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Abstract. The 3F2 hypergeometric function holds a pivotal position in the realm of hypergeomet-
ric and generalized hypergeometric series. Its significance extends beyond mathematics, impacting
various fields such as physics and statistics.
This research paper aspires to uncover the explicit expression of the 3F2 Watson’s classical summa-
tion theorem, an endeavor that promises to deepen our understanding and expand the applications
of this remarkable function:

3F2

 a, b, c
; 1

1
2 (a + b + i + 1), 2c + j


For any arbitrary i and j, setting i = j = 0 leads directly to Watson’s theorem for the series
3F2(1). This highlights the theorem’s critical relevance.
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1. Introduction

The generalized hypergeometric function, represented by rFs, is an excellent mathe-
matical construct that demonstrates the remarkable depth and beauty of special functions.
The foundation of our research lies in understanding and expanding the realm of these
functions, especially in the context of long-established summation theorems and their
innovative extensions.
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The generalized hypergeometric function characterized by p numerator and q denom-
inator parameters, is formally defined in [1]

pFq

 ν1, ..., νp

; z
ξ1, ..., ξq

 =
∞∑

m=0

(ν1)m ... (νp)m

(ξ1)m ... (ξq)m

zm

m! , (1)

where (ν)m denotes the shifted factorial defined for any complex number µ, by

(µ)n =
{

µ(µ + 1)...(µ + n − 1); n = 1, 2, 3, ...
1; n = 0 .

Using the main property Γ (µ + 1) = µΓ (µ), (µ)n can be written as

(µ)n = Γ(µ + n)
Γ(µ) .

It is essential to recognize that the representation of hypergeometric and generalized
hypergeometric functions in terms of the Gamma function has profound theoretical and
practical implications. A limited number of summation theorems exist in the literature,
specifically known as classical summation theorems, which include Gauss, Gauss’s second
theorem, Kummer, and Bailey for the 2F1 series, along with Watson, Dixon, and Whipple
for the 3F2 series.

The 3F2 hypergeometric function is of paramount importance in the theory of hy-
pergeometric and generalized hypergeometric series. Furthermore, this function has an
extensive range of applications in mathematics, as detailed in references [2–10], and it
significantly contributes to the fields of physics and statistics, as outlined in references
[11–17].

Now, we begin by introducing the classical Watson’s summation theorem 3F2 of unit
argument [18], which takes the form:

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 1), 2η


=

Γ(1
2)Γ(η + 1

2)Γ(ν
2 + ξ

2 + 1
2)Γ(η − ν

2 − ξ
2 + 1

2)
Γ(ν

2 + 1
2)Γ( ξ

2 + 1
2)Γ(η − ν

2 + 1
2)Γ(η − ξ

2 + 1
2)

(2)

where Re(2η − ν − ξ) > −1.
In [19], Watson demonstrated the formula given in (2) for cases where one of the

parameters, a or b, is a negative integer. This result was later established more generally
in the non-terminating case by Whipple in [20].

The standard proof of (2), presented in [18, p.149] and [21, p.54], relies on a transfor-
mation developed by Thomae [22]. Additionally, MacRobert [23] provided an alternative
and more interesting proof by utilizing the quadratic transformation for Gauss’s hyperge-
ometric function, as stated in [1, Theorem 25, p. 67].
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Recently Rathie and Paris [24] gave a basic confirmation of (2) that just depends on
the Gauss summation theorem for the 2F1 hypergeometric function, namely, [25] while
Rakha in [26] gave an extremely straightforward proof of(2) by using the Gauss’s second
summation theorem.

