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Abstract. After a reminder of essential notions concerning Jacobi and Poisson manifolds, we
study the relationships between their structures. We also show that for any three-dimensional
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1. Introduction

Jacobi and Poisson manifolds are nowadays a research subject in expansion in dif-
ferential geometry. The Jacobi manifolds are introduced by A. Lichnerowicz [1] as a
generalisation of both symplectic, Poisson and contact manifold. A Jacobi bracket is just
a Lie bracket on the algebra of smooth functions given by bilinear first order differential
operator.

The Jacobi and Poisson manifolds formalize the Hamitonnian geometry and are used
to quantify physical systems. This motivates severals studies of such manifolds. In this
context M. Boucetta studies the compatibility between Poisson and pseudo-Riemannian
structures [2-4]. This allows better characterization of symplectic leaves [5, 6]. In the
same way, Y. A. Amrane and A. Zeglaoui study the compatibility between Riemannian
structures and Jacobi structures [7].

To better understand the geometry behind the Jacobi structure, some researchers try
to look at this structure as a generalization of a Poisson structure. So they rewrite notions
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on Jacobi manifolds so that they generalize the same notions on Poisson manifolds. Thus,
one can ask about the possibility of having a Jacobi structure and a Poisson structure on
the same manifold, and the relationship that can exist between the two structures. The
first answer is given in [8, 9]. They show that from any n-dimensional Jacobi manifold
one can construct a natural Poisson structure on the cone M x R*.

In this paper we try to give an answer to the above question. We study a special
case of a three-dimensional Jacobi manifold. We show that for any three-dimensional
Jacobi manifold we can construct a Poisson structure on the same manifold. We give
some examples of such manifolds.

The organisation of the paper is as follows: in section 2 we begin with a brief review of
the Jacobi structure and its correspondence with Poisson structures. Section 3 is devoted
to the compatibility between Riemannian and Jacobi structures on a manifold as a gen-
eralisation of the compatibility between Riemannian and Poisson structures. In section 4
we give the connection between Jacobi and Poisson manifolds in R3. In addition, we give
the partial compatibility with the Riemannian metric g and the Jacobi structure (m, E);
we also prove that if (M,r, E) is a Jacobi manifold, then (M, P) is a Poisson manifold
under certain conditions. And some examples of 3-dimensional Jacobi-Poisson manifolds
are given.

2. Jacobi manifolds and Poisson manifolds

Let (M, g, ) be an n-dimensional manifold with a pseudo-Riemannian metric g and a
bivector field 7. Let E be a vector field on M. The pair (7, F) defines a Jacobi structure
on M if we have the following relations

[m,m] =2E A ™ and [E, 7] :=Lgm =0, (1)
where [.,.] is the Schouten-Nijenhuis bracket, see [7].
In local coordinates (x1,...,z,) the tensor 7 is determined by the matrix m;;(z) =

{zs,2;}. The rank of this matrix is called the rank of 7 at .

Note that a be vector 7 is a Poisson tensor ((M, ) is a Poisson manifold) if 7, 7] = 0.
A Poisson structure is called regular if the rank of 7 is constant on M. If this matrix is
invertible a each x, then 7 is called non-degenerate or symplectic. We call (M, 7, E) a
Jacobi manifold.

If E =0, then [r, 7] = 0, which correspond for Poisson structure (M, ). Thus the
Jacobi manifold generalised at once the Poisson manifolds, the contact manifolds and the
locally conformal symplectic manifolds. Furthermore, if g is a Hermitian metric on M,
then (M, g,m, E, ) is called a pseudo-Riemannian Jacobi manifold, with A a contact form
[7].

A correspondence between Jacobi and Poisson structures is given by the following fact:

Fact . (m, E) is a Jacobi structure on M if and only if P = e *(7m+ % AE) is a Poisson
structure on the cone M = M x Rﬂ (more generally on M x R, and the Poisson structure

TThe non-degeneracy of the canonical metric motivates the choice of the cone M x R%.
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is homogeneous, see [10, 11]).
Let 7 = Y. 7% 8‘; A % be a bivector field on M. Then by definition of the
1<i<j<4
Schouten-Nijenhuis bracket, one has locally

o 9 4,0 0

or’ 4 923" Bz A W]
Ok 9 0 0

]

i

orid 9 0 0

ozt Oxs 4 oxk A 07 " 0z O A ok A oxJ
sk aﬂ-ij a A a A i _ i aTrSk a A i A i (2)
0zk 0x° | 0x | 0xd " 0ad 0t 0x® | Oxk

Theorem 1. Let (M, n, E) be a Jacobi manifold. If the pair (w, E) is a Jacobi structure
on M then P =e~'(m + 0, A E) is a Poisson structure on the cone M = M x R%..

