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Abstract. In this work, it is considered that a certain quasilinear elliptic equation in an open
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p-Laplacian type elliptic equations with tiny bounded mean oscillation coefficients locally L?, p > q.
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1. Introduction

Let us consider the following elliptic quasilinear equation:
div((EV . V) P~22EVv,) = div(|gm|P 2 gm in w (1)

where p > 1. Here, w € R is assumed to be an open bounded domain. Furthermore,
E = {a;j(x)},,,,, is a symmetric matrix with measurable coefficients that satisfies the

uniformly elliptical condition, and g, = (g},,...,g%) is a given vector field.
o~ e < B(x)é£ < alel’ (2)

for all £ € R™ and nearly every x € R", and for some positive constant «. In case that E
is the identity matrix, we derive from [1, 2] that the gradient estimate for weak solutions
of equation (1) is L?,q > p, and [3] examined the case where p = p(z). Furthermore,
for weak solutions of equation(1) with VMO coefficients, [4, 5] have achieved L%,q > p
gradient estimations. All of these writers’ techniques are based on maximal functions. In
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this work, we provide a novel method of direct and straightforward verification of L%, q¢ > p,
gradient estimates for weak solutions of equation (1) with tiny BMO coefficients, without
the need for maximum functions. It is important to note that the assumption in [5-7] that
E is in the VMO space [8] is weakened by our assumption that E is (J, R). The elliptic
semi-norms of the coefficients of E' = {a;;} are assumed to be sufficiently small throughout
this study, and they are assumed to be in elliptic BMO spaces. More specifically, we have
the following definitions.

Definition 1. (Semi-norm condition for small BMO). If the coefficient matriz E is (0, R)
-vanishing, then

sup sup § | ()~ Bn, (a)]dy <5
0<r<Rz€eR Jp, (z)

where
Ep () = f E(y)dy.
Br(z)

A LP estimates have been examined recently in [9-11] for second-order linear ellip-
tic/parabolic problems with modest BMO coefficients. We note that a function in VMO
satisfies the previously stated small BMO requirement; it goes without saying that a
function that satisfies the VMO criterion also satisfies the small BMO condition. In the
definition above, we take R to be a positive constant (one can use a scaling transform to
suppose R=1, and we take d to be scaling invariant. In this section, we refer to § as a
little positive constant. The definition of local weak solutions for (1) is now provided.

Definition 2. Let g € LF (w). A local weak solution of the equation (1) is a function

loc

Om € WEP(w) if, for any 1 € WyP(w) , we can deduce

/ (EV 0.V, P2\ 2BV, Vipde = / |gm|P ™2 gm. Vipda.

2. Local weak solutions of quasilinear elliptic equation

Consider a local weak solution of equation (1) v, € I/Vl})’f(w), we state some preliminary
lemmas.

Lemma 1. Suppose that Bs C w. Then we have

/|va|qd:x§0{/ \Um|qcz:p+/ |gm|qdzr} (3)
B1 Bs Bs

where C' is solely dependent on m,q and o [8].

Proof. 1t is possible to choose the test function ¢y = (Pv € VVO1 P(w), where ¢ € C§°(R")
represents a cut-off function that is satisfied.

0<(¢<1, (=1inBy, (=0inR"\ B,.
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Therefore, by definition 1, we get
/ (EV 0. Vu,) P22 EV,, V(CPoy, )dz = / lgm|P ™2 G-V (CPoy, ) dx
B3 BS

The resulting expression should be written as

L=0L+1I3+14
where,

I = CP(Eva.va)p\de,
B3

I, = —/ PP 0 (EV U Vo) PN\ (EVv,,.V()dz,
B3
I3 = / ¢P |gm|p72 Gm.-Vupdz,
B3

I, = / PCP 00 | gm P2 g VCdi.
B3
The estimation of I;. The uniformly elliptic equation (2) dictates that

L = Cp(Eva.va)p\Qda: > 1

— | P |Vl de.
Bg Q BS

The estimation of I, can be derived using the uniformly elliptic condition (2) and Young’s
inequality with respect to 7.