In 1987, Lavoie [27] made a significant contribution by establishing two powerful sum-
mation formulas that have important implications in the field:

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 1), 2η + 1


=

2ν+ξ−2 Γ(η + 1
2)Γ(ν

2 + ξ
2 + 1

2)Γ(η − ν
2 − ξ

2 + 1
2)

Γ(1
2) Γ(ν) Γ(ξ)

×
{

Γ(ν
2 )Γ( ξ

2)
Γ(η − ν

2 + 1
2) Γ(η − ξ

2 + 1
2)

−
Γ(ν

2 + 1
2) Γ( ξ

2 + 1
2)

Γ(η − ν
2 + 1) Γ(η − ξ

2 + 1)

}
(3)

provided Re(2η − ν − ξ) > −3, and

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 1), 2η − 1


=

2ν+ξ−2 Γ(η − 1
2)Γ(ν

2 + ξ
2 + 1

2)Γ(η − ν
2 − ξ

2 − 1
2)

Γ(1
2) Γ(ν) Γ(ξ)

×
{

Γ(ν
2 )Γ( ξ

2)
Γ(η − ν

2 − 1
2) Γ(η − ξ

2 − 1
2)

−
Γ(ν

2 + 1
2) Γ( ξ

2 + 1
2)

Γ(η − ν
2 ) Γ(η − ξ

2)

}
(4)

provided Re(2η − ν − ξ) > 1.

In 1992, Lavoie et al. in [28], took out explicit expression of the series

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + i + 1), 2η + j

 (5)

for i, j = 0, ±1, ±2, where at i = j = 0 we obtain (2).
Other remarkable results of such computations, are:

1. In 1997, Stainislaw [29] presented an analytical formula for (5), establishing a frame-
work with a fixed value of j and allowing for arbitrary values of i.

2. Kim et al. [30] subsequently derived the aforementioned result (5) specifically for
the case where j = 0 and i takes values of 0, ±1, ±2, . . . , ±5.
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3. In 2012, Chu [31] conducted an investigation into the generalized Watson’s se-
ries, incorporating two additional integer parameters by integrating the linearization
method with Dougall’s summation approach for well-poised 5F4-series.

4. Rakha et al., in their 2013 study [32], established the results pertaining to (5) for
i = 0, ±1, ±2, . . . , ±5 and j = 0, ±1, ±2.

The primary objective of this paper is to identify explicit extensions of the classical
Watson’s summation theorem for arbitrary values of i and j. This endeavor aims to
yield additional summation theorems as well as further contiguous relations concerning
the hypergeometric series denoted as 3F2(1).

2. Main Results

Our main results in this paper can be formed in the following theorem.

Theorem 1. For i, j ∈ Z,

(2η + j) fi,j+1(ν, ξ, η)

= (2η + j) fi,j(ν, ξ, η) − 2νξη

(ν + ξ + i + 1)(2η + j + 1)fi,j(ν + 1, ξ + 1, η + 1). (6)

Proof. Let us consider that

fi,j(ν, ξ, η) = 3F2

 ν ξ η
; 1

ν+ξ+i+1
2 2η + j


=

∞∑
n=0

(ν)n (ξ)n (η)n(
ν+ξ+i+1

2

)
n

(2η + j)n

1
n! . (7)

It is clear that

(2η + j) fi,j+1(ν, ξ, η)

=
∞∑

n=0

(ν)n (ξ)n (η)n (2η + j)(
ν+ξ+i+1

2

)
n

(2η + j + 1)n

1
n!

=
∞∑

n=0

(ν)n (ξ)n (η)n (2η + j + n)(
ν+ξ+i+1

2

)
n

(2η + j + 1)n

1
n! −

∞∑
n=0

(ν)n (ξ)n (η)n n(
ν+ξ+i+1

2

)
n

(2η + j + 1)n

1
n!

= (2η + j)
∞∑

n=0

(ν)n (ξ)n (η)n(
ν+ξ+i+1

2

)
n

(2η + j)n

1
n! −

∞∑
n=0

(ν)n+1 (ξ)n+1 (η)n+1(
ν+ξ+i+1

2

)
n+1

(2η + j + 1)n+1

1
n!