Proof. Tt’s clear that (7, E) satisfies (1). Now it suffices to prove that [P, P] = 0, where
P=etlr+e 'O, NE.
By (2), we get

[P,P] = [e'n+e 'O ANE, e 'n+e 'O AE]

le7tm e tn] + et e T O NE] + [e 'Oy ANE e tn] 4 [e7 0y AN E,e 0 A E)
= e 2n,w]+2[e O A E, e tn)

= e 2 m, 7w+ 2¢O E, e i) + 20y, e i) A E.

Since
[e7'm e 'Oy NE] =[e'0; NE,e '] and [e 'O, A E,e "0, NE] =0,

one has
[P,P] = e [m ] +2e 20, N[E, ] -2 1 ANE
= e_Qt([w, 7| — 2w A E) + 2 2O [E, ).
So by equation (1);

[P,P]=0 < [m,m] —2nAE =0 and [E,n]=0.

Let’s denote by f : T*M — T'M the anchor map given by 5(f:(«)) = 7(a, 8), and by
[, ]= the Koszul bracket given by

[a75]7r = Eﬁﬁ(a)/@ - [’]iﬂ—(ﬁ)a - d(ﬂ(avﬁ))u aaﬁ € Ql(M)7

and its inverse by, : TM — T*M taking X — X% := g(X,-), that for X,Y € TM and
a, B € QL(M) satisfies

g(X’1,Y") = g(X,Y) = X’(Y) and g*(a, B) := g(fx (@), £x(8)) = a(tx(8)),
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where ¢g* has an associated dual metric g.
Let’s consider the map bundle (see e.g. [7]) iz 5 : T*M — TM, by

fr.2(@) = tr(@) + (E)E,
and, for A € Q'(M) a 1-form, the map [, ]i\nE QL (M) x QY(M) — QY (M) defined by
0,82 2 = [0, Bz + a(E) (L8 — 8) - BE) (Lpa — a) = m(a, HA,

where Q! (M) denotes the space of differential 1-forms on M.

Recall that for the differential forms a, 3,y € Q' (M) we have

3 (8e([01 81) — [te(@), £:(8)]) = 5, w0 5,7,
and for any functions f1, fa, f3 € C®°(M) one has
[dfv, [df2, dfslz]r + [df2, [dfs, dfilz]x + [dfs, [df1, dfo]z]x
= ([ 7)) )
Proposition 1. Let a € QY(M). Then
Le(trpa) = re(Lpa).

Proof. By definition of §- g, we have
Lg(irpe) = LE(fra+ a(E)E) = LE(tra) + LE(a(E)E).

Likewise
br.B(LEa) = ix(Lpa) + (Lpa)(E)E.
Then a straightforward calculation yields, for any 8 € Q' (M),

5(513(1%,1304) - ﬁn,E(ﬁEa)>
= B(Lo(tn0) + Lo(a(B)E) — tx(Lpa) — (Lpa(B))E)
= B(Lp(t:0) — tx(Lr0) + [Lp(a(E)E) - (Lpa)(E)E))
— (£8(B(tx0)) — (L8B)(Ea)) — 7(Lpa, B)
= Lpm(a,§) — (£uB)(tx(0)) = 7(Lpa, §)

= —(£eB)(tn(0)) - (L0, B)
= —7(a, LgB) — T(Lpa, B)

= (Lgm)(a,B)

= 0.
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3. Riemann-Poisson and Riemann-Jacobi manifolds

Let D be the Levi-Civita contravariant connection associated with (P, g*). (M, g*, P)
is said to be a pseudo-Riemannian-Poisson manifold, if

Dap(ﬁ>’7) = ﬁP(a) ' P(Bv’}/) - P(DCMﬁ?’}/) - P(B7Doz7) = 07
where a, 3,y € Q'(M). D is characterized by

29" (DaB,y) = tp(a)g*(B,7) +tp(B)g (a,7) — tp(7)g" (o, B)
+9" ([, Blp, ) + 9" ([7. 0], B) + " ([v, Blp. ). (3)
Moreover, once we introduce the bundle map J* : T*M — T*M, which behaves like a
contravariant (almost) complex structure [12], such that D, J*8 = J*D, /3, for all o, 3, €
QL (M) the space of 1-forms on M. We denote by b, : TM — T*M, bundle maps called

musical isomorphisms such that by (X)(Y) = ¢g(X,Y) and {, its inverse, by g* the dual of
g, such that ¢*(a, 5) = g(f4(), #4(8)) and such that

9(Jlg(a), 8g(8)) = (v, B), and g"(a,J"B) = 7(a, B), (4)
so J* =bg0Jot,.
Definition 1. A triple (w,g,J) of structures on a tangent space T M is called compatible
if for each o, B € QY (M) the relation 7(a, B) = g*(a, J*3) is satisfied.