B0 [ @Vl onlde <7 [ (TunPde+C) [ ol e
Bs Bs Bs
The estimation of I3 can be derived from Young’s inequality.
Ler [ @ Vol de+ C(T)/ (gu? dz.
B3 B3

The estimation of I4 can be derived from Young’s inequality.

I, < C’{/ | [P dz —I—/ |gm|pdaz} :
Bs Bs

We conclude that by summing all the estimates of I;(1 < j < 4),

1
— CPIVopPde <21 | P |Vo,|Pdx + C(T)/ (v dx + |gm|?)dx.
« B3 B3 B3

By choosing 7 = @, and referring back to the definition of { the proof is successfully
concluded. Henceforth, it is assumed that q is greater than p. Now let

q+p
T2

q = € (p, q).

We recall a well-known result of [1].
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Lemma 2. Assumes that v, € I/Vlif(w) is a local weak solution of the equation (1) and
g € L1 (Q) . Consequently, we have q2,p < g2 < q1 in which:

3 ’ o
7{ |Vu,|? do <C % Vo [Pde | + % |gm | dx ,
Bs(z1) Bas(x1) Bas(x1)

for each Bag(x1) C w , with condition that g2 and C' are dependent solely on n,p, q, c.

Following this, we present two lemmas that are critical in order to derive the primary
result:
The two lemmas are significantly impacted by [6, 7]. We compose

o= {(f, i)+ (f, i) 2

AN) ={z € By : |[Vup| > A}

and

for A > 0, whereas § > 0 will be selected at a later time.

By ensuring that |Vv,,| is constrained within the range B; \ A(\) for any fixed A > 0, our
analysis is directed towards the level set A(A). At this juncture, A(A) shall be decomposed
into a set of disjoint spheres.

Lemma 3. Suppose that X\ > X\, = 26M\PX0  there exists a family of disjoint balls
{B?}ieN ={B . (wi)}ieN,xi € A(N) , such that 0 < p,, <1\ 2° . And

1

P ar
% Vo [Pdx | + = j{ lgm|T dz ] = A\
BY o \Jpo

(3

Furthermore, we have

E\c|] B,
€N

where BZ =: 2‘74‘231Q and p,, < s <1 for all i values 1, 2, and 3.

1/p 1 1/q1
<7{ |va]pdx> + — (j{ gm|‘hdx>
Ba(x:) 0 \JBs(z:)

Proof. (i) For the sake of expediency, we signify:

IN
>

1/p /¢

1
J[B]= 7{ Vv, [Pdx +5 / |gm | dx
B B
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Now we assert that: o
sup  sup J[Bp(w)] <27 A\g=: A, (5)
wEB1 1/25<A<1

In order to demonstrate this, assign any 2 € By and 1/ 2% < p < 1. From the equation
B! = 2j+2B? : j=1,2,3, we get that By = 25Bp(9). And we can easily see that:

(|B|i2£’z>); =2

Then by using equations (4), (5) and (6) we can deduce that:

1/p B 1 1 1
7{ [Vom[Pdz | <( = p(% ‘va|pd””)p §26n/p<% |va!pd‘r>p'
B, (Q) |Bp()] \Jg, B»

In a similar fashion, we have

3 o
IA
[\]
S ]
S
I
—
vl\D

G . (6)

1 1

T e o
7{ g | dy | < 2@ 7{ g | d |
By (Q) By

As a result of combining the aforementioned two inequalities with the definitions of Ag
and g1, we can conclude that (4) is valid.

(ii) Define Ao as A > A, = 26%/P)\q. In the case of Q € A()), a variant of Lebesgue’s
differentiation theorem provides the following:

lim J B, ()] > \

which indicates the existence of a p > 0 that satisfies
J [Bp (2)] > A.

