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Abstract. In this paper, we examined the theory of singular systems using fractional calculus.
We quantized these systems using the fractional WKB approximation. We applied the Hamil-
ton—Jacobi treatment for these systems. We obtained equations of motion. We constructed the
fractional Hamilton—Jacobi partial differential equations (FHJPDES) to obtain the action func-
tions S. The action function enables us to obtain the wave function for these systems. We achieved
that the quantum results agree with the classical results. Finally, we examined two mathematical
examples to demonstrate the theory.
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1. Introduction

The quantization of singular systems has been treated with more interest by Dirac’s
work for quantizing the gravitational field [1][2]. Following Dirac’s work, researchers de-
veloped the canonical method for investigating these systems [3][4][5][6], they used this
method to quantize these systems using path integral technique and WKB approxima-
tion [4][5][6]. A general theory has been investigated for quantizing higher-order singular
systems using WKB approximation by Hasan et al [6]. In this theory, researchers have
achieved that the quantum results approach the classical results.

In this paper, we would like to apply the fractional derivatives for this theory of
singular systems. The quantization of fractional singular Lagranians has been studied
for physical systems and fractional Lagrangians systems with second-order derivatives
have been treated with more interest and importance [7][8]. Researchers have investi-
gated Hamilton-Jacobi formalism for these systems within fractional derivatives. They
constructed the Euler-Lagrange equations and analyzed Hamilton’s equations [8]. More
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recently, researchers have constructed formalism using the canonical method for quanti-
zation singular systems using different techniques as path integral approach and WKB
approximation for first-order derivatives [7]. The equations of motion are calculated in
fractional form as total differential equations. In addition, the solution of this set HIPDEs
in fractional form and the fractional Hamilton-Jacobi function or action function (HJF) S
are obtained.

In this paper, we would like to extend the work for fractional singular Lagrangians
systems with second-order derivatives and quantize these systems using a new approach
which it is called WKB approximation. We constructed a formalism for investigating
fractional singular Lagrangian systems and Hamilton-Jacobi formalism for second-order
derivatives. Besides, we constructed the fractional (HJF) S to build the appropriate wave
function to quantize the singular systems.

Now, we will define the most important formula of fractional calculus as Left Rie-
mann-Liouville derivatives [9)].

D010 = o () [ = s )

and the Right Riemann—Liouville derivative is given by:
D310 = e (2 [t )
th - T(n—a) dt " ’ ad

and these derivatives have properties as follows:
s = (L) s )
ot ~\at

o350 = (-5 10 ()

In this work, we aim to construct the formalism for quantizing singular Lagrangians
systems with second-order derivatives within the framework of fractional derivatives.

2. Fractional Singular Lagrangian and Hamilton-Jacobi Formalism with
Second-Order Derivatives

In this section, we will formulate the second-order singular Lagrangian within frame-
work of fractional calculus. We will start with fractional derivative Lagrangian is defined
by [7].

L = L(D*"'q;, D%q;, D**q;, 1) (5)
Thus, the fractional of the Hessian matrix is defined as

9L

W.. =
“J aDQaqiaDzan‘ ’

i,j=1,2,...,N, i,7=1,2,...,N (6)
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If its rank is IV, the Lagrangian is called regular otherwise the Lagrangian is singular
N —-R,R<N.

Now, we can define the momenta m; conjugate to the coordinates D%g; as:

oL

Taq = M (7)
oL

T = BDaq, (8)

The rank of the Hessian matrix is N — R, therefore, Eq. (7) can be solved to obtain
N — R accelerations D?*q, in terms of D® 1¢;, D%¢;, m, and Dzo‘qu as follows:

D**q, = Wo(D* q;, D*q;, w0, D**q,,) (9)

Substituting (9) in (8), we can obtain:

T = —H}, (D" 'qi, D*qi, pa, ™a) (10)

A similar expression for the momenta p,, can be obtained as:

Py = _Hﬁ(Da_lquaq%paaﬁa) (11)
and the momenta p; corresponding to the coordinate D~ l¢; can be written as:
oL d oL
_ _ = — 12

Pa = 5Dag, ~ dt <8D2aqa> (122)
oL d oL

_ Rl 12b

= gt~ i (07 a2

wherea=1,2,.... N— R, p=1,...,R.
we can write equations (10) and (11) as follows

HP(D*q;, D%, pi, mi) = pu + HE, = 0 (13a)
HZF(DQ_IQ’L'a DaQiapi77ri) =7y + H;r =0 (13b)

Thus, equations (13) represent primary constraints [1][2].

