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Abstract. In this paper, we introduce the definition of a hyper operation x on the set [0,1], and
with this hyper operation, we will show that [0,1] is a hyper BCK-algebra. We also investigate
the topologies that will be formulated with Bg([0,1]) and B ([0, 1]) and show some topology of
R;0,1](A) and L0,1](A). Furthermore, we investigate a basis for the intersection of topologies
Tr(H) and 7,(H).
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1. Introduction

In 1966, Imai and Iseki [1] introduced the concept of BCK-algebra as a generalization
of the concept of set-theoretic difference and propositional calculi. The study of algebraic
hyperstructure theory (or multialgebras) was introduced in 1934 by F. Marty [2] at the
8'h Congress of Scandinavian Mathematics. Since then it becomes the interest of many
researchers. Recently, Jun, et al.,[4] proposed hyperstructure theory on BCK-algebras and
they were able to prove that a hyper BCK-algebra is a generalization of a BCK-algebra.

In the paper of Patangan and Canoy [3, 4], they defined the sets Ry(A) = {x € H :
a<z,Nac A} ={x e H:0€axx,Vac A} and Lg(A) ={zx € H: 2z < a,Va € A} =
{x € H:0 € zxa,Ya € A} by the right applications of hyperorder on H, respectively.
They showed that Br(H) consisting of the sets Ry (A), is a basis for some topology Tr(H)
on a hyper BCK-algebra via right application of hyperorder. Also, By (H) consisting of
the sets Ly(A), is a basis for some topology 77,(H) on a hyper BCK-algebra via left
application of hyperorder.

This paper is motivated by the work of Patangan and Canoy [3] on A Topology on
a Hyper BCK-Algebra, as published in JP Journal of Algebra, Number Theory and Ap-
plications. In this paper, we define a hyperoperation % on the set [0, 1], and with this
operation, we will show that [0, 1] is a hyper BCK-algebra. We investigate the basis for
intersection of topologies Tr(H) and 71, (H). We also investigate the topologies that will
be formulated or generated with bases Br([0,1]) and Br([0, 1]) and their intersection.
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2. Known Results

Definition 1. [5] Let P(H) be the power set of a nonempty set H. Consider P(H)* =
P(H)\ {0}. A hyperoperation on a nonempty set H is a function x: H x H — P(H)*.
The image of (x,y) € H x H under x is denoted by x*y. If z € H and A, B are nonempty
subsets of H, then we define

(i) AxB= |J axb;
acA, beB

(ii) Axxz = Ax{x}; and,
(iii) x * B = {z} * B.
Definition 2. [5] Let x,y € H and A, B C H. Then

(i) z < y if and only if 0 € x * y; and

(i) A <« B if and only if for any a € A, there exist b € B such that a« < b. We call
“«<” a hyperorder on H.

Definition 3. [6] A hyper BCK-algebra is a nonempty set H endowed with a hyperoper-

Wy

ation “x” and a constant 0 satisfying the following axioms: for all z,y,z € H,
(i
(ii

) (zx2)*(yx2) <xxy,

)
(i) 2 H < ,

)

(rxy)*xz=(x*2)*y,

(iv) z < y and y < z imply =z = y.

Proposition 1. [6] In a hyper BCK-algebra (H, x,0), the condition (7i¢) of Definition 3
is equivalent to the condition x x y < {z} for all z,y € H.

Theorem 1. [7] Let B C 7. The following two properties of B are equivalent:
(1) Bis a basis for 7.
(2) For each G € 7 and each € G thereisa U € Bwithz € U C G.

Theorem 2. [7] Let X # (). A class of subsets B of X is a basis for some topology 7 on
X if it satisfies the following;:

(i) B covers X, and
(ii) Foreach x € U,NUg, there exists U € B such that x € U C U, NUg where Uy, Uz € B.

Definition 4. [7] A space X is said to be connected if X is not the union of two disjoint
open sets. Otherwise, it is said to be disconnected.
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Definition 5. [3] Let H be a hyper BCK-algebra and A C H. Then the set Ry (A) is
defined as Ry(A) ={r e H:a< o forallac A} ={r e H:0€axxforalaec A} If
A = {a}, then we write Ry ({a}) = Ru(a).