Consequently, starting from step (i), we can choose a radius po € (0,1/2%] [8], and such
that
J By, ()] = A

Furthermore, that for po < p <1 and
J By (Q)] < A

Based on the aforementioned argument for. Q € A(\), the ball By, () can be constructed
as described above. Hence, by employing Vitali’s covering lemma, it is possible to identify
a set of disjoint orbs denoted as {B}};cy = {Bp,, (¢i)};cy where z; € A(X) in order to
validate the lemma’s conclusions. We now have a comprehensive proof.

At present, the subsequent estimates of spheres {BY} are obtained.
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Lemma 4. By employing the identical hypothesis and outcomes as in Lemma (6), we
obtain

1 1
B? < C / |VUm|pdl' + / |gm‘¢hdl' s
| ‘ ()\P {:EEB?:Iva|>%} Ay {xEB?:If\>%}

where C = C(p,q1) =29 /[1 — (1/2)? — (1/2)%].
Proof. As shown in the lemma above,

1
(/ |vapdx+5/ |gm\1/qlda;> — )\
BY BY

thus, signifying that
2p 20 1
0 c P
B0 < 5 [ Vel + o [ gl @

given that one of the subsequent inequalities must hold true:

P
A2 < (/ ]va\pdx> ,
By
1

] a
A2 < = / |gm | T dx .
6 B,?

As a result, we obtain the following by dividing the right-hand side of equation (6) into
two integrals:

or

2p
B < C jq{ Vo P de + (1/2)7 |BY|
AP {zeBY:|Vom|>1/4}
201
5o |
AT Jfae B0 fl>60/4}

|gm|™ dz + (1/2)™ | BY|

We have therefore arrived at the intended estimation.

It is adequate to regard the proof of Theorem 1 in section four as an a priori estimate in
the subsequent discussion, thus presuming that Vv, € L?OC (w). One can easily eliminate
this assumption using a standard approximation argument, such as the one presented in

[12, 13]. By considering Lemma 3 and A > A\, = 267" - Ao, it is possible to generate a set of
disjoint balls denoted as {B?}ieN = {sz,(m)} L € A(A). Adjust any ¢ € N and set
? 1€

Umx = um/)‘ and gmy = gm/)"
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Subsequently, v, remains a local weak solution of (1), where g,,, assumes the place of
gm. Consequently, Lemma (3) dictates that

/ Vo, [P de <1 and / gm| ™ de < A (8)
) B’
BJ i

In the caset = 1,2, 3, B;- is defined in Lemma 2 as B; =: 2i+2B? Denote the weak solution
of the reference equation as:

{dz’v (EBSVum . VumE_’BSVum) =0 in By (9)

3. The Global weak solutions and grading estimates

Definition 3. Let f € WYP(B;y) be assumed. It is stated that u,, € WYP(B;) is a weak
solution of the system Upy, — gm € Wol’p(Bs) is a weak solution of

div (Ep, Vi, - VumEp,Vuy,) =0 in Bs,
Um = fm on OBs.

Let
/ (EBSV'LLm . VumEBSVUm . de:c) =0 s

E]

with any ¢ € Wol’p(Bs). The following are recollections of estimates for u,, to [5, 12]:

/ |V, |[Pde < C’/ |V, |Pde, (10)
S BS
and

1
sup |[Vup,| < C (/ Wum\pdx)> ’ (11)
B B,

P

in the range p € (0,s/2], with C = C(n,p,«). Moreover, we can derive the subsequent
stgnificant outcome.

Lemma 5. There ezists a small value of 6 = 6(€) > 0 for all values of €, such that if vy,
is a local weak solution of (1) in w with By C w, then

‘A‘E—Emwxgd (12)
2

and
/ Vo |[Pde <1 and / |gm| Tt dz < 59 (13)
By By

Consequently, No > 1 exists and is denoted by u in By as the weak solution to (1)
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Proof. Based on (1), (2), and (4), it can be deduced that the weak solutions of (1) in
w and (2) in By, respectively, are denoted as v, and u,,. It is sufficient to select the test
function ¥ = uy, — vy, € WO1 P(By), and a straightforward calculation yields the following
expression:
L =1y + I,

where
I = [y, (B, Vit - Vi) %" B, Vu - (EBgvvm . vvm)%zﬁ&vvm) V(1 = vi)d,
I, = f32 ((EVVm : va)(pr)/2EVVm — (EBQVVm : VVm)(pim/ZEBQVVm) : V(um — Vm)d.%
Is =[5 lgml" %9 V (tm — vin) da.