The Hamiltonian formalism for higher-order derivatives has been studied by Ostro-
gradski [10].

He treated the derivatives as coordinates. Therefore, one can treat D* 1¢; and D%;
as coordinates. So, the Poisson bracket for second-order derivatives can be defined as:

0A 0B 0A 0B 0A 0B 0A 0B

ABl= ——  — _ _
{4, B} 0D*~1q; Op;  Op; 0D 1g; * 0D%q; Om;  Om; OD%q;
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Where A and B are functions described in terms of canonical variables D 1g;, D%q;, p;,
and ;.

Here, the generalized momenta p; and 7; are conjugated to the generalized coordinates
D% lg; and D%q; respectively. Thus, the fundamental Poisson brackets are:

{D*q;, D*"'q;} = {D%;, D*q;} = 0 = {D%q;, D q;} = {pi, mi}

{Da_lqi,pj} = 52']‘ and {Daqi, 7'(']‘} = 52‘3‘

where 4,5=1,...,N

It is well known from Dirac’s formalism that the number of degrees of freedom can be
reduced due to the constraints [1][2].

Thus, the Hamiltonian H, can be defined as

H, = —L(D* 'q;, D%qu, D**qu, Wa) + PaD%qa + 7 D**qa — D%q, HY, — D**q, H; (14)

where pu=1,...,R and a=R+1,...,N.

Because of the nature of singular Lagrangian, the momenta p, and 7, are not inde-
pendent of p, and 7.

Thus, the set of fractional FHJPDEs is written as [11].

oS oS 0S8 oS

Hl Dafl D%
o( QZJ QU 8Da71qa7 aDaflqua aDaqa7 aDaqﬂ

)=po+H,=0 (15a)

08 08 oS oS

HP(D* tq;, D% = HP =0 15b

,u( qi, qi, OD‘J‘*lqa’ 8Da,1q‘u) aDaqaa aDaqM> Pu + L ( )
0S8 0S8 0S 0S8

HT(D*'q;, D%;, )=m, + Hf =0 (15¢)

oD~ lq,” 9D*"1q,’ dD%q,” dD%q,,
Here, the fractional Hamilton’s function can be written as

S = S(DQ_IQavDa_lqluDQQavDanvt) (16)

and we can define:

08 08 __ 98 08, _0s
Pa= 9Do1q," P~ gpe1q, "7 9Dag,” T aDag,’ ° ot

Thus, we can write the fractional equations of motion as follows [11]:



E. H. Hasan / Eur. J. Pure Appl. Math, 18 (2) (2025), 5765 5 of 16

dD ¢, = %ﬁ‘f dt + fgﬁjdm—lqu + 8;; ’gr dD%q,, (17a)
dD%q, = gif dt + %i{:p dD* g, + %HW’? dD%q, (17b)
—dp; = 8gffi%dt+ agf_‘/‘iqidpalqu + (ﬁlg%dwqﬂ (17c)
—dm; = ai)}ii i dt + 88; ;‘; dD* g, + 5 Di‘; dD%q, (17d)
If the total derivative of equation (15) is zero [3],
dH,=0; dHP=0; dH] =0 (18)

This means that equations (17) are integrable, and the rank of Hessian matrix is
N — R. Because of constraints, the degrees of freedom are reduced from N to N — R,
thus, the canonical coordinates transform from

