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Abstract. This study conducts a thorough analysis of the nonlinear fractional complex Heisen-
berg ferromagnetic-type Akbota (FCHFA) model to clarify its dynamic behavior. Through rigorous
bifurcation analysis, we identify stability transitions and determine critical parameter thresholds,
revealing the system’s sensitivity to perturbations. Employing advanced nonlinear dynamics tech-
niques, we explore the fundamental mechanisms governing magnetization evolution. By integrating
numerical simulations with analytical methods, we critically evaluate the role of fractional calculus
in modeling long-range interactions and temporal memory effects in ferromagnetic systems.

The FCHFA model, which incorporates nonlinear spin-wave phenomena and phase transitions,
offers a robust framework for analyzing magnetization dynamics. Numerically validated solu-
tions confirm the effectiveness of our methodology, providing new insights into phase transitions
and nonlinear wave phenomena. Our findings highlight the crucial role of fractional derivatives
in capturing complex magnetization behaviors, thereby enhancing theoretical understanding and
broadening the applicability of fractional models in condensed matter physics.

This work integrates fractional calculus with ferromagnetic theory, establishing a mathematically
rigorous foundation for modeling systems with memory and nonlocal interactions. By rigorously
validating numerical and analytical approaches, the study sets a precedent for investigating critical
phenomena in fractional-order systems, with significant implications for device design in spintronics
and magnetic materials. Furthermore, it demonstrates how fractional derivatives can effectively
encapsulate the intricate dynamics of magnetization, including the interplay between memory
effects and nonlinearity. By bridging theoretical developments with practical applications, this
research not only advances the mathematical framework for studying complex magnetic materials
but also opens avenues for innovative technological applications in the field of condensed matter
physics.
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1. Introduction

The exploration of fractional calculus applications in physics has unlocked novel
avenues for investigating complex systems, especially in modeling magnetization and phase
transitions within ferromagnetic materials. Ferromagnetic systems, governed by intricate
nonlinear dynamics, display elaborate magnetization behaviors that fractional differen-
tial equations depict with superior efficacy compared to classical approaches [1]. The
fractional complex Heisenberg ferromagnet-type Akbota (FCHFA) system emerges as a
innovative methodology, furnishing enhanced insights into ferromagnetic characteristics
by integrating fractional derivatives that encapsulate memory effects and anomalous dif-
fusion [2]. Earlier studies on analogous fractional models have evidenced the capability of
fractional calculus in portraying magnetization patterns and nonlinear wave propagation,
laying a foundation for employing fractional techniques to investigate nonlinear evolution
equations more broadly [3].

Despite the substantial advancements in fractional ferromagnetic models, a compre-
hensive comprehension of the magnetization dynamics and phase transitions within the
FCHFA system remains incomplete. This study targets this knowledge lacuna by utilizing
cutting-edge computational methodologies to scrutinize the solution architectures of the
FCHFA system [4]. Our primary objectives are to deepen the understanding of the physical
significance of fractional derivatives in ferromagnetic dynamics and to explore the broader
implications for nonlinear wave propagation and phase transitions in condensed matter
physics. Furthermore, this work endeavors to address fundamental questions surrounding
the role of fractional calculus in providing a more precise description of magnetization
dynamics than conventional methods [5].

The significance of this study resides in its contribution to the burgeoning field of frac-
tional calculus and its application in condensed matter physics [6]. By probing the FCHFA
system, this research unveils fresh insights into the mathematical depiction of magneti-
zation and underscores the utility of fractional derivatives in capturing phenomena such
as phase transitions, wave dispersion, and soliton propagation [7]. These discoveries not
only enrich theoretical frameworks but also hint at potential applications in disciplines
requiring precise modeling of ferromagnetic and nonlinear systems [8].

Numerous prior investigations have engaged with fractional Heisenberg and analogous
ferromagnet-type systems, achieving remarkable progress in constructing soliton solutions
and examining dynamical properties across diverse fractional forms [9]. While these studies
have affirmed the relevance of fractional modeling in portraying ferromagnetic behaviors,
they have been constrained by analytical limitations or the absence of high-precision com-
putational techniques to evaluate solution robustness. By amalgamating the Khater II
method, an enhanced Kudryashov approach, and the Adomian decomposition scheme,
this study builds on previous work, offering a rigorous and innovative framework that
surmounts prior constraints in accuracy and solution validation [10].
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This research concentrates on the fractional complex Heisenberg ferromagnet-type Ak-
bota system, a nonlinear evolution equation with profound physical implications for phase
transitions and magnetization behaviors [11]. Nonlinear evolution equations akin to the
FCHFA system play a pivotal role in transforming complex physical phenomena into
mathematically tractable forms, particularly within condensed matter physics. Unlike
other nonlinear evolution equations, the FCHFA system captures unique interactions and
anisotropic attributes of ferromagnetic materials, distinguishing it from classical models.
Its fractional nature permits a more nuanced representation of time-dependent behaviors,
which are crucial for comprehending ferromagnetic dynamics at the microscopic level [12].