The estimation of I;. Two instances are distinguished.
Given Case 1. p > 2, the elementary inequality is applied.

— L_Q — — E —
(EBQC ' C) 2 EBQC - (Ean ’ 77) 2 Ean) ' (C - 77) > CK - n‘p7
We have, for every (,n € R" where C = C(p, a),:
L>C | V(g —up)Pde.
Bo
Case 2: Applying the rudimentary inequality to 1 < p < 2.
p=2 - p=2 = = p=2 -
|C - n‘p <Crv» ((EB2C : C) 2 EBQC - (EBﬂ? ’ 77) 2 Ean) : (C - 77) + T’n‘p'

We have the following for each ¢,n € R™ and each 7 € (0,1) where C' = C(p, a):
I + 7'/ Vo |Pde > C’(T)/ |V (U — ) [Pda.
BQ BQ
Approximation of Implementing a fundamental inequality
(BC- Q)P D2EC — (BpyC - )P D12 EBp,| < C|B - Ba,| P

We have, for each 0,7 € R" where C = C(p,«), by employing Young’s inequality with
and Holder’s inequality.
I < C [, |E = Ep, | [Vom [P [V (v — )| da
< C(r) [, |E — B [VolPda + 7 [, |V (v — ) P
_ —1)(ga— (92—p)/ /
<C(7) <f32 |E B EBQ‘I?QZ/[(? 1)(g2 p)]dx> 2P/ <f32 ‘va|q2d$>p a2
+Tf32 IV (v — um)|Pda.

We observe that

(J, | = B, /107 DDy ) (a2-p)/ a2

< (ga)(p2+qz—p)/[qz(p—1)}(f32 ‘E _ EBQ‘d:z)(‘D—p)/‘D < ¢ola2=p)/a
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due to the outcomes of (2) and (3), and

a2\ P/ % R
(/ |V dw) <C (/ |va]pdm> —|—/ (|gm | dx) =
Bo By By

by virtue of Lemma 4 and equation (13), with C denoting the set C' = C(m,p,q1,«). In
this context, the assumption that § < 1. We thus conclude that

<C,

I, < C(r)8le2—P)/e 7'/ IV (v — ) |P da.
Bs

The estimation of I3 can be obtained by applying Young’s inequality with 7 and Holder’s
inequality
I3 < TfB2 IV (v, — um) [Pdx + C (1) f32 |gm|P dx
p/q
<7 Ji, IV (0 = w)Pdw 4+ C(7) ( [, lgm| " o)
<T f32 IV (U — um)|Pdx + C(7)6P.

We derive by summing all the estimates of I; (1 < i < 3):

C(7) [, 1V (0 — w) P < 27 [, [V (v — w) P
+7 [, [Vom[Pdz + C(1) [6le==p)/az 4 5] .

We reach the following conclusion by selecting a small constant 7 > 0 such that 0 < 7 <
d < 1, and then applying (13):

/ IV (0 — )Pz < C [5 +oE 4 5?] =e?,
Bs

by choosing that fulfills the final inequality stated earlier. This concludes the evidence.
Define (1) and (2) with the same value of § as in Lemma 2. As stated at the outset of this
segment, F is vanishing (d,1). Thus (Perci)

/j |E — Epldx| <6, (14)
B. 1

k3

given that the radiuses of Bg(O < j < 3) are not greater than 1 for j = 0,1,2,3. The
scaling invariant form of Lemma 2 is then obtained by recalling (7).

Lemma 6. Considers the assumption that A > A.. In the case where € is greater than
zero, there is a small 6 = §(¢) > 0 such that Ny is greater than one and vy, is a local weak
solution of in w with B} C w.

sup
B2

V(um);’ < Ny and /B.2 |V (v — (v,)4) }pdx <P (15)

In this context, (um)g\ denotes the weak solution of equation (2) in B, where vy, substi-
tutes for vy,.