{D*Yq;,pi, D%qi, m;}

to
{D* g4, Po, Dqq, 70}

Thus, we can write Eqs. (15) as follows:

08 _
E_FHO(DQ IinDa(.Iiapavﬂ-a) =0 (19&)
oS _

Do g, T HY(D* g3, D¢, Py, ma) = 0 (19b)

17
oS _
3D + H (D g, D%qi, P, ma) =0 (19¢)
W

3. Hamilton-Jacobi Function and Quantization using WKB
approximation

Following refs. [6] for investigating the Hamilton-Jacobi function and quantization us-
ing WKB approach for higher-order singular Lagrangian systems, the fractional Hamilton-
Jacobi function can be written as:

S(Da71Qa7 Dailqya Daqa’ Daqu’ t) = f(t) —|— Wa(_Dailqa, Ea) + Wé(Daqau Ea7 E(/z)
+ fu(Dgu) + £L(D%qu) + A (20)
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In this case, we would like to write a general solution for Egs. (19) in a separable form
of Eq. (20).
Here, f(t) has the solution

N—R
f(t)y ==Y Eqt,
a=1

where E! are representing as constants of integration; Do‘_lqu and D%g, are in-
dependent variables, and the remaining functions W,(D“ 1q,, E,), W.(D%qqa, E4, E"),
fu(D*"1g,), and f.(D%q,) are time-independent.

Now, we can use the canonical transformations [12] to get the motion equations as
follows:

0S8

= o (21a)
o2 oy
Di = aDiiqZ (21c¢)
= agfqi (21d)

1 and A, are constants.
Because of constraints, the fractional wave function W for these systems can be written
as [6].

N—-R
(D gy, D™, D0, D) = [H wOawalqa)ma(Daqa)]
a=1

. Da—l Da—l D Do t
% eXp <’LS( Q(lv ’;];M da, Q/u )) ) (22&)

1

Yoo = NI (22b)
1

$P0a = W(Dio‘qa) (22(})

and the fractional wave function Eq. (22a) must satisfy the following conditions:

HyU =0, HPV =0, and HTT =0 (23)

Here, the generalized coordinates and momenta are written in fractional form as op-
erators:
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D¢, —» D g (24a)

D%q; — D%q; (24b)
R h 0

Pi =i = G 5pat, (24c)
R h 0

T — T = ZaDo‘qi (24d)
h o

hp = — — 24
Po — Do i ot (24e)

4. Examples

Example 1: Fractional Regular Lagrangian

L= (D™~ (D)) (25)
The momenta are:
p=—D% — D*q (26a)
™ = D%y (26b)
The Hamiltonian H is written as
Hy = pD%g 4 oo + 5(D%)? (27)
The corresponding set of fractional HJPDE are:
Hg = po + Ho = po + pD%q + é?rQ + %(DQQ)Q (28)

We note in this example that there are no primary constraints [1][2].
The motion equations are written as

Hl
dDY g = ? °dt = D%dt (29a)
Op
OH!
dD%q = —2dt = wdt 29b
=75 ™ (29b)
H/
—dp OH, dt =0 (29¢)

= aDa—lq
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OH!
—dr = 2o gt — (p+ D° p
dm 8Dath (p+ D%q)dt (29d)
The HJPDE, Eq. (19a), reads
oS aS 1/ 08 \*> 1
H =po+Ho=— +D%———— + = ~(D%)* =0 30
L= vt o= G Dtk g (g )+ 5(0%) (30)
Substituting Eq. (20) into (30), we have:
of ow 1/ 0w \? 1 )
9] | pa - Z(D%)? = 1
ot ToDo1q T3 <8Daq> * 2( 9" =0 (31)

Since Hj is time-independent, we can write f(¢t) = —E’t. Eq. (31) can then be written
as

g+ peg W 1<8W )2 1

i A - Da 2 — 2

9Do-1g "2 \apag) T3P0 =0 (32)

From Eq. (32), the function W depends only on Da_lq and W' depends only on D%q.
This means that

ow

W =D Y4FE (33b)
Substituting Eq. (33b) into (32), one can obtain:

1/ oW\ 1
—FE' + D%EFE + = —(D%)? = 4
#0208+ 5 () + (D% =0 (39
This equation gives
W'(D%, E, E") :/\/2E'+E2—(Daq+E)2 dD% (35)

Thus, one can obtain the Hamilton-Jacobi function as:

S(D*7lq, D%, B,E') = —E't + D YqE + / V2E' + E? — (D% + E)?dD%q + A (36)

By using Eqs. (21a, 21b), we can obtain the solutions for the coordinates.

a8 dD%q
== =—t+ 37
" ow / V2E' + E? — (D%q + E)? (372)
dS _ [E— (D%q + E)]
)\::Da1+/ D* 37b
OE ! V2E + E% — (D% + E)? 4 (37b)
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The generalized momenta can be determined by using Eqs. (21c¢, 21d).

08

p

08
= 0D%q

Thus, the wave function is calculated as:

= \/2E' + E? — (D%q + E)2 (38b)

. a—1 «
\I/(Da_lq, Daq’ t) = [Q/)Ol(Da_lq)SOOI(Daq)] Xp <ZS(D 737 . . t)) (39)
Where
1 1
o= s [E] (40a)
pop = = 2B+ B> — (D°q + E)?] ¢ (400)

m(D%q)
and the function S is calculated by Eq. (36).

Now, we can apply the fractional HIPDE, Eq. (28), to the function ¥, we represent
the generalized coordinates and momenta as operators:

- h 0 h 0 2 0? 1
HY=|-=+D% -——— - ————— + —(D%)?*| ¥ 41
=G TP gpa1y ~ 2 aipage T 2P0 (41)
After some algebra, we have
h o
——VU =—-FEv 42
i Ot (422)
h 0
e — o 2
7 aDoc—lq\Ij Ev (4 b)
_ EQL\II — | — LﬁQ(Da + E)Q(QE/ + E2 _ (Da + E)2)72
2 9(Dq) | & 1 g
h?

1
— Z(zE’ +E* - (D% + E)*) ™' + 5(2E’ +E*— (D + E)*) | V. (42c)

Thus, Eq. (41) becomes

5h?
g — E' + D%FE — ?(D“q+E)2(2E’+E2 — (D% + E)*)*- v
HU =
° h? 1 1
1(2E’ +E?— (Dq+E)*)~" + 5(2E’ +E? — (D% + E)*) + g(D“qV
(43)



E. H. Hasan / Eur. J. Pure Appl. Math, 18 (2) (2025), 5765 10 of 16
Taking the semiclassical limit 7 — 0 in Eq. (43), we obtain
. 1 1
HV = |-E' + D*qE + 3 (2E' + E® — (D% + E)*) + 5(Daq)2 T=0 (44)
Example 2: We will discuss the following mathematical singular Lagrangian with two

primary first-class constraints

L=_((D**q)*+ (D**¢)?) + D*q3D**q3 + D*q3D* 'q3 + D 1o D%¢o (45)

N

The corresponding generalized momenta, Egs. (7,8) and (12) are:

p1=—-D*q (46a)

p2 = D lgy — D**qy (46Db)
ps=D"""q3 = —HY (46¢)
m = D*q (46d)

my = D*¢gy (46e)

w3 = D%3 = —HJ (46f)

Here, Equations (46¢) and (46f) can be written as:

HY =ps—D* g3 =0 (47a)
Hf =73 — D%3 =0 (47D)

and represent as primary constraints [1][2].
We calculate the Hamiltonian Hy as

1
Ho =p1D%q1 + (p2 — D 'q2) D% + 5(”% +73) (48)
The set of fractional HJPDEs, Eqs. (15), reads:
1
H{ =po+ Ho =p1Dqy + (p2 = D71 2) D% + S (mf + 75) (49a)

HY =p3— D* g3 =0. (49b)
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H:/;r = T3 — Daq;g =0. (49C)
Here, the Poisson brackets