To the triple (7, E, g) we associate the differential 1-form A defined by A = g(E, E)by(E)—
bg(JE).
We call the contravariant Levi-Civita derivative associated with the triplet (w, E, g) the
unique derivative D, symmetric with respect to the bracket [-,-|r g and compatible with
the metric ¢g*. It is characterised by the formula

29" (DaB,y) = tre(@)g™(8,7) +ire(8)g" () — tre(v)g" (o, B)
+9" ([, Bla. s v) + 9" ([V: A, B) + 9" ([, B 125 @)

Proposition 2. If (7, E) is a Jacobi structure on M, then

ﬁﬂ',E(DaJ*B) = Jﬁﬂ',E(Daﬁ)
for all o, B € QY (M).
Proof. By [7, Proposition 3.1 and 2.6], we have  p(Daf8) = Vi, p(fx,£(3), where V
is the Levi-Civita connection (covariant) associated with g. Since any Hermitian manifold
is a Kéhler manifold if V.J = 0 which is true (see [13]). Then (M, g, ) is a K&hler-Poisson

manifold and consequently, we have VxJY = JVxY, for all X,Y € TM. If we set
X =4 p(e) and Y = 4, g(B), then

ﬁW,E(DaJ*ﬁ) = vﬁmE(a)Jﬁﬂ,E(B) = Jvﬁﬁ,E(a)ﬁw,E(ﬂ) = JﬁW,E(DaB)'

Let w € Q%(M) be a non-degenerate 2-form and 6 € Q!(M). Suppose that the pair
(m, E) is associated with the pair (w, ).
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Definition 2. We say that the Riemannian metric g is associated with the pair (w,0) if
w0 := i E 1s an isometry, i.e. if

9(tu0(0): b0 (8)) = 9" (@, B),

for all a, B € QY (M).
If J and J* are the endomorphism fields defined by the formulae (4), then

9(tu0(@) () = 9(tu(@).509)
= " (b4 ((0)). 2 (8(8) )
= g'(J"a, '),
for all o, 8 € QY(M).

Theorem 2. An almost Jacobi manifold (M, , g*, J*) with non-degenerate Poisson bivec-

tor field w is a Jacobi manifold if and only if (M,w,g,J) is a symplectic manifold, where

w = 71'*1.

Proof. We know that if g is positive definite, the pair (w,g) is an almost Hermitian
structure on M and that J is the associated almost complex structure, i.e. we have

g(JX,JY)=¢g(X,Y)and w(X,Y)=yg(X,JY),

for all X, Y € TM.

From the equivalence J* =bgo0Joty <= f#,0J ob, = J, we get J* oby =b,0J and
w’ oh = 1d, and therefore (7, g*, J*) is Jacobian if and only if (w, g, .J) is symplectic. The
conclusion follows from [7, Corollary 2.2], to see that

DT((O[, 67 ’Y) = vw(ﬂw,@(a)ﬂ ﬂw,@(ﬁ)v ﬁw,0<7))'

Theorem 3. Assume that (7, E) is a Jacobi structure and a, 3, € Q1 (M). We have the
following property

(Ler oM (B.7) = Ly (8:7) = {1(E)7 (B, da(B)) = B(E)x (7, da(B)) }.
Proof. Since #r g(a) = (o) + a(E)E, we have
Ly, p@m)(B:7) = tx(@)m(B,7) + a(E)E - 7(8,7)
—7(8, L4, (a)+a(B)EY) — T(Ls (a)+a(B)EB: ) (5)

Moreover, we know that, for all vector fields X and Y on TM, o € QY (M) and f a smooth
function on M, we have

£X+fya =Lxa+ fLya+ Oé(Y)df
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So by setting X = f,(«), Y = F and f = a(F), we have

(B, Ly () +a@)eY) = T(B, Ly () + 7B, a(E)LEy +v(E)d(a(E)))

= 7B, Ly, (a)7) + (B, a(E)LEY) + m(8,7(E)d(a(E)))
T(Ly () ra@EB:Y) = 7(Ly ()B7) +m((E)LEB+ B(E)d(a(E)), )

= (L, ()B:7) + m(a(E)LEB,v) + m(B(E)d(a(E)),7).