H. Ibrahim et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 5621 10 of 16

Proof. Resealing the definitions of Bg for 7 =0,1,2,3, we establish

A (93
- v (2°pg, )
(Um)g\ (r) = m23T>
(gm)l)\ (LU) = gm)\(23pxix)7
E'(z) = E(2%p,, ), = € By.

(vm)Y is therefore a local weak solution of
(r=2)/

, , : 2 A . .. N
div (E'Y )} Von)) . EV () = div (I(ga)iP2(gn)} ) in Ba
It is easily discernible from equations (7) and (14) that

/34 V@)@ <1 [ g

By

pdac < §P

and
/ B — Bip,|"de < 6.
Bs
Lemma 1 subsequently states that a weak solution of
div (Ef32 Vg, - VumE%QVum) =0in By
U, = (vm)f\ on 0By

in the form that

sup |V, | < Ng and /
B1 Bs

v (vm)z)\ — um‘p dr < &P

At this moment, we define (um)’)\ in B? by

i (&) = o

= W(um); (23pxix) ,x € Bo.
;i

Then, by modifying the variables, the conclusion of Lemma 3 is reestablished. Such
concludes the evidence.

4. Local and Gradient estimates for elliptic nonlinear equations:

Theorem 1. Considers the case where g > p. Considers v, to be a feeble local solution to
(1). Subsequently, a small value of 6 = d(n,p,q,a,R) > 0 is present, such that for every
elliptical function and vanishing (6,R), as well as for every f with g, € L} (w;R™), we
can deduce:

/ |Vop|lde < C / |vm|qd:v—|—/ |gm|Tdzx | . (16)
By (o) Bar(z0) By (o)

The constant C' is independent of vy, and g,, where By, (xg) C w. Our strategy is substan-

tially shaped by [5, 14].
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Proof. (i) For ¢ = p, the proof is uncomplicated.
(ii) Lemma (3) states that for all A > A, we obtain

[{z € B} : [Vun| > 2NoA}| = |{z € B} : [Vum,| > 2No}|
<{zeB!: ’V(vm,\ - (vm)g‘ > NO}‘
+ ]{x € B! ]wum)g > No}( - ‘{x € B! ‘V(um,\ - (um)g)‘ > NO}‘
i\ |P P| B2 24nep| BO
< g S |7 (v = ()| < S50 = 2202,
Consequently, as shown in Lemma 2, that

0 No
‘{ZD € le : ‘V'Um| > 2N0)\}‘ < C (Ep)\%’ f{rEB?:|va>%|} |va|pd1)>

1
+ xagar (f{zeB$:|g|>5A/4} |gm| " d ) -

In the given context, C' = C'(n, p, q1, ). Keeping in mind that the spheres are disconnected
and
B! 2 A()) = {z € B1 : |Vum| > A}
€N
We obtain the following by summing ¢ € N in the inequality above for any A > A,:
|{l‘ € B: |va\ > 2N0)\}|

<> {z € Bl 1 |[Vum| > 2NoA}|

1 1
< CeP / |V o, [Pdr + / |gm | dx (17)
()\p {xEBZlemb%} ATy {x632!|gm|>%}

in the case of any A > \.. We compute while recalling the standard argument of measure
theory.

I, Vvm|?dz = q [7° p4~ [{z € Bi: [Von| > p}| dp
= q [N i {w € By ¢ [Vom| > p}dp+q foy,, 19 {z € By« (V| > p}|dp
= ¢ J;"N pt= [{z € By ¢ [Vum| > p}|dp
+q [yT 2NoA) ™ {z € By : [Vup| > 2NoA} d(2NoA) =: J1 + Ja.