{H? H)} =0, {H{ H}=0 and {H} H{} =0
The set of fractional HJPDEs, Eqs. (19), reads:

S S
! . — «
Ho=pot+ Ho =50+ Do oD 1g
S
DY . Da—l
+ D7 g2 (8Da1q2 C_I2>
1/ 85 \2 1/ 95 \?
+ 5 <8Daql> + 5 <8Daq2> = 0 (50&)
S
HP = " DV lgg=0. 50b
3 8D“—1q3 q3 ( )
S

3 =3 Dug, ~ D3 =0. (50¢)

The function S Eq. (20) can be written as

S(D* g1, D" g9, D* g3, Dq1 Dq2, Dq3,t) = f(t)+W1(D* g1, B1)+Wa(D* 'go, Fs)
+ Wi (D%, Ey, E}) + Wi(D%s, Ea, EY) + f3(D'q3) + f4(D%3) + A (51)

Since Hy is time-independent and the coordinates D® lg3 and D%gs are treated as
independent variables, one can write

f(t)=— (Bl + E3)t
Substituting S into Eq. (50a), we have

oWy 1 oWy \? oW,y 1/ oWy \?
—E+D —mM 4+ | —— | —El4+ D™ < _D“ Z =
i Q18Da—1q1+2<6Daq1> 270\ Gpaig, P %) 3 \apeg, ) T

We note that Wi depends only on D* g, and W, depends only on D lgy. We can
then write

oW

_9ML g
8Da_1ql !

so that
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Wi = D ¢, By (53a)
and
8W2 —1
—— —D“ =F
9 Da_1q2 q2 2
so that
a—1 1 a—1 2
Wy =D q FEy + i(D QQ) (53b)
Substituting Egs. (53) into (52), we get:
E| + D E—i—l oW, i Ey + D E—i—l oW, 2— (54)
1 a5 2 BDaql 2 252 2 BDO‘QQ a
Separation of variables in this equation yields
1/ oW \°
5 <6DO‘(1]1> + Do‘qlEl — Ei =0 (55&)
Lows N ,
5 6DO‘QQ + D q2E2 — EQ =0 (55b)
We solve the above two Eqgs. (55) to obtain:
W{ (Daql, El, Ei) = / \/2E£ — 2DaqlE1 dDO‘ql (56&)
Wi (D%qa, Es, E)) = / \/2Eé —2D%gyEy dD%qo (56D)

Using Eq. (50b), we find:

Fo(D* ) = 5D gs)?

and using Eq. (50c), we find:

F5(D%5) = (D745’

Thus, the function S can be written as

_ _ _ _ 1 _
S(Da 1Q17Da 1Q27Da 1Q37DaqlaDan7DQQ3at):(_Ei_Eé)t_‘_Da 1C]1E1+§(Da 1Q2)2

n / \/2E; _2Deq By dD%; + / \/2E§ — 9Degy By dD%s
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1 1
+ §(Da_1Q3)2 + §(DOCCI3)2 + A, (57)

Now, we can use the transformations Egs. (21a, 21b) to obtain the solutions for the
coordinates as:

"= 8E’ - / \/2E’ = 2Daq1E1 (582)

"= 8E’ N / \/2E’ = 2Daq2E2 (58b)

AL = gg =D ¢ +/ \/2E’ = 2Daq1E1 dD“q (58c¢)

A= 8852 D +/ \/2E’ = 2Daqu2 e (584)
Using Egs. (21c, 21d) to find the generalized momenta:

p1= 8D§Slql =E (59a)

p2 = 8D(Zslqg =FEy+ D" ¢y (59b)

p3 = aDislqg =D g3 (59¢)

= 8gfq1 = \/2B{ — 2D\ (59d)

= gf@ = \/2B} - 2D, By (59)

"= gfqg Doy (591)

where D% 1¢g3 and D%g3 are arbitrary parameters.

Also, we can determine the equations of motion using Eqgs. (17).