Definition 6. [3] An element a of H of a hyper BCK-algebra H is called a hyperatom
if £ < a implies x = 0 or = a for all z € H. Denote A(H) the set of all hyperatoms of
H and A*(H) = A(H) \ {0}. Obviously, 0 € A(H). If each element of H is a hyperatom,
then H is said to be hyperatomic, that is, A*(H) = H \ {0}. A hyper BCK-algebra H is
called ordered if the hyperorder “<” is transitive.

Proposition 2. [3] Let A and B be subsets of H. the the following hold:
(i) Ry(0) = H.
(ii) If A C B, then Ry(B) C Ry(A).
(iii) If H is an ordered hyper BCK-algebra, then Ry (Rp(A)) C Ry (A).

Theorem 3. [3] Let H be a hyper BCK-algebra then Br(H) = {Ru(A) : AC H} is a
basis for some topology in H.

Remark 1. [3] Let A and B be nonempty subsets of H. Ry (A) N Ry(B) = Ry(AU B).

Definition 7. [4] Let H be a hyper BCK-algebra and A C H. Then the set Lg(A) is
defined as Ly(A) ={r € H:z < a,forallac A} ={z € H:0€ xxa, forall a € A}.
If A= {a}, the we write Ly ({a}) = Lu(a).

Theorem 4. [8] The set [0, 1], together with the binary operation “*”, is a BCK-algebra.

3. A Hyperoperation on [0, 1]
On the set [0, 1], we define ”+” as follows: x xy = {z —y}, if z > y and x xy = {0} if
Tz <.
Lemma 1. For each z,y,z € [0,1], (z*2) % (y*2) < x *y.

Proof. Case 1: z >y
If y <z <xthen x — 2z >0 so that

(x*z)* (y*xz)={x—z} {0}
={zr—2-0}
={zr -z}
while zxy = {x—y} so that (zx2)x(yxz) = {x—z2} < {z—y} for 0 € {z—z}x{z—y} =

{0}, since z —z <z —y.
If z<y<azthen x —y < x— zso that
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(xx2)x(yxz)={z—z}*x{y—z}
={z—z—(y—2)} forx—z>y—=z
={z -y}

=x*xy

Thus, (xx2) % (y*2) ={r—y} <axxyfor 0 {z—y}*{x—y}={0}.
If y <x < zthen (zx2)*(y*xz) = {0} x{0} = {0}, xxy = {r—y} and 0 € Ox{z—y} = {0}.
Thus, (z*2)* (y*x2) ={0} < {z —y} =z *xvy.
Case 2: If x <y then x x y = {0}.
Ifr<z<ythen (xxz)x(y*xz)={0}x{y— 2} ={0} < {0} =xxyfor0 € 0x0={0}.
If 2z<az<ythen (ax2)*x(yxz) ={x—z2}x{y—2} = {0}forz —2 < y—2so0
that(x x 2) * (yx2) = {0} < {0} =xxyfor 0 € 0%0={0}.
If x <y <zthen (xx2)x(y*xz)={0} x{0} = {0} < {0} =z *y.

Lemma 2. For all z,y,z € [0,1], (z*y) xz = (x x 2) x y.
Proof. Case 1: If x > y.

Ify<z<u, (x*y)*z:{x—y}*z:{

while

{0}, if z—y<gz,
{x —y— 2z}, it v—y>=z

{r—2z—y}, if z—2z2>uy,

{0}, if z—2<y

Note that when the result of (z x y) % z is {0}, it happens when x — y < z and it is just
the same as © — z < y. Also if the result is {x —y — 2}, it happens when z — y > z and it
is just the same as x — z > y. Thus, (x*xy) *x 2z = (x * 2) x y.

If z <y <z then

(wxz)xy={r—z}xy=

(x*y)*Z:{x_y}*Z: {CI; y Z}, lf €T y_z
{0}, if z—y<z

(xxz)xy={x—z}x*y
Mz =2y, i 22y
{0}, if z—z<y
_ {x—y—z},if rT—Yy =z
1 {o}, if z—y<z

=(r*y)*z

Ify<z<zthen (zxy)xz={x—y}xz={0}forz —y <z and
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(% 2) %y = {0} +y
={0} for0 <y

=(r*xy)*z

Case 2: If x < y
Ifr<z<y,then (xxy)x2={0}x2z={0} and (x*2)xy ={0}xy ={0} = (zxy) x 2.
If z<x <y, then (z xy) * 2 = {0} x 2 = {0} and

(rxz)xy={x—z}x*y
={0}forz—z<y

=(r*xy)*z

Ifx<y<zthen (xxy)xz={0}*x2={0}and (r*x2)xy={0}xy={0} = (z*xy)*z.
Thus (z*xy) * 2 = (x x 2) x y.

|
Lemma 3. For each x € [0,1], z % [0,1] < {z}.