= (2η + j) fi,j(ν, ξ, η) − 2abc

(ν + ξ + i + 1)(2η + j + 1)

∞∑
n=0

(ν + 1)n+1 (ξ + 1)n+1 (η + 1)n+1(
ν+ξ+i+3

2

)
n+1

(2η + j + 2)n+1

1
n!
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= (2η + j) fi,j(ν, ξ, η) − 2νξη

(ν + ξ + i + 1)(2η + j + 1)fi,j(ν + 1, ξ + 1, η + 1),

Thus, we have successfully reached the outcome specified in equation (6). This accom-
plishment not only confirms the validity of our findings but also effectively concludes the
derivation associated with (6).

Remark 1. If we know fi,0(ν, ξ, η) =

 ν ξ η
; 1

ν+ξ+i+1
2 2η

, we can generate fi,j(ν, ξ, η)

for any values of i and j.

3. Special Cases

3.1. Special Cases

(i) When i = j = 0 in (6), we obtain

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 1), 2η + 1


= 3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 1), 2η


− νξ

(2η + 1)(ν + ξ + 1) 3F2

 ν + 1, ξ + 1, η + 1
; 1

1
2(ν + ξ + 3), 2η + 2


=

2ν+ξ−2 Γ(η + 1
2)Γ(ν

2 + ξ
2 + 1

2)Γ(η − ν
2 − ξ

2 + 1
2)

Γ(1
2) Γ(ν) Γ(ξ)

×
{

Γ(ν
2 )Γ( ξ

2)
Γ(η − ν

2 + 1
2) Γ(η − ξ

2 + 1
2)

−
Γ(ν

2 + 1
2) Γ( ξ

2 + 1
2)

Γ(η − ν
2 + 1) Γ(η − ξ

2 + 1)

}
which appeared in [32, Eq.(3.18), pp. 229], [27, Result (2), pp.269],[28, Result
(1),pp.24], [33, Eq.(4.4),pp.12] and [34, Theorem 4, p.147].

(a) In such a case, the result when ν = 1, ξ = 1 and η = 1, appeared in [35, Result
209, p. 459].

(b) In such a case the result when ν = 2
3 , ξ = 4

3 and η = 1, appeared in [36, Eq.
26].

(ii) When i = 1 and j = 0 in (6), we obtain

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 2), 2η + 1


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= 3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 2), 2η


− νξ

(2η + 1)(ν + ξ + 2) 3F2

 ν + 1, ξ + 1, η + 1
; 1

1
2(ν + ξ + 4), 2η + 2


=

2ν+ξ−1Γ
(

ν+ξ+2
2

)
Γ

(
η + 1

2

)
Γ

(
η − ν

2 − ξ
2

)
2(ν − ξ)Γ

(
1
2

)
Γ(ν)Γ(ξ)

 (2η − ν + ξ)Γ
(

ν+1
2

)
Γ

(
ξ
2

)
Γ

(
η − ν

2 + 1
)

Γ
(
η − ξ

2 + 1
2

)
−

(2η + ν − ξ)Γ
(

ν
2

)
Γ

(
ξ+1

2

)
Γ

(
η − ν

2 + 1
2

)
Γ

(
η − ξ

2 + 1
)


which appeared in [32, Eq.(3.18), pp.229], [34, Theorem 5, pp.148], [28, Result (1),
pp.24], and [34, Theorem 2, pp. 144].
In such a case, the results when ν = 1

2 , ξ = 1, η = 5
4 ; ν = 1

2 , ξ = 3
2 , η = 1 and

ν = ξ = η = 1; appeared in [35, Results 187, 188 & 211, pages 458, 458 & 459],
respectively.