Then (5), become

(L4 o™ (B,7) = tx()n(8,7) + a(B)E - n(8,7)
~(7(8, Lezo) + 7(8, a(B) L) + 7(8,7(E)d(a(E))) )
— (7L (@87 + 7(@(B)LH,) + 7(A(E)d(a(E)), 7))
= tr(a)7(B,7) = 7(B, Ly, (a)7) — T(Ly, ()55 V)
+a(B)(E - w(8,7) = 7(8, L7) = 7(LeB,7))
~(7(8,7(E)da(E)) + n(8(E)da(E), 7))
= (L ()™)(B:7) + a(E)LEm(8,7)
~(7(8.1(B)da(E)) + m(B(E)da(B), 7))
= (Lay@m(B.7) = {3(B)r(8,da(B)) - A(E)x (. da(E)) }.

We can conclude by [13, section 3, definition and properties, iii)], since Lgm = 0.Gives us
a necessary condition so that (R3, g*, P) is a Riemann-Poisson manifold using divergence,
where g* is the canonical metric.

Remark 1. If i:(«) = E, then we have a Hermitian-Poisson manifold, since Lpm = 0.

The characterization of finite dimensional Riemann-Poisson manifolds started with [4].
The following theorem gives another method for the characterization obtained in [4].

Theorem 4. If the bivector field P is compatible with g* then there exists a differential
function p on R? such that

po_ (o) O, 0 ()9 O (0n) D O
9z ) 8z " By dy) oz 9z dx ) Oy " 0z
Proof. According to the work of M. Boucetta [4], the compatibility between P and g*
implies that the application being C'*° (R3)—bilinear

(o, B) — L, g" (o, B) = g* (DY dh, B) + g* (a, D dh)
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which is anti-symmetric for any differentiable function h on R, where Hy, is the Hamilto-
nian field of h, consequently the vanishing of modular vector field given by

¢ (h) =
We calculate ¢ (h), as

g* (DL,dh, dx)

—g" (D&Zd:ﬂ, daz) +

—g" (Dh,dy, dz) +

:%.pll oh T2 4 oh T8 4 0Py | 0Pz (Oh
or ' oy dz oy 0z ox
Oh 0Py  Oh 0Py 92h 9?h
_ o P P
oy Ox 92 Ox * 2 9yox + Y9205
So
Oh L Oh L Oh 0Py 0P
* P o
9" (Dgydh, dy) = B .13t a . T2? + - .T33 ( o P
Oh 0Py  Oh 0Py 0h 9%h
- . —P P
oz oy T o: oy 2ozoy  Boz0y
and
oh oh oh OP13  OPss
“(DLdh,dz) = — T3t 4+ —— .I2 4 — I 4 (-2 - ==
g" (Pazdh,dz) = 5o dy 9z ( dxr  dy
_ Oh 9Pz Oh 0Py, Ph Ok
Oox Oz oy 0z 19202 oydz’

)(

Oh

dy

g* (Didh,dz) + g* (DY, dh, dy) + g* (Di.dh,dz) ¥V heC™®(R?).

—q* (D(I;wdz,d@ +fp (dz) - (

)

Oh

ox

Now, let us compute the contravariant connection D. We will use the Christoffel symbols
F” For example, Dy,dz = I'1tdx + I'ildy + T'ildz. From (3), one has

)

0 0
i o— i _ 1 _
! 0, 2 0x0z’ 3 7 dzdy’
0 1 Pu Pu
I‘12 — F12 _ 1‘\12 - I it i
! 920z’ 2 P=3(-mt oy " 5:7)
0%u 1 Py 0*u  0?
2t o— o 2 — _ 2t ( _ _
! ' 2 oyoz’ 572 ox?2 Oy 022
s _ _ 9y F13:1(82,u_82u_82u> ris _ g
! 0xdy’ 2 7 2\9x2 9y 922) 3
TR 31 1 (32M 0 B 32#) 31 _ 0%
! ’ 2 7 2\022 oy 922) 37 9ydz’
0?1 0?1
F22 — F22 — 0 F22 — _
1 ayaz ) 2 ) 3 axay’
23 _ (32_32 82”) n_ P s
! ox2  Oy? 022/ 27 gy’ 3 ’