Proof. : Case 1: If >y, then z xy = {x — y} and that z —y < z so that x —y < =
for 0 € x — yxxz = {0}.
Case 2: If x <y, then x x y = {0} <« {x} for 0 € 0%z = {0}.
In any case, for ally € H, v+ y < {x}. Thus z % [0,1] < {z}.

|
Lemma 4. For all z,y € [0,1] 2 < y and y < x implies x = y.
Proof. : Suppose z < y and y < . Then
-y}, if z>
Ocao*xy= {z—yh i ‘x Y
{0}, if <y
and
-z}, if y>
{0}, if y<u
This implies that x * y = {0} = y * . Hence, z <y and y < x implies z = y.
|

Theorem 5. ([0,1],%,0) is a hyper BCK-algebra.

Proof. : 1t follows immediately from Lemmas 1, 2, 3 and 4.
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4. The topology 7x[0,1]

By Definition 5, Ry(A) ={r e H:a < z,Vac A} ={r € H:0€axx, Vac A}
and considering the hyper BCK-algebra [0, 1]. Note that from now on H = [0, 1], we have
the following example.

Example 1. Consider A = {;, :13} Then

Ry(A)={z€[0,1]:0€ax*z, Vaec A}

11
{$€[0,1].0€Q*$,VGE{2, 3}}

1 1
{xE[O,l]:0€2*xand0€3*:c}

Note that for 0 to be in % x T, % x x = {0} this implies z > % or [%,1]. Also for
0€Ez* z, > % or [£,1]. Since Ry (A) = (N,es Ru(a) this implies that Ry ({3,1}) =
[%, 1IN [%, 1] = [5, 1]. Therefore, Ry ({%,% ) = [%, 1].

Theorem 6. Let AC H, Ry(A) = [sup A, 1] N H. In particular,

Ror(A) — H if A=
u(4) = [sup A, 1] if A+ @.

Proof. : Note that x € Ry(A) ifand only if 0 € axz for all a € A. Now, 0 € axz for
all a € A if and only if @ < x for all @ € A, that is, x € H is an upperbound of A. Hence,
x € Ry(A) if and only if x € [sup A, 1] N H. This shows that Ry(A) = [sup A,1] N H.
If A= @, then sup A = —oo and so Ry(A) = H. Otherwise, sup A € H implying that
Ry (A) = [sup A,1].

|
Example 2. Consider A = (3, 3). Then the sup A = 3. Thus, Ry (A) = [3,1].
The next result follows from Theorem 6.
Corollary 1. Let a € [0,1]. Then Rjy;y(a) = [a, 1].
Proposition 3. (H,*,0) is not hyperatomic. In particular, A(H) = 0.

Proof. Clearly, 0 € H. Let a € H\ {0}, i.e., a € (0, 1]. Since % < a, %*a = {0}. Here,
we find that 0 € g but % ¢ {0,a}. Thus a ¢ A(H), showing that A(H) = {0}. Therefore,
(H,*,0) is not hyperatomic.

|
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Corollary 2. Br([0,1]) = {[r,1] : r € [0,1]}.

Let 7r(H) be the topology generated by Br(H). That is, for each G € 7r(H), G =
UBi ,i € K C Br(H). Note that for any a € [0,1], the set (a,1] is open for (a,1] =

U [a—l—%,l].
1

n—

Example 3. The following are open set in [0,1]:
e Sets of the form (r,1] for (r,1]= U [r+1,1]
n=1

e {1} is open for {1} =[1,1]
Example 4. The following are closed sets in [0,1]:
e [0,7) for[0,7) = [r,1]
e [0,7] for [0,7] = (r,1]%, r € [0,1]
Thus, the next theorem follows:

Theorem 7. In a hyper BCK-algebra [0,1], 7r([0,1]) = {9, [0,1],
(r,1],[r,1] : 7€ [0,1]}.