The mathematical framework of the FCHFA system is delineated as follows [13-15]:

qD§%+p822gx +iDju+ huv =0,

(1)
Olul?
—‘gg —2/ (q Di|ul? + p —gﬂ ) =0,

where u(z,t), v(z,t), |u|® represent, respectively, the complex-valued transverse compo-
nent of magnetization, the longitudinal component of magnetization, and the squared
magnitude of the transverse magnetization.

In this investigation, we employ the truncated S-fractional derivative (symbolized as
Dy in the main text and iDZ’ain the appendix) owing to its excellent capacity to model
memory-dependent processes in magnetic systems. This selection is supported by the
derivative’s mathematical attributes, which effectively grasp non-local interactions and
long-range correlations in ferromagnetic materials—phenomena that conventional deriva-
tives struggle to represent accurately. The truncated S-fractional derivative offers a sturdy
framework for dissecting the intricate temporal behaviors within our system, especially
the memory effects that are vital for comprehending magnetization dynamics. A detailed
elaboration of this derivative and its properties is furnished in Appendix 6.

The model comprises two equations, which can be physically interpreted as follows
[16]:

i) First equation’s terms analysis:
q y

e ¢D; (g—Z): Fractional time derivative of spatial change in transverse magneti-
zation

) %: Spatial dispersion term (describing how magnetization spreads)

o ¢ Djfu: Fractional time evolution of transverse magnetization

e hwuwv: Coupling between transverse and longitudinal components

(ii) Second equation’s terms analysis:
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. %: Spatial variation of longitudinal magnetization

o Df|ul?: Fractional time rate of change of magnetization intensity

2
8(|9uz| : Spatial variation of magnetization intensity

Additionally, the physical meaning of the above-mentioned parameters in the FCHFA
system (Eq. (1)) can be explained as follows

e ¢: Controls the strength of fractional time derivative effects
e p: Relates to the spatial dispersion strength
e h: Coupling coefficient between transverse and longitudinal components

e (: Scaling parameter affecting the relationship between transverse and longitudinal
components

The analyzed model (Eq. (1)) encapsulates vital physical attributes pertinent to
nonlinear magnetic dynamics, particularly its capacity to depict the interaction between
transverse and longitudinal magnetization components. By integrating the truncated S-
fractional derivative, denoted as D¢, 0 < € < 1, the model accommodates memory effects
and non-local interactions within the magnetic medium. The selection of this particular
fractional derivative formulation stems from its preservation of key mathematical proper-
ties, such as the chain rule and product rule, while adeptly modeling the non-Markovian
processes intrinsic to ferromagnetic systems. Distinct from alternative fractional deriva-
tives, the truncated (S-fractional derivative offers a more pragmatic mathematical frame-
work that streamlines both analytical and numerical solutions, rendering it exceptionally
fitting for our examination of complex magnetization dynamics. This configuration enables
a coupling mechanism wherein alterations in transverse magnetization directly impact the
longitudinal component and vice versa. Consequently, the model sustains diverse magnetic
formations, including solitons and spin waves, mirroring a spectrum of potential dynamic
behaviors within magnetic systems [17].

The physical relevance of this model is evident in its applicability to multiple complex
phenomena in magnetic materials. It serves as a valuable tool for investigating magnetic
domain dynamics, comprehending spin wave propagation, examining phase transitions in
magnetization, and delineating non-local magnetic interactions [5]. Moreover, it facilitates
the modeling of memory effects, which are of growing importance in the study of magnetic
materials exhibiting intricate temporal behaviors [17].

Contrasted with classical Heisenberg models, the incorporation of fractional deriva-
tives enhances this model’s sophistication by encompassing long-range magnetic interac-
tions and memory effects in magnetization dynamics. Additionally, it captures non-local
spatial correlations, furnishing a framework for exploring anomalous diffusion processes
in magnetic media. These improvements position this model as an advanced instrument
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for probing the complex dynamics of magnetization in contemporary magnetic systems [5].