Now, our purpose is to quantize our singular system. We can write the fractional wave
function Eq. (22a) for this example as:

\Ij(Da_1QI> Da_lQQv Da_1Q37 Da(]h DaQQa Daq?n t) = WOl(Da_lCIl)?ﬂoz(Da_lqﬂ]

X o1 (D%q1)p02(D"q2)] exp (Zif>
(60)
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Where
Yo (D) = — e = [By] (61a)
VP (D> tqy)
Poa(D*qp) = et — [Ey 4 D gy (61b)
Py(D*~1go)
1 _1
0o1(D%q1) = ———= = [2F} — 2D“q E4] 1 (61c)
m1(D%q1)
1 _1
0o2(D%qp) = ———— = [2E} — 2D 5] " * (61d)
mo(D%g2)

Thus, the function S can be given by Eq. (57).
Now, the fractional HJPDEs, Eqgs. (49) can be applied to the wave function ¥, after
representing the generalized coordinates and momenta as operators:

. h 0 h 0 h 0
W=+ D s + D ( 5y — D!
H, L BN +D"q1 i 9D 1q, +D7q2 (z oD g, QQ>
2 2 2 2
9 _h_ 9 (62a)
2 8(Daql)2 2 8(DO‘QQ)2
. h 0
Py — | _ Dafl U 2b
P [l 505 1g; QS] (62b)
. h 0
I I _ 6% \IJ 2
v [1 oDog qg} (02¢)
After some algebra, we have
h o
—— VU = (—F — BT 63
o1 (—E1 2) (63a)
h 0
-———UV =FV 63b
i 9DaTg, 1 (63b)
h 0 h
U = (D" o+ Fy) — —(D* ‘g + Eo) 1| @ 63
9D 1g ( g2 + Es) 2Z.( g2 + E») (63c)
—EL\P = ——5—712E2(2E’ — 2D Fy) 2 + 1(2E’ —2D*q E ) v (63d)
29(Degr?” [ s T T T T A A
—EQL\IJ = -—LFLQEQ(QE’ —2D%pFEy) 2 + 1(2E’ —2D%q E ) v (63e)
20(Deqe” [ s 2T T T A ]
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L 9
U =Dl f
1 aDO‘*lq‘g @ (63 )
L 0
- U = D% 63
1 8Daq;3 1 ( g)

Substituting the results of Egs. (63) in Egs. (62), we obtain:

_ ) " o )
— Bl — EY + DBy + D%pq [(Ez + D" gy) — 27’<E2 + DV lgy) Tt — DVl
gy — | B2 1 5hK2
HY = ?Ef@Ej — 2D Ey) % + 5(2E1 — 2D Ey) — ?EQQ(QE; — 2D%Ey) %)+
1
5(2Eé — QDQQQEQ)
] (64a)
o= "9 peigly— [D* g3 — D lg3) ¥ =0 (64b)
3% 7|5 D1 a3 = a3 a3 = U
Frim h a a a a
HFW = ;aDaqg—Dqg U = [D%;3 — D%3] ¥ = 0. (64c)

Taking the limit 7 — 0 in Eq. (64a), we get:

A — B — Ey + D" Ey + D [Eo + D gy — D lgo] +
HU = |1 ¥ =0. (65)

1
5 (2B —2D"qi ) + 5 (2B — 2D"q2 E)

5. Conclusion

In our work, we have extended a general theory for singular Lagrangian systems using
fractional calculus. In this work, we solved the set of the fractional HJPDEs for these
systems. In this paper, the canonical method is used for these systems to obtain fractional
HJPDEs. We determined the fractional function S to obtain the equations of motion.
Also, function S enables us to determine the appropriate fractional wave function for
these systems. We achieved that the constraints in singular systems become conditions on
fractional wave function. These conditions are achieved in semiclassical limit. Also, in this
limit, Schrodinger equation is satisfied. In other words, we have approved that the quan-
tum results agree with the classical results. Finally, we have examined two mathematical
examples.
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