Proof. Let G € 15([0,1]), and G # &. Then G = U B;. Thus, B; are of
i€ KCBR([0,1])

the form [r;, 1], G = U[ri,1] = [r,1], 79 = inf{r;} and (r,1] = U [r+2,1]. Thus,
n=1
Tr ([0,1]) = {2, [0,1], (r,1],[r,1] : r €[0,1]}.
|
Theorem 8. [0,1] with topology Tr([0,1]) is connected.

Proof. Suppose [0, 1] is disconnected. Then, there exist disjoint open sets A, B such
that [0,1] = AU B. Since A is open, A = [r,1] or (r,1]. If A = [r,1] then B = [0,7). If
A = (r,1] then B = [0,r]. Whether B = [0,7) or [0,7], B is not open. This contradicts
the statement that A and B are open sets. Therefore, by Definition 4, [0, 1] is connected.

5. The topology 7.0, 1]

Example 5. Consider the hyper BCK-algebra [0,1] and A = {%, % .

Ly(A)={z€[0,1]:0€x%a, Vaec A}
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:{:UG[O,l] Oexxa, Vae g ;}}

1 1
:{xE[O 1] : OEx*QandOEaz*g}

Note that for 0 to be in x * %, €T * % {0} implies x < 5 or [0, %] Also for 0

J[UO* §]— {0} which implies x < % or [0, 3]. For these two to hold, Therefore L ({5,
3]

The proof of the following theorems are analogous to that topology 7x[0, 1].

w\)—‘ m

Theorem 9. In the hyper BCK-algebra [0,1], Ly (a) = [0, al.

Theorem 10. Let A C [0,1]. Ly 1)(A) = [0,7] where r = infA.

Theorem 11. In the hyper BCK-algebra [0, 1], BL([0,1]) = {[0,7] : r € [0,1]}.
The following examples are open and closed sets in [0, 1].

Example 6. The following are open set in [0, 1]:
e [0,a) for [0,a) = U [0,a— 2]
n=1
o {0} for {0} =10,0]

Example 7. The following are closed set in [0,1]:
e (a,1] for (a,1]°=10,a] is open
e [a,1] for [a,1]°=[0,a) is open
e (0,1] for (0,1] = {0}°
Thus we have the following result.

Theorem 12. In a hyper BCK-algebra [0,1], 71([0,1]) = {<,[0,1],[0,7],[0,r) : r €
[0,1]}.

Proof. Let G € 11,(]0,1]), and G # @. Then G = U B;. Thus, B; are of the
ZGKQBL([OJD
form [0,7], G = J[0,r;] = [0,r],r0 = inf{r;}. Thus, 7([0,1]) = {2,[0,1],[0,r],[0,r) :
r e [0,1]}.

[
Corollary 3. 71,([0,1]) is not a subspace of R with the usual topology.

Theorem 13. [0, 1] with topology 71.([0, 1]) is connected.
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Proof. Suppose [0, 1] is disconnected. Then, there exist disjoint open sets A, B such
that [0,1] = AU B. Since A is open, A = [0,r] or [0,7). If A = [0,r] then B = [r,1]. If
A =1[0,7) then B = [r,1]. Whether B = [r,1] or [r,1], B is not open. This contradicts
the statement that A and B are open sets. Therefore, by Definition 4, [0, 1] is connected.

Theorem 14. In a hyper BCK-algebra [0, 1], Tr([0, 1])N7L([0, 1]) is the indiscrete topology
on [0, 1].

Proof. In [0,1], Bg(H) = {[r,1] : r € [0,1]} and Br(H) = {[0,p] : p € [0,1]}. Suppose
there exixts G € [tr(H)N7r(H)]\ {@,H}. Let x € G. Then there exist a € (0,1] and
b € [0,1) such that € [a,1] € G and = € [0,b] C G. This implies that a < b; hence,
[a,1] U [0,b] = [0,1] € G. This is a contradiction to our assumption of set G. Therefore,
Tr(H) N7 (H) is the indiscrete topology on H.

6. Conclusion

The paper explores the structure and topology of a hyper BCK-algebra [0,1]. Two
topologies, 7r([0,1]) and 71,([0, 1]), are constructed based on right and left applications of
hyperorder, respectively. The paper demonstrates the properties of these topologies, in-
cluding the formation of bases, open and closed sets, and connectedness. The intersection
of these topologies results in the indiscrete topology on [0, 1], highlighting a unique conver-
gence of the two structures. This study builds on previous work in algebraic hyperstruc-
tures and provides a foundational exploration of topologies within hyper BCK-algebras.
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