(iii) When i = 2 and j = 0 in (6), we obtain

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 3), 2η + 1


= 3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 3), 2η


− νξ

(2η + 1)(ν + ξ + 3) 3F2

 ν + 1, ξ + 1, η + 1
; 1

1
2(ν + ξ + 5), 2η + 2


=

2ν+ξΓ
(

ν+ξ+3
2

)
Γ

(
η + 1

2

)
Γ

(
η − ν

2 − ξ
2 − 1

2

)
4(ν − ξ − 1)(ν − ξ + 1)Γ

(
1
2

)
Γ(ν)Γ(ξ)

(2η(ν + ξ − 1) − (ν − ξ)2 + 1)Γ
(

ν
2

)
Γ

(
ξ
2

)
Γ

(
η − ν

2 + 1
2

)
Γ

(
η − ξ

2 + 1
2

)
−

(8η2 − 2η(ν + ξ − 1) − (ν − ξ)2 + 1)Γ
(

ν+1
2

)
Γ

(
ξ+1

2

)
Γ

(
η − ν

2 + 1
)

Γ
(
η − ξ

2 + 1
)


which appeared in [32, Eq.3.18, pp.229],[33, Eq.(4.5),pp.12] and [28, Result(1),pp.24].
In such a case, the results when ν = 1, ξ = 3

2 , η = 3
4 ; ν = 1, ξ = 2, η = 1 and

ν = 3
2 , ξ = 3

2 , η = 1; appeared in [35, Results 204, 234 & 242, pages 459 & 460],
respectively.
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(iv) When i = −1 and j = 0 in (6), we obtain

3F2

 ν, ξ, η
; 1

1
2(ν + ξ), 2η + 1


= 3F2

 ν, ξ, η
; 1

1
2(ν + ξ), 2η


− νξ

(2η + 1)(ν + ξ) 3F2

 ν + 1, ξ + 1, η + 1
; 1

1
2(ν + ξ + 2), 2η + 2


=

2ν+ξ−2Γ
(

ν+ξ
2

)
Γ

(
η + 1

2

)
Γ

(
η − ν

2 − ξ
2 + 1

)
2(ν − ξ)Γ

(
1
2

)
Γ(ν)Γ(ξ)

 Γ
(

ν+1
2

)
Γ

(
ξ
2

)
Γ

(
η − ν

2 + 1
)

Γ
(
η − ξ

2 + 1
2

)
+

Γ
(

ν
2

)
Γ

(
ξ+1

2

)
Γ

(
η − ν

2 + 1
2

)
Γ

(
η − ξ

2 + 1
)


which appeared in [28, Result (1), pp.24], [32, Eq.(3.18), pp.229], [31, Example (11),
pp.9] and [34, Theorem (1), pp.143].

(v) When i = −2 and j = 0 in (6), we obtain

3F2

 ν, ξ, η
; 1

1
2(ν + ξ − 1), 2η + 1


= 3F2

 ν, ξ, η
; 1

1
2(ν + ξ − 1), 2η


− νξ

(2η + 1)(ν + ξ − 1) 3F2

 ν + 1, ξ + 1, η + 1
; 1

1
2(ν + ξ + 1), 2η + 2


=

2ν+ξ−3Γ
(

ν+ξ−1
2

)
Γ

(
η + 1

2

)
Γ

(
η − ν

2 − ξ
2 + 1

2

)
2(ν − ξ)Γ

(
1
2

)
Γ(ν)Γ(ξ)

 (ν + ξ − 1)Γ
(

ν
2

)
Γ

(
ξ
2

)
Γ

(
η − ν

2 + 1
2

)
Γ

(
η − ξ

2 + 1
2

)
+

(4η − ν − ξ + 1)Γ
(

ν+1
2

)
Γ

(
ξ+1

2

)
Γ

(
η − ν

2 + 1
)

Γ
(
η − ξ

2 + 1
)


which appeared in [28, Result(1), pp.24] and [32, Eq. (3.18), pp.229].
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(vi) When i = 0 and j = 1 in (6), we obtain

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 1), 2η + 2


= 3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 1), 2η + 1


− 2 νξη

(2η + 1)(2η + 2)(ν + ξ + 1) 3F2

 ν + 1, ξ + 1, η + 1
; 1

1
2(ν + ξ + 3), 2η + 3


=

2ν+ξ−2Γ
(

ν+ξ+1
2

)
Γ

(
η + 3

2

)
Γ

(
η − ν

2 − ξ
2 + 1

2

)
2(η + 1)Γ

(
1
2

)
Γ(ν)Γ(ξ)