The study’s methodology combines analytical and numerical techniques, leveraging the
unique advantages of each approach. Specifically, the Khater II and enhanced Kudryashov
methods are utilized to derive exact solutions, whereas the Adomian decomposition scheme
evaluates the accuracy of these solutions, ensuring a thorough analysis of the system’s com-
plex behaviors [7, 8, 18, 19]. This dual approach offers an all-encompassing perspective on
the FCHFA system, underscoring the precision of fractional calculus in capturing magneti-
zation dynamics and soliton behavior. The results indicate that fractional derivatives are
indispensable in detailing wave phenomena and soliton properties that prove challenging
to model with conventional methods.

1.1. Memory Effects in the FCHFA Model

The memory effect is a fundamental characteristic of fractional-order systems that
distinguishes them from their integer-order counterparts. In the context of our FCHFA
model, this phenomenon manifests as the system’s ability to retain information about
its past states, allowing previous magnetization configurations to influence current and
future dynamics. This section provides a detailed analysis of how memory effects emerge
from the truncated (S-fractional derivative formulation and their physical implications in
ferromagnetic systems.

Mathematical Foundation of Memory Effects

The memory effect in our model is mathematically encoded through the truncated
B-fractional derivative operator Dj. Unlike conventional derivatives that depend only on
local information, the truncated (S-fractional derivative incorporates weighted contribu-
tions from all past states of the system. This non-local temporal dependence can be
expressed mathematically as:

th=c df(t)
Dif(t) = 2
where 0 < € < 1 and 3 > 0. The factor 71{;:1) serves as a weighting function that

determines how strongly past states influence the current rate of change. As e approaches
1, the memory effect weakens, and the system behavior approaches that of a conventional
first-order derivative. Conversely, as € decreases toward 0, the memory effect strengthens,
causing the system to retain longer-term historical information.

Physical Manifestations of Memory in Ferromagnetic Systems

In ferromagnetic materials, memory effects manifest through several observable phe-
nomena:
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(i) Hysteresis Behavior: The magnetization of the material depends not only on
the current external field but also on the history of field applications. This path-
dependent behavior is naturally captured by our fractional model through terms
like ¢ D§|u|? in Eq. (1), which incorporate the historical evolution of magnetization
intensity.

(ii) Relaxation Dynamics: When external fields are removed, ferromagnetic systems
do not immediately return to equilibrium but instead follow complex relaxation
patterns influenced by their magnetization history. The fractional time derivative
terms in our model accurately reproduce these non-exponential relaxation processes.

(iii) Spin-Wave Propagation: The propagation of spin waves in ferromagnetic media
exhibits dispersion characteristics that depend on the system’s previous states. Our
model captures this through the coupling of fractional time derivatives with spatial
derivatives, as seen in the term ¢ Df % in Eq. (1).

Numerical Evidence of Memory Effects

To illustrate the impact of memory effects in our system, we conducted numerical
simulations with varying fractional orders e. For smaller values of € (stronger memory),
the system exhibits:

e Slower relaxation to equilibrium

¢ More pronounced hysteresis loops

e Enhanced stability against small perturbations
o Increased persistence of transient patterns

These characteristics are particularly evident in the evolution of the transverse magne-
tization component u(x,t), where the fractional order € directly modulates the temporal
correlation length of the system.

Relationship Between Memory Effects and Long-Range Interactions

The memory effect in our fractional model is intrinsically connected to long-range in-
teractions within the ferromagnetic medium. Conventional models based on integer-order
derivatives implicitly assume that magnetic interactions are predominantly local, with each
spin primarily influenced by its immediate neighbors. In contrast, our fractional approach
acknowledges that in real ferromagnetic systems, each spin interacts with distant spins
through various mechanisms, including dipole-dipole interactions and exchange coupling
mediated by conduction electrons.

The truncated S-fractional derivative effectively captures these long-range interactions
by introducing a power-law weighting of temporal correlations. This mathematical for-
mulation aligns with experimental observations of non-Markovian dynamics in complex
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magnetic systems, where the future evolution depends on the entire history rather than
just the current state.

Implications for Phase Transitions and Critical Phenomena

Memory effects significantly influence phase transitions in ferromagnetic systems.
Near critical points, conventional models often predict scaling behaviors that deviate
from experimental observations. Our fractional approach addresses this limitation by
incorporating memory effects that modify the critical exponents and scaling relations.
The presence of memory in our model leads to:

e Modified critical temperatures that depend on the system’s history
e Anomalous scaling of correlation functions near phase transitions
e History-dependent nucleation and growth of magnetic domains

e Non-universal critical behavior that varies with the fractional order ¢

These features make our FCHFA model particularly valuable for studying complex
ferromagnetic systems where conventional approaches fail to capture the full richness of
observed behaviors.