)
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1 Pu P 0
32 — 7(_7_7 7) 2 — 32— _
! 2 or?  Oy? + 022/’ 2 ’ 3 0xdz’
0%u 0%
F33 _ F33 —_ 1'133 —0.
! oyoz’ 27 9202’ 3
Therefore

_Oh 9Py  Oh 0P

Oh OPis
¢(h)_87y'89:+8z or Oz 8y+8z oy C0r 0z
. <_ 0P;3 . 8P12> oh <8P12 8P23> oh <8P23 8P13> oh

0z oy %jL or 0z 67y y + or ) 0z

_ ([ 0P 0P ﬂ+ 0Py 0P ﬁ+ 5P23+3P13 0 h
N 0z oy ) Ox Ox 0z ) Oy Oy oxr ) 0z ’

. 0 9 9] . : oo (3 3 _
since {83:’ 3y 82} is a basis of C (R )—free module of A (R ) then, ¢ (h) =0V h €

= (]R3) is equivalent to the system of equations

Ooh ' 0Py3 Oh 0Pi3

_8P13 B OP1o - 0
0z 0 N
0Py 0Py 0
o —
Iy 9Py _
oy Ox ’

which is equivalent to:

0 0 0
— (P12 + P13) + % (—P12 + Pzg) + % (—P13 — P23) =0.

ox
By setting
a=—P3—Py3, b=—Pia+ Pz, c= P2+ Pi3,
one has
0 ob 0O
£+%+£:0 < div-v =0 where v=/(cb,a).

We can say that the 2-form a = adx A dy + bdx A dz + cdy A dz on R is closed. Since R3
is simply connected, then « is exact, there are three differentiable functions 7, u, v and
an 1-form 3 = ndx + pdy + vdz on R? such that o = df3

(o v _ o on _ on
db’—(am 8y>dﬂc/\dy+<ax az>dx/\dz+<ay 9z dy Ndz =
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0 0
@ =-Py—Py= -
G
b :—P12+P23:—n——y = a+b+c=0 (6)
007 of*
=P Pj3=—— —
c 12 + 113 dy 02

which is equivalent to

(%(u—l/)Jr;y(V—n)Jri(n—u):

which is also equivalent to

n =v
n o= e n=p=v
po=v

Therefore the system (6) becomes

0 )

4= —Py—Py = —=-°F

gx gy

b=—Pia+ P3 = r_cr

g Gy

c 12 + 113 oy 02

By identification we obtain

ou ou ou
12 B ) 13 ay 3 23 O

Which gives the desired result.
Remark 2. By setting f = —u we find the results of M. Boucetta [4].

4. Link between Jacobi structures and Poisson structures

Contrary to Theorem 1, here we show the existence of a Poisson structure from a

Jacobi structure on a manifold of dimension 3.
Let (M, r, E) and (M, P) respectively a Jacobi manifold and Poisson manifold, where

T = T120: A 6y + 7130 N\ O, + 7T23(9y ANO,, E=F10; + Egay + E30..

Theorem 5. Let (M, n, E) be a Jacobi manifold. Then there exists a vector field Z on
TM different from E such that the bivector P defined by P = w + E N Z, is a Poisson
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tensor on M. There is a natural one-to-one correspondence between Jacobi manifold and
Poisson manifold ([P, P] =0), which is, if and only if

- OB 9A  (20ms  OC
—2E17T13 + 2E27T13 — 2E37T12 = (27‘(‘12 — A)% + (27T13 — O)&TJ + A( or — (BTy)
Oomsa 0OC Omis OB 0A
B(2972 %N L o(29712 9PN 4 on 92 (7
+5( O 8z)+ ( ay Bz>+ 1355 (7)
wehere
T = mweldxr A0y + m130xA0z + T30y N O,
E = =F0;+ Ezay + B30,
Z = 710, + Zgay + Z30,.
A = Elzg - EQZl, B = E1Z3 - E3Z1 and C = E2Z3 - EgZQ.
Moreover

P = (7T12 + F1Z9— Eng)&,; /\ay + (7713 +F1Z3— ESZl)a’r /\az + (71'23 +FEyZ3— Eng)ay /\8Z.
Proof. To obtain the result it is enough to show that, by using equation (2),

[P,P] = [r+ENZnm+ENLZ]
= [ma+[mENZI|+[ENZ, 7|+ [ENZ,ENZ]
=0

We can assume that F # Z. Then one has
ENZ = (B0, + Esdy + E30.) A (2105 + 220, + 730 )