Estimation of Ji: It can be deduced from the definitions of A\, and Ay that

q q
T a
A = 26na/p)d < (/ V0 ? daz)p +— (/ |gom | d:c) " (18)
Bs 07 \Jp,
Consequently, Lemma (1) and Holder’s inequality dictate that
8 <.C [ (fy loml” o+ iy laml” )+ 35 (J, o™ )
a/p a/p
<C [(fB4 |Um|pd$) + <f34 ‘gm|pd$) + (;iq f32 |9m‘qu]

<C {fB4 v |dz + [, ]gm|qu} :
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From [14] we see that, 55 — 0, and we have:

A< C{/ |vm|qu+/ |gqux}.
By By

Hence, we ascertain

J1 < (2N0)\*)q |Bl| <C {/ |Um|qdfl) —|—/ |gm|qd:1;},
By By

where C' = C(n,p,q,a).
Probability of Jy. By deriving from (17), we obtain that

Jy < CeP {fooo xa=p=l JiveBowom|sayay | Vm | dzdX
+ 5%1 fOOO Aot f{xeBz:|gm|>5)\/4} |gm‘qld‘rd/\} )

Considering that

/ maﬂm=<6—A{/ w%wﬂf Fdadp,
R™ 0 {zeR™:| fm[>p}

Given > A > 1, we obtain

Jo < CléTp/

|V, |Tdz + Cgap/ | fm]%de,
B2 BQ

in that where Cy = C1(n,p, ¢, a) and Co = Ca(n, p, q, @, 9).
We obtain by combining the estimates of J; and Js.

/ Vv |9da < clgp/ yvumyqu+03/ ([om]? + |gonl®) da,
B1 B>

By

C3 = 03(n7pa q,, 5a 6)'

Using a covering and iteration argument to [15, 16] to re incorporate at the right-hand
side the first integral in the aforementioned inequality while selecting a suitable € such
that C1eP = 1/2, we obtain the following:

[ wenttar < [ foptdes [ lgnldey
B1 By B

4

By performing a shift and scaling transform, the proof of the main result can be completed.

Corollary 1. Considers vy, to be a sequence of local weak solutions to equation (1), assum-

ing that € is greater than zero. Subsequently, a small value of § = 6(n,1+¢, %, a,R) >0
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is present, such that for every elliptically shaped and vanished set E(0,R) and every set
14e€
Gm with gm € L5 (w;R™), we can deduce:

s 1+e
fBT.(a;O) S 1 |Vup| < dx
_ < Lte . .
=¢ [fB4’"(IO) Zm:l [om| < dz + fB4r(:Jc0) Zm:l |gm| = dx}

where C' is a constant that is not dependent on wy, and g, and By (x0) Cw

Proof. Lemma 2 states that for any A = A\, + €, we obtain

1/(20 € BL: 325y [om| > 2No(A + )P =1/{w e BI : 3%, (m)arsel > 2N}/

. 1

<1/{weB': Y _, ‘((vm)A*ﬁ — ()l o) > Nod ’{x € B! ]v um)s .| > NO}‘
1/2
= 1/{z € Bl Xy V(e = (W)} 1) > No}
. 14¢ elte B’L2 gdnglte B?
< b Jyr T [V omdae = (i 0)|| e < S = 22

consequently, as shown in Lemma 3 that

s 1/2

1/ (g {2z € B} : ) |Vvim| > 2No( A + e))
m=1
_ 1
A JaeBo:ys, , IVoml>(te)/4} 5 Z "

in that where C' = C(n, 1+ ¢, (1)1, ).
bearing in mind that the spheres are disconnected and

1 ) -
ngB DA +e)= {:U € By .mZZIVVm| > ()\*—1—5)},
for any A = A\, + ¢, and by aggregating the terms in the aforementioned inequality, we
obtain
1/ ({2x € By : 3%, [Vl > 2No(A + ) 1)
<3 1/{20 € BL 1328 Vvl > 2No(As + )}/
< C’flﬁﬁ f{xeBz 3 I Vvim|>(ete)/4} > om—1 |VV71n+|HEd$
(Lie

= de),

(19)

S
L), 6(1+a)1 f{;ceBz 0% L lgm|>6(Aste)/4} > m=1 [9m|

for whatever. We compute while recalling the standard argument of measure theory.