In summary, the memory effect, mathematically encoded through the truncated S-
fractional derivative, represents a fundamental aspect of our FCHFA model that enables
more accurate representation of complex ferromagnetic phenomena. By explicitly ac-
counting for the system’s history dependence, our approach provides deeper insights into
magnetization dynamics, phase transitions, and non-local interactions that are essential
for understanding real ferromagnetic materials.
i(nr(<:-1)z5

In this context, we implement the next wave transformation u = ¥ (&) e +o)

P(€), &= Mﬂ: along with the truncated f—fractional derivative (For further information;
see Appendix 6) on Eq. (1), where A\, xk are arbitrary constants to be determined later,
leads to

,’U:

D) (L (~hp kb prg) 40 A 2p+ g (m+ X)) + 0" (p+ A q)) =0,
(3)
¢ =4l (p+Aq) =0.
Separating the real and imaginary parts in the first equation of Eq. (3), yields

Re. V'(p4+Ag) —Y(—ho+ K+ p+kq) =0,
(4)
Im. P AN+2p+q(k+ X)) =0.

By taking ¢ = 2¢%4(p + A\q) and A = —2p — q(k + \), Eq. (3) converts into the next
ordinary differential equation

GYP + G+ =0, (5)
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2h8(p(2g—1)+¢%(K+A -2 —(¢® (k4
where (1 = (n( Z +p):,§qq (et ))7 G = pq:ip(fmfl% ) Balancing the highest order
derivative term and nonlinear term in Eq. (5) along with the auxiliary equations of the
suggested analytical scheme

¢'(§) = —f(£)o(8),
F1(€) = =0 = f(§)?, (6)

Khat II method’s auxiliary equation

EKud method’s auxiliary equation — f”(¢) — f(€) — 27 f(€)3,

where, J, T are arbitrary constants to be determined later., yield constructing the general
solutions of Eq. (5) in the next form

M=

(a; F(€)7 +b; $(€) F(€)"™') 4+ ap, Khat I method’s Sol.,
1

9(E) = | ")
5~ (a; F(€) + b; “f)) , EKud method’s Sol.,
Zgl <a fe)+ (f(g)) + ag ud method’s So

-
Il

where n = 1, while a;, b; are arbitrary constants to be determined later.

The structure of this paper is organized as follows:

Commencing with Section 2, we carry out an extensive exploration of the model’s
dynamical properties via bifurcation analysis, examination of chaotic and quasi-periodic
behaviors, and evaluation of sensitivity to parameter variations. Our goal is to clarify
the fundamental mechanisms governing the system’s evolution by employing advanced
mathematical tools from nonlinear dynamical theory.

In Section 3, we conduct a thorough review of the analytical and numerical methods
utilized to derive solutions for the studied model.

Section 4 offers comprehensive numerical simulations that shed light on the dynamics
of the model’s solutions, providing deep insights into its associated physical properties.
Section 5 elaborates on the scientific contributions of this work, emphasizing the unique
features and significance of the derived solutions.

Finally, Section 6 delivers concluding remarks, summarizing the main findings and
their implications, and synthesizes the research conducted.

2. Dynamical Analysis of the FCHFA Model

This investigation delves into the nonlinear FCHFA model, focusing on its dy-
namical properties through bifurcation analysis, exploration of chaotic and quasi-periodic
behaviors, and assessment of sensitivity to parameter variations. The primary objective is
to employ advanced mathematical tools from nonlinear dynamical theory to uncover the
fundamental mechanisms governing the system’s evolution.
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2.1. Bifurcation Analysis

The bifurcation analysis involves examining the phase-space trajectories of the
planar dynamical system derived from the Riemann coupled wave equation. By applying
a Galilean transformation to the original equation, the system can be expressed in its
canonical form as:

dy
ax ="
(8)
v __avt @
= G @

This system allows for the characterization of the traveling wave solutions based on
the principles of planar dynamical systems. The Hamiltonian function associated with the
system is given by:

20+ Gt 297
462

where H (1, v) represents the total energy of the system, comprising the kinetic energy

term (%) and the potential energy term (%)

H(Y,v) g, (9)

Equilibrium Points

The equilibrium points of the system are determined by setting (% = 0) and (g—% = 0),

which leads to:
v =0,

QP n v 0 1)
¢2 G2 '

The solutions to (10) yield the equilibrium points E; = (0,0) , Ey = (—ﬁ,O), and
N

By — < ¢<?0>'

Stability Analysis

To assess the stability of the equilibrium points, we compute the Jacobian matrix
J (3, v) for the system (8):

0 1
J(,v) = (_3@ Y241 0> : (11)

C2
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The determinant of J (v, v) is:

_3Gvt+1
B G

The stability of the equilibrium points depends on the eigenvalues of 7 (¢, v). These
eigenvalues are obtained by solving the characteristic equation:

det(7 (1, 1) — AI) = det ((_%me é) 1 (é ?)) ~0. (13)

det (7 (1, v)) (12)

¢2
This simplifies to:
—-A 1
det (_4n+m\3+12,\¢ _/\> = 0. (14)
A
Simplifying this expression:

_3(1w2+1 .
G2 B

At this point, solving the cubic equation is necessary. The roots of the equation give the
eigenvalues of the matrix J (¢, v).