×

 [(η − ν + 1)(η − ξ + 1) + η(η + 1)]Γ
(

ν
2

)
Γ

(
ξ
2

)
Γ

(
η − ν

2 + 3
2

)
Γ

(
η − ξ

2 + 3
2

) −
4Γ

(
ν+1

2

)
Γ

(
ξ+1

2

)
Γ

(
η − ν

2 + 1
)

Γ
(
η − ξ

2 + 1
)


which appeared in [32, Eq.(3.20), pp. 230] and [28, Result (1), pp.24].
In such a case, the results when ν = 1

4 , ξ = 1, η = 1
8 ;ν = 1

3 , ξ = 1, η = 1
6 ; ν = 1

2 ,
ξ = 1 η = 1

4 ; ν = 1
2 , ξ = 1 η = 3

8 ; ν = 3
4 , ξ = 1 η = 3

8 and ν = 3
2 , ξ = 1 η = 3

4
appeared in [35, Results 123, 130, 136, 137, 160 & 203, pages 456, 457 & 459].

(vii) When i = 1 and j = 1 in (6) we obtain

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 2), 2η + 2


= 3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 2), 2η + 1


− 2 νξη

(2η + 1)(2η + 2)(ν + ξ + 2) 3F2

 ν + 1, ξ + 1, η + 1
; 1

1
2(ν + ξ + 4), 2η + 3


=

2ν+ξ−1Γ
(

ν+ξ+2
2

)
Γ

(
η + 3

2

)
Γ

(
η − ν

2 − ξ
2

)
2(η + 1)(ν − ξ)Γ

(
1
2

)
Γ(ν)Γ(ξ)

 [2η(η + 1) − (ν − ξ)(η − ξ + 1)]Γ
(

ν+1
2

)
Γ

(
ξ
2

)
Γ

(
η − ν

2 + 1
)

Γ
(
η − ξ

2 + 3
2

)
−

[2η(η + 1) + (ν − ξ)(η − ν + 1)]Γ
(

ν
2

)
Γ

(
ξ+1

2

)
Γ

(
η − ν

2 + 3
2

)
Γ

(
η − ξ

2 + 1
)


which appeared in [28, Result (1), pp. 24], [34, Theorem (5), pp.148] and [31,
Example (9), pp.8].
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In such a case, the result when ν = 3
2 , ξ = 1 and η = 1

4 , appeared in [35, Result
148,p.457].

(viii) When i = 2 and j = 1 in (6), we obtain

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 3), 2η + 2


= 3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 3), 2η + 1


− 2 νξη

(2η + 1)(2η + 2)(ν + ξ + 3) 3F2

 ν + 1, ξ + 1, η + 1
; 1

1
2(ν + ξ + 5), 2η + 3


=

2ν+ξΓ
(

ν+ξ+3
2

)
Γ

(
η + 3

2

)
Γ

(
η − ν

2 − ξ
2 − 1

2

)
8(η + 1)(ν − ξ − 1)(ν − ξ + 1)Γ

(
1
2

)
Γ(ν)Γ(ξ)

 kΓ
(

ν
2

)
Γ

(
ξ
2

)
Γ

(
η − ν

2 + 3
2

)
Γ

(
η − ξ

2 + 3
2

)
−

[4(2η + ν − ξ + 1)(2η − ν + ξ + 1)]Γ
(

ν+1
2

)
Γ

(
ξ+1

2

)
Γ

(
η − ν

2 + 1
)

Γ
(
η − ξ

2 + 1
)


where

k = 2η(η + 1) [(2η + 1)(ν + ξ − 1) − ν(ν − 1) − ξ(ξ − 1)]
− (ν − ξ − 1)(ν − ξ + 1) [(η + 1)(2η − ν − ξ + 1) + νξ]

which appeared in [28, Result(1), pp.24].
In such a case, the result when ν = 1

2 , ξ = 1 and η = 1
4 , appeared in [35, Result 139,

p. 456].