1+
fBl m= 1|va
(=) foe u = 11/{29:631 S nmwm”z

=(%)I2N°A* -1 /22 € By - Y08, [Vl > p}'/?
(%)fmvo,\* (1+ 11/{21‘ €Bi:Y. _ 1\va\ > u}1/2
= (Lte) 2NN D1 (20 € By Y8 [Vl > u}mdu
+ (1) [ (2No (s + ) UF) K d(2No (M + 2},
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where

s 1/2
= (1/23: € By: Z |VVin| > 2Np(Ax —l—e))

m=1
=:Jy + Jo.
Probability of J;. It can be deduced from the definitions of A\,and Ay that

1+a) 1+5)

Al £)/(14) \ (2
_ . (H2)/(1+¢ ),
=C <(fB2 > om=1 |va](1+5)da?) 1+6 <fBg m=1 ‘gm

Consequently, Lemma 3 and Holder’s inequality dictate that

26n(

)(lf)/(lf)l )

(F£2)/(1+e)

<IB4 m=1 ‘Vm| (1<) d:L‘ + fB4 m=1 |gm!(1+€ IE)
1+5 1+e 1+e

+5(1+5) (fBg m= 1‘gm| ldx)( =)/ )1)
1+€ 1+ 1ie .

{<IB4 m= [Vinl 1+€)d‘”)( e + (J, Zine 1|9m|(1+6)d:n)( e )/(+e)

)da:}

+61%s)f32 m= 1|9m‘( < da
mi<el[
By p—1 By =1

Hence, we ascertain

Jl < (2N0)\*)(

Sé{f&; m= 1‘Vm‘( dw+fB4 m= 1’gm|(
[.2

where C = C(n,1+¢, (£), o).
Jo estimation is derived from (18) as follows:

) 14e)\_ e)— S £
Ji® O+ e) ) 7059 1f{x632 5 om0 424} St [Vl dd (0

Cell+e)
1+E fo (A +¢)

Considering that

/ fPde = (5 A) / ppA1 / Pdedp.
R 0 {zeR™:|f|>u}

Given 8 > A > 1, we obtain

Jp < 018 (14€) Z ‘VUm (14€) Z |g ’(H_E

B2 =1 B2 =1
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where C1 = C1(n,1+¢,(H£),a) and Cy = Ca(n, 1 +¢, (1££),0) .
We obtain by combining the estimates of J; and Js.

5 14e 14
/BZva et [ 3 (V| iz s [ 3 (ol ™ + g

1 m=1 2 m=1 By =1

in that where C3 = C3(n,1 + ¢, (He) a,0,¢). By choosing an appropriate ¢ such that
Crette) =1 /2 and employing a covering and iteration argument to reabsorb at the right-
hand side of the initial integral in the aforementioned inequality, we obtain the following

result:
(lf)dx .
By =1

By performing a shift and scaling transform, the proof can be completed.

/ S Ve

Bi =1

(9 de < C{ Z om|CF ) da +

Ba =1

5. Conclusion

This study meticulously established the foundational groundwork for analyzing nonlin-
ear elliptic equations of p-Laplacian type. We began by rigorously defining key concepts,
including the small bounded mean oscillation semi-norm condition, which quantifies the
oscillation of coefficients. Furthermore, we provided precise definitions for both local and
global weak solutions of the equation under consideration, ensuring a clear understanding
of the solution spaces. Crucial lemmas were derived to support the main theorem, laying
a solid analytical framework for the subsequent investigation. Building upon these defini-
tions and lemmas, the core contribution of this work lies in the proof of the main result
theorem. This theorem successfully derives local gradient estimates for the aforemen-
tioned nonlinear elliptic equations, specifically those featuring bounded mean oscillation
coefficients. These estimates provide valuable insights into the regularity and behavior
of solutions, particularly concerning the gradient’s control within localized domains. The
successful derivation of these gradient estimates signifies a significant advancement in the
understanding of p-Laplacian type equations with non-smooth coefficients.
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