A2 0. (15)

The eigenvalues of a matrix reveal key aspects of the system it represents. In this case,
the eigenvalues are real and have opposite signs, suggesting the presence of a saddle point,
where some solutions grow while others decay. The magnitude of the eigenvalues indi-
cates the rate of growth or decay, with larger values leading to faster dynamics. Since the
eigenvalues are not complex, the system does not exhibit oscillatory behavior but instead
evolves monotonically in different directions. The eigenvalues thus provide insights into
the stability of the system, with positive eigenvalues indicating instability and negative
ones suggesting stable dynamics along certain directions. Understanding these eigenval-
ues helps in predicting how the system will behave over time, whether it will stabilize or
diverge.

The analysis reveals that the nature of the equilibrium points varies significantly with
the parameter values ((1,(2), as summarized below:

o For ((1,¢2) = (—4,-2), F; is a saddle point, and E9, E3 are center points.
o For ((1,¢2) = (—9,2), F; is a center point, and Es, E3 are a saddle points.

The bifurcation diagrams in Figure 1 illustrate these scenarios, showcasing the signif-
icant influence of parameter variations on the system’s dynamics.
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2.2. Chaotic and Quasi-Periodic Dynamics

To investigate the chaotic dynamics, a perturbation term of the form 3 cos(Y%)
is introduced into the system, yielding the modified equations:

dy
aw =Y
(16)
v QY+
E = —T +3 COS(T‘E).

Here, 3 denotes the amplitude of the perturbation, and YT represents its frequency.
Simulations indicate that small perturbations can lead to quasi-periodic and chaotic be-
haviors, as illustrated in Figure 2.

2.3. Sensitivity Analysis

The sensitivity of the system to variations in initial conditions and parameters is
analyzed using numerical simulations. The results, depicted in Figures 3 and 4, demon-
strate the profound impact of small changes in these factors on the system’s trajectory,
underscoring its sensitivity and complexity.

3. Exploring Waveform Evolution and Behavior

Building upon the outlined methodologies, this section delves into deriving analyt-
ical solutions for the investigated model. By employing the proposed analytical schemes,
we thoroughly examine and construct relevant solution structures, offering deeper insights
into the model’s underlying dynamics and behaviors.

3.1. Solitary Wave Computations Via Khat IT method

Using the analytical scheme outlined previously, the solutions to Eq. (5), in
conjunction with Egs. (6) and (7), yield the following parameter values:
Case i

1
7b1 _>07C2_>_7

-0 — .
ag , a1 25

1
VoG
Case ii

EUPR
\/CT’Q (5

ao—>0,a1—> b1—>

1
VoG’
Case iii
V2 1

CLo—)O,CLl—)O,bl—)i (2—)5

\/G?
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As a result, the expressions defining the traveling wave solutions of the examined model,
for 6 # 0, are provided as follows:

(srmst )
e

ety = (A (ALY, )
e =2 (V5 (ATEDE ) )

o) =i U (s (5 (TN LYY (15 (AL L))
e ) 2 U (L5 (AL ) 20
oy <2 T (G (AR Y )
wiany 22 (G (AMae Yy, =)

3.2. Solitary Wave Computations Via EKud method

Applying the previously outlined analytical scheme, the solutions to Eq. (5), in
conjunction with Eqgs. (6) and (7), yield the following specified parameter values:
Family I:

iV 2
a0—>0,a1—>M,b1—>0,C2—>—1.
VGl
Family II:
VT i
a0—>0,a1—>—,bl—>—,gg—>2.
VG VG
Family III:
—+0,a1 = 0,1 — kS ¢ —>}
ag , A1 » 61 b%a 2 9"
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Accordingly, the expressions that characterize the traveling wave solutions of the examined
model are as follows:

) i nF(czrl)t5+x E
up(z,t) :Z\/ﬁe ( Ve ) \/sechQ <)\F(§jl)t + w), (23)

T(s+1)(A+ik) t& .
4iy/2eyfre TR (1)

VG (46262(”“21“5 o) 4 T> | .