= (B1Z— B220)0, 10y + (ErZs — Bs20) 00 0 0. + (BaZs — By )0, 1 0.
= Ad, NOy + B0y AD, +CO, N0,

A straightforward computation show that

0B 0A oC 0B oC
[E/\Z,E/\Z]—(—A%—Ca——Aa—y—Ca—Ba)ﬁm/\ay/\az. (8)
[m,m] = 2EAT®

= 2(E17r23—E27T13+E37T12)3x/\3y/\3z (9)

012 0B 012 omi3

ENZ ENZ = 2(B—— — — — 4+ A—

m, EAZ]+ B A2, 7] (B e ~mag, +C 9, "oz

0A 0A

+7T13%+7T2367y>8$/\8y/\82 (10)
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So equation (8) by (9)-(10), becomes

0B 0A
[P, P] = <2E17T23 — 2F9m3 + 2E3m9 + (27(12 — A)% + (2’/’1’23 — C)aiy
20m3  0C Oms  0C Oomis OB 0A
A - — 22— — — 2— — — 2 — )0, ..
+A( oz 8y)+ ( Oz az)+c( oy 82)+ m38x)8 N0y 1O

We deduce the result (7).

Example 1. Let us equip R3 with the bivector field w defined by
™= (2y + 3y*)0x A Oy + (2 + 3y)9y A O-

and the vector field E defined by E = —20, — 30,.
A direct calculation shows that

[m, 7] = 2B AT =2(—9y* — 4 —129)9, ANy A D, and [E,n] = 0.

By choosing Z1 = f(x) = —2% — 1, Zy = g(2), Z3 = h(y) = y* + 1, in this exzample, we
have A = —2Z5, B = —27Z3+ 371, C = 3Z5 and by (7)
dg

[P,P] = ( — 8 — 24y — 18y + (=2h(y) + 3f(2))(—52) + (4+ 12y)(3g(z)))8x A8y A D..

[P,P] =0 <= <2h(y) — 3f(x)>g'(x) + (12 + 36y)g(z) = 18y* + 24y + 8
= ag'(z)+Bg(z) =7

We get

g(z) = Ke a7 + ﬂ, VK eR,

B
where a = 2y* + 322 + 5, B =12+ 36y, v = 18y* + 24y + 8 with y # —1.
Thus we obtain
Z = —(2* + 1)y + Z20, + (y* +1)0,

with

—12 — 36y) ) (922 + 6y* + 15)(y + 2)? VK eR

322+ 292 + 5 6y + 2
Corollary 1. Let us assume that E = f0, where f 0. Let (7, E) a Jacobi structure on
M. P=n+ENZ, (Z=0,+0y+0.) is a Poisson structure on M if and ally if

ZgzKeXp(

Omi2
= 11
82 07 ( )

of of O3
ZJ heCll — 12
7r128y +7T1382 +/ 0z 0, (12)

of __ 0f oms _

7T12%+7T23$+f 0, 0, (13)

Om Oma 10ms3 10m3
2 - -
f( Ox * oy + 2 Oy 2 0z )
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Proof. Since
ENZ =—f0, N0, — fO, N O,

one has:
[P,P] = [r+EANZ,m+ENLZ]
= [m,ml+[mENZ|+[ENZ, 7|+ [ENZ ENZ]
of of of
- 2E/\7T+7T13<8—y—8—)0 Ay N O: +2ma 550, A Dy N O
Omi2 Omz  Omz  Omi3
—f( +26y+ay+a)amw
0719 8712 190m3 10m3
= =2 5 5 T z
f( c'?y +2 oy 2 0z )8 A Oy N O
of of of
mg(afy—a—)a Ay A D, +27r12(f+8 )a A8y A D

So [P, P] = 0 if and only if

(G Gt nay taae) ~malg, —gn) +oma(r+ )

which give (14).

o 871'12 8f 67['23 8f
R A +<ma . ))8y/\32
of 87113 af
+<7T128y+f 8z 3872)6:1:/\62
= 0.
Since f # 0, one has

.
7T12a f&r2d + 23af =
ngaf —l—fam?’ +7T13%f =0.

Thus we obtain (11),(12) and (13).
Example 2. Let
7= (z* + 4" A Oy — 20y AN O, +ydy, A D,
and E = f0, with f is smooth function.
Then a straightforward calculation yields
(«! +y)8f+y8f =0,
2f (z + yt + 423 —|—4y)+2(az —l—y)f a:g—g—i—x% =0.

On can obtain
f(@,9,2) = exp (29(z,y) + k(z.y)).
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