(ix) When i = 0 and j = −1 in (6), we obtain

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 1), 2η − 1


= 3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 1), 2η


+ νξ

(2η − 1)(ν + ξ + 1) 3F2

 ν + 1, ξ + 1, η + 1
; 1

1
2(ν + ξ + 3), 2η + 1


=

2ν+ξ−2 Γ(η − 1
2)Γ(ν

2 + ξ
2 + 1

2)Γ(η − ν
2 − ξ

2 − 1
2)

Γ(1
2) Γ(ν) Γ(ξ)
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×
{

Γ(ν
2 )Γ( ξ

2)
Γ(η − ν

2 − 1
2) Γ(η − ξ

2 − 1
2)

−
Γ(ν

2 + 1
2) Γ( ξ

2 + 1
2)

Γ(η − ν
2 ) Γ(η − ξ

2)

}

which appeared in [28, Result(1),pp.24], [32, Eq.(3.19), pp. 230], [27, Result(1), pp.
269] and [34, Theorem (7), pp. 152].
In such a case, the result when ν = 1

2 , ξ = 1
2 and η = 2, appeared in [35, Result 172,

p.458] & [37, Result(2.9),pp.5].

(x) When i = 1 and j = −1 in (6), we obtain

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 2), 2η − 1


= 3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 2), 2η


+ νξ

(2η − 1)(ν + ξ + 2) 3F2

 ν + 1, ξ + 1, η + 1
; 1

1
2(ν + ξ + 4), 2η + 1


=

2ν+ξ−1Γ
(

ν+ξ+2
2

)
Γ

(
η − 1

2

)
Γ

(
η − ν

2 − ξ
2

)
(ν − ξ)Γ

(
1
2

)
Γ(ν)Γ(ξ)

 Γ
(

ν+1
2

)
Γ

(
ξ
2

)
Γ

(
η − ν

2
)

Γ
(
η − ξ

2 − 1
2

)
−

Γ
(

ν
2

)
Γ

(
ξ+1

2

)
Γ

(
η − ν

2 − 1
2

)
Γ

(
η − ξ

2

)


which appeared in [28, Result(1), pp. 24],[32, Eq.(3.20), pp. 230], [31, Example(10),
pp. 8] and [34, Theorem (8), pp.153].

(xi) When i = 2 and j = −1 in (6), we obtain

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 3), 2η − 1


= 3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 3), 2η


+ νξ

(2η − 1)(ν + ξ + 3) 3F2

 ν + 1, ξ + 1, η + 1
; 1

1
2(ν + ξ + 4), 2η + 1


=

2ν+ξΓ
(

ν+ξ+3
2

)
Γ

(
η − 1

2

)
Γ

(
η − ν

2 − ξ
2 − 1

2

)
2(ν − ξ − 1)(ν − ξ + 1)Γ

(
1
2

)
Γ(ν)Γ(ξ)

 (ν + ξ − 1)Γ
(

ν
2

)
Γ

(
ξ
2

)
Γ

(
η − ν

2 − 1
2

)
Γ

(
η − ξ

2 − 1
2

)
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−
(4η − ν − ξ − 3)Γ

(
ν+1

2

)
Γ

(
ξ+1

2

)
Γ

(
η − ν

2
)

Γ
(
η − ξ

2

)


which appeared in [28, Result(1), pp.24].
In such a case, the results when ν = 1, ξ = 2 and η = 2 appeared in [35, Results
243, page 460].