ur(z,t) =

i(ﬁr(§+1)t5+5(l,‘) )\I“( n 1) e AI‘( 4 l)tE
ugr(z,t) :% <\/sech2 <§6 + x> — i tanh (ge + a:)) , (25)

s D(sH) t° Few) ( ST 2 Mﬂ)

e < — 2ice” ¢

UII(x7t> - AD(c+1) & : (26)
& (zcefﬂ - z’ﬁ)
(B T(s+1) 1€ AT 1)t¢

uIH(x7t) :bl <_ez< € +I)) tanh <(§_{_) + .T) y (27)

€

(kT (s+1)t¢ 2T
u(z, t) :blez( : +$) AD(s+1) t€ —1). (28)
402€2< < +x> +7

3.3. Numerical solutions

In this section, we assess the accuracy of the solutions derived in Egs. (17) and
(27) by applying the Khater II and enhanced Kudryashov (EKud) methods, alongside
the Adomian decomposition scheme. By evaluating the necessary conditions for the pro-
posed numerical scheme based on Egs. (17) and (27), we can compare the analytical and
numerical solutions, as presented in Tables 1 and 2.
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4. Solution’s Graphical Representations

This section presents a thorough analysis of the graphical representations of the
solutions derived from the Khat IT and EKud methods. These visualizations are crucial
for comprehending the dynamics and characteristics of the waveforms obtained from the
investigated equations.

e Fig. 1: Bifurcation Diagrams

Fig. 1 displays the phase-space trajectories of the FCHFA model across various
parameter values, underscoring the significant impact of parameter changes on the
system’s dynamics. The bifurcation diagrams emphasize the transition from stable
to unstable equilibrium points, offering a comprehensive perspective on the system’s
dynamical behavior. This figure is particularly important as it highlights
the critical parameter values at which the system undergoes significant
dynamical changes.

o Fig. 2: Phase Portraits
Fig. 2 presents the phase portraits of the nonlinear dynamical system, illustrating
chaotic and quasi-periodic behaviors under perturbations. The figures reveal the
complex patterns formed by the system’s trajectories in response to external per-
turbations, highlighting the system’s intricate behavior. This figure is essential
for understanding the complex dynamical behaviors of the system under
different perturbation conditions.

e Fig. 3: Sensitivity Analysis
Fig. 3 shows the system’s sensitivity to variations in initial conditions and param-
eters, underscoring its delicate nature and complexity. The results emphasize how
minor changes in these factors can significantly alter the system’s trajectory. This
figure is crucial for understanding the system’s sensitivity and the impor-
tance of precise initial conditions in predicting its behavior.

o Fig. 4: Sensitivity Analysis from Various Initial Positions
Fig. 4 analyzes the effects of different initial positions, demonstrating the system’s
response to varying initial conditions and highlighting the crucial role of initial states
in determining the system’s evolution. This figure underscores the importance
of initial conditions in shaping the system’s long-term behavior.

e Fig. 5: Graphical Representation of Solutions via the Khat Il Method
Fig. 5 depicts solution profiles obtained using the Khat IT method, with subfig-
ures (a, d, g) showing the real component, (b, e, h) the imaginary component, and
(¢, f, i) the absolute value of the solution from Eq. (17). This visualization un-
covers key waveform properties, including amplitude, shape, and velocity. The
spatial-temporal dynamics in the real and imaginary components highlight oscilla-
tory behavior, while the absolute values indicate energy propagation. The stability
in amplitude over time suggests soliton-like structures, relevant in fields such as fluid
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dynamics and nonlinear wave propagation. This figure is vital for understand-
ing the waveform properties and soliton-like behavior of the solutions.

e Fig. 6: Solution Representation via the Khat IT Method

Fig. 6 illustrates waveform evolution for an alternative parameter set, presenting the
real (a, d, g), imaginary (b, e, h), and absolute (¢, f, i) values from Eq. (21). This
figure captures amplitude growth and waveform expansion, with periodic patterns
in the imaginary components suggesting consistent energy transfer. The absolute
value representation emphasizes stability and conservation, vital for understanding
the modeled system’s long-term behavior. This figure provides insights into
the amplitude growth and energy transfer mechanisms in the system.

e Fig. 7: Graphical Solution Representation via the EKud Method

Fig. 7 provides a graphical representation of solutions obtained through the EKud
method, displaying the real (a, d, g), imaginary (b, e, h), and absolute (¢, f, i) val-
ues from Eq. (23). Key waveform characteristics, including amplitude oscillation,
phase shifts, and stability, are illustrated. Observing the real and imaginary com-
ponents offers insights into wave phase changes, essential for understanding energy
distribution across space. This figure highlights the EKud method’s effectiveness
in capturing intrinsic solution properties. This figure is important for under-
standing the waveform characteristics and phase changes captured by the
EKud method.

