fertne 1IN L (1 — (ab)~%)
(k1,k2,.skr) . v i
nzzo g’I’L :C7 >\7 a7 b7 C) TL! 7;) (:E _ 1)!m! < e’]"t Inc (a—t + )\bt)'l"
_ i (l‘ +m — 1)‘ (etlnc — 1>m le<1 — (ab)72t) e—rmtlnc
= (x —1)! m! (a=t 4+ A\pt)"
z_:o(z:) nz_%{m} (rlne)” (Zg mrlnc,)\,a,b)n!>
— i('r)(m) i n t""h’lc Zg k1,ka,....k —mlne: M a b)ﬁ
~ —~ m 9 Ay Wy n'
oo n tn—l
:Z ZZ{Z} (rlnc) 'Q’(kl’k2 k)(—mlnc;/\,a,b)il
m=0 n=01=0 " l (n =Dt
S {3 (L} () rmerat o cmine o )
m=0[=m m n
tTL
Comparing the coefficients of o completes the proof of equation 27.
To prove identity of equation 28, express "¢ as
rtinc z - x rtinc m
e = 3 (L)
m=0
and take note that
|
(x)m:w(x—ly--(x—m—kl):ﬁ

applying it to definition 19, we have
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> L (1= (ab)™)
(k1,k2yeeskr) (on. v k1,kg,....kr raxtlnc
nzzogn 1,k2 (z; A\, a,b, C)n! = (at 3 e

_ Lih,@(,;k; (+ /\bt()c:b) ") i <’IfL ) (ertine _ qym

m=0

— i(l‘) (ertlnc _ 1)m Likl,kQ """" ko (1 — (ab)—2t)
= (=t + Abt)r
_ 0 0 7’1, frt IHC k . n
m:O n— 0
—_ > oo n l (kl ko, kr) =t
_Z mnz:l: {m} TlnC) g (a,b)(n_l)!

- ,;){mio;m{;} (7;)( Inc)lgkLke ,kr)(mb)(x)m}::!'

n

t
Again,comparing the coefficients of - completes the proof of (28).
n

For relation (29), from equation 19 of Definition 4.1 can be written as

oo
t"  Li (1 — (ab)~%)
Zg}lk)(x;)\’a, b, e)ﬁ _ Mg T extIHC(*)
n=0
(el —1)5¢5 8!
and multiplying the right-hand side by (*)Wt—sg, we get

> t" (et —1)* toertine Lig, .ok (1 - (ab>72t) s!
*) (. v 1k, ke bt
Z Gn” (234, a,b, C)n! ( s! > ((et —1)s (a=t 4+ AbH)" ts

n=0

" (l+s thts ! n—1 k1 koo k -l s!
B(S) 1 (11 2900y 7”) )\ b —
:O{ s }<l+s>! ( m > m (NG imn N NG )

oo oo n-—l
L+s) sl (n—1\ (ks b ) Ltn
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= i (Zn: nzl (7) {l t S} ((711? B (xIn )Gyt (0, b)) g

n=0 \[!=0 m=0 s

t’f'L
Again,comparing the coefficients of - completes the proof of equation (29).
n!

5. Conclusion

In this paper, we define Apostol-type of multi poly Genocchi polynomials with param-
eters a, b and ¢ through the concept of multi-poly logarithm. We present the special cases
when ¢ = e that gives as Equation (22), and when a = 1, and b = e we obtain as Equation
(23). Furthermore, we establish the relation in Theorem 4.2 and the recurrence relations
given in Theorems 4.3 and 4.4, derived from the concept of poly-Bernoulli polynomials.
We also provide Theorem 4.5 together with corollaries that involve a differential equation,
which allows us to classify the Apostol-type multi poly-Genocchi polynomials as a family
of Appell polynomials. Finally, we derive the addition formula in Theorem 4.8 and the
explicit formulas in Theorem 4.10. The researcher recommends the following for possi-
ble investigation, by letting indices to non-positive. The modified Apostol-type of multi
poly-Genocchi polynomials with parameters a, b, and c.
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