(xii) When i = 1 and j = −2 in (6), we obtain

3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 2), 2η − 2


= 3F2

 ν, ξ, η
; 1

1
2(ν + ξ + 2), 2η − 1


+ νξη

(2η − 1)(η − 1)(ν + ξ + 2) 3F2

 ν + 1, ξ + 1, η + 1
; 1

1
2(ν + ξ + 4), 2η


=

2ν+ξ−1Γ
(

ν+ξ+2
2

)
Γ

(
η − 1

2

)
Γ

(
η − ν

2 − ξ
2 − 1

)
(η − 1)(ν − ξ)Γ

(
1
2

)
Γ(ν)Γ(ξ)

 (η − ξ − 1)Γ
(

ν+1
2

)
Γ

(
ξ
2

)
Γ

(
η − ν

2 − 1
)

Γ
(
η − ξ

2 − 1
2

)
−

(η − ν − 1)Γ
(

ν
2

)
Γ

(
ξ+1

2

)
Γ

(
η − ν

2 − 1
2

)
Γ

(
η − ξ

2 − 1
)


which appeared in [28, Result(1), pp.24], [31, Example(10), pp. 8] and [34, Theo-
rem(8), pp. 153].

(xiii) When i = −1 and j = −2 in (6), we obtain

3F2

 ν, ξ, η
; 1

1
2(ν + ξ), 2η − 1


= 3F2

 ν, ξ, η
; 1

1
2(ν + ξ), 2η − 2


− νξη

(2η − 1)(η − 1)(ν + ξ) 3F2

 ν + 1, ξ + 1, η + 1
; 1

1
2(ν + ξ + 2), 2η


=

2ν+ξ−3Γ
(

ν+ξ
2

)
Γ

(
η − 1

2

)
Γ

(
η − ν

2 − ξ
2 − 1

)
Γ

(
1
2

)
Γ(ν)Γ(ξ)

(2η − ν + ξ − 2)Γ
(

ν+1
2

)
Γ

(
ξ
2

)
Γ

(
η − ν

2
)

Γ
(
η − ξ

2 − 1
2

)
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−
(2η + ν − ξ − 2)Γ

(
ν
2

)
Γ

(
ξ+1

2

)
Γ

(
η − ν

2 − 1
2

)
Γ

(
η − ξ

2

)


which appeared in [28, Result(1), pp.24], [31, Example(12), pp. 9] and [34, Theo-
rem(6), pp. 150].

Also, other special cases can be obtained as

• When i = 3 and j = 0 in (6), which appeared in [32, Eq.(3.18), pp.229] and [29,
Result(2.23), pp.380]. In such a case, the result when ν = 1, ξ = 3 and η = 1,
appeared in [35, Result (237), p.460].

• When i = 4 and j = 0 in (6), which appeared in [32, Eq. (3.18), pp.229]. In such
a case, the result when ν = 4, ξ = η = 1 appeared in [35, Results 240 & 239, page
460].

• When i = 5 and j = 0 in (6), which appeared in [32, Eq.(3.18), pp.229] and [29,
Result (2.22), pp.380]. In such a case, the results when ν = η = 1, ξ = 3 and
ν = η = 1, η = 5 appeared in [35, Results 238 & 241, p. 460], respectively.

• When i = −3 and j = 0 in (6), which appeared in [32, Eq.(3.18), pp.229].

• When i = −4 and j = 0 in (6), which appeared in [32, Eq.(3.18), pp.229].

• When i = −5 and j = 0 in (6), which appeared in [32, Eq.(3.18), pp.229].

Remark 2. We have already established a recursive relation (6), that generalized the
extension of Watson summation theorem 3F2(1). Another explicit expression of (5) that
generalize our result (6), can be presented in the next theorem.

Theorem 2. For i, j ∈ Z,

fi,j(ν, ξ, η) = (2η + j) fi+1,j(ν − 1, ξ, η)

− 2νξ

(ν + ξ + i + 1)(2η + j)fi+1,j−1(ν, ξ + 1, η + 1)

where fi,j(ν, ξ, η) is defined as in (7).
Proof. The proof left for the readers.

4. Concluding Remarks

1. Various other special cases of our result can be obtained.

2. Many new identities and relations which obtained from our result are under exami-
nations and will be published later.
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