o Fig. 8: Solution Representation for the Investigated Model via the EKud
Method
Fig. 8 shows waveform behavior under varying conditions as modeled by the EKud
method, with subfigures depicting the real, imaginary, and absolute values from
Eq. (27). This figure underscores phase stability and energy dispersion patterns,
emphasizing the EKud method’s capability to accurately capture solution properties.
The visual representation aids in understanding the system’s complex interactions
and their practical implications. This figure highlights the EKud method’s
ability to capture phase stability and energy dispersion patterns under
different conditions.

e Fig. 9: Comparative Analysis of Analytical and Numerical Solutions
Fig. 9 offers a comparative analysis of analytical solutions from the Khat II method
(subfigures a and b) and the EKud method (subfigures ¢ and d) against numerical
solutions obtained via the Adomian decomposition scheme. Subfigures a and b con-
firm the Khat II method’s accuracy, while subfigures ¢ and d reveal both agreements
and discrepancies for the EKud method. Subfigure e contrasts the overall accuracy
and precision of both methods, highlighting the Khat II method’s superior perfor-
mance in terms of stability and reliability. This analysis is essential for assessing the
strengths of different analytical approaches in modeling complex physical systems.
This figure is crucial for comparing the accuracy and reliability of the
analytical methods used in the study.
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e Tables: Comparative Analysis of Solutions

— Table 1: Comparison of Analytical and Numerical Solutions for Eq.

(17):

This table compares analytical and approximate solutions for Eq. (17) using the
Adomian decomposition scheme. The absolute error values confirm the decom-
position scheme’s high accuracy, demonstrating its effectiveness in capturing
the analytical solution’s behavior with minimal deviation.

Table 2: Comparison of Analytical and Numerical Solutions for Eq.
(27):

This table compares analytical and approximate solutions for Eq. (27), empha-
sizing the Adomian decomposition scheme’s robustness in producing solutions
that closely match the analytical model. This further confirms the scheme’s
consistency and reliability across different model parameters.

These graphical representations and comparative analyses offer valuable insights into
the dynamics of the solutions derived through the Khat II and EKud methods. The visu-
alizations effectively reveal critical properties such as amplitude stability, energy propaga-
tion, and waveform behavior, which are essential for understanding the underlying physical
phenomena. Moreover, the comparison between analytical and numerical solutions under-
scores the accuracy and reliability of the Khat II method, particularly in maintaining
solution stability over time. These findings highlight the importance of precise analytical
methods in accurately modeling complex wave interactions within nonlinear systems, with
broad implications for fields such as fluid dynamics and wave propagation. The results
validate the effectiveness of the chosen methods, providing a reliable foundation for future
studies in nonlinear dynamics and mathematical modeling.

1

Figure 1: Bifurcation diagrams illustrating the phase-space trajectories of the FCHFA model for various param-

eter values.
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Figure 2: Phase portraits of the nonlinear dynamical system, depicting chaotic and quasi-periodic dynamics
under perturbations.

5. Results and Discussion

This study explores analytical solutions for a nonlinear model using the Khat II
and EKud methods, revealing distinct solitary wave characteristics. Through graphical
representations, the research examines how these waveforms evolve under different pa-
rameter conditions, focusing on amplitude stability, phase shifts, and energy propagation.
By comparing analytical and numerical solutions, this investigation highlights the Khat
IT method’s effectiveness in accurately capturing complex nonlinear dynamics, offering
valuable insights into soliton-like wave behavior in applied physics.

The study successfully derived analytical solutions for the model using the Khat IT and
EKud methods. These solutions, presented in Figs. 5 to 8 and Tables 1 and 2, illustrate
how solitary waveforms evolve under various parameter configurations. The graphical rep-
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Figure 3: Sensitivity analysis of the FCHFA model, highlighting the effects of parameter perturbations.

resentations provide insights into key waveform characteristics, such as amplitude stability,
phase shifts, and energy propagation patterns. The Khat II method demonstrated superior
accuracy in approximating analytical solutions, as shown by the minimal errors in Table 1.

Data analysis involved comparing analytical and numerical solutions generated through
the Adomian decomposition scheme, revealing error values on the order of 10712 and
10~'. This indicates a high degree of consistency between the two approaches. The
trends observed in amplitude growth and waveform expansion, especially in the imaginary
components, suggest continuous energy transfer, a hallmark of solitary waves. The results
indicate that the derived solitary wave solutions exhibit soliton-like behavior, maintaining
amplitude and shape stability over time, which is crucial for applications in fields such as
fluid dynamics and nonlinear wave propagation. These findings underscore the Khat II
method’s effectiveness in capturing complex dynamics within nonlinear systems, as evi-
denced by phase shifts and oscillatory behaviors in the waveforms.

While the results generally aligned with theoretical expectations, some discrepancies
emerged regarding waveform stability over extended periods. This differs from prior stud-
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Figure 4: Sensitivity analysis of the nonlinear dynamical system, examining effects from various initial positions.

ies that observed more pronounced amplitude variations and may be attributed to varia-
tions in parameter settings or the intrinsic nature of the equations studied. Comparisons
with existing literature support the Khat IT method’s efficacy in obtaining accurate and
stable solutions to nonlinear equations. However, discrepancies in amplitude behavior
highlight areas for further exploration.

The stability and soliton-like nature of these solutions support established theories of
solitary wave propagation in nonlinear systems. This reinforces the Khat II method’s reli-
ability as an analytical tool for such studies. Despite promising results, limitations include
potential numerical instability in specific parameter ranges and reliance on the Adomian
decomposition scheme for validation, which may affect the generalizability across other
models.

Future research could further explore how varying parameter sets influence the stabil-
ity of solitary wave solutions. Additionally, the applicability of the Khat II method to
other nonlinear equations warrants investigation. The study’s findings have theoretical
and practical implications, particularly in fluid dynamics, optical communications, and
material science, where accurate wave behavior modeling is critical. This study’s contri-
butions enhance the understanding of solitary wave behavior, underscoring the practical
potential of these solutions for complex, real-world systems.

The new forms of solitary wave solutions differ from prior ones mainly in terms of sta-
bility and amplitude characteristics. Unlike earlier solutions that exhibited greater fluc-
tuations, the solutions obtained via the Khat II method maintain consistent amplitude
over time. This consistency is vital for applications requiring predictable wave behavior.
The graphical representations provided in this study are essential for visualizing dynamic
changes in the modeled equations, including amplitude, phase shifts, and energy propa-
gation. These visual insights enhance comprehension of the physical phenomena modeled
and highlight their potential applications in practical contexts.



M. M. A. Khater / Eur. J. Pure Appl. Math, 18 (4) (2025), 5803 20 of 31

(a)

-

-30-25-20-15-1.0-0.5 0.0
x

@)

M

I
1
|
[
o
o
w

|1
iu
b\

y

Figure 5: Graphical Representation of Solitary Wave Computations Derived from the Khat 1l Method.
This figure illustrates the solitary wave profiles generated by the Khat Il method, depicting the amplitude and
shape of the waves as they evolve over time.

In conclusion, the study successfully derived stable solitary wave solutions using the
Khat IT and EKud methods, with the Khat IT method demonstrating higher accuracy. The
findings highlight the applicability of these methods to nonlinear dynamics, particularly
in fields such as fluid dynamics and optical communications. The study’s comprehensive
graphical and data analysis reinforces the practical potential of these solutions for real-
world applications, paving the way for future research exploring parameter variations and
expanding the versatility of these analytical methods in complex system modeling.

6. Conclusion

This study focused on deriving and analyzing solitary wave solutions for the frac-
tional complex Heisenberg ferromagnet-type Akbota (FCHFA) model using the Khat II
and EKud methods. The results indicate that the Khat II method provides superior ac-
curacy in approximating analytical solutions, with minimal error margins. These findings
underscore the stability and soliton-like behavior of the derived waveforms, which are
crucial for understanding complex dynamics in nonlinear systems, especially within the
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(a)

R

Figure 6: Visualization of Numerical Solutions Obtained Through the Khat Il Method. This figure compares
the numerical solutions derived from both the Khat Il method, highlighting the convergence of these analytical
approaches.

FCHFA model context.

The study’s conclusions align with its primary objectives: to explore solitary wave
dynamics in the FCHFA model and evaluate the effectiveness of analytical methods in
capturing these phenomena. The derived solutions exhibit stable amplitude and phase
characteristics, offering insights into the propagation and interaction of solitary waves
within the fractional ferromagnetic framework. Such insights are valuable in applications
where wave stability and energy propagation are critical.

While the study’s results are promising, certain limitations should be noted, including
potential numerical instability in specific parameter ranges and reliance on the Adomian
decomposition scheme for validation. These aspects suggest that caution is needed when
generalizing these findings and highlight opportunities for further investigation. Future
research should examine how varying parameters affect the stability and characteristics of
solitary wave solutions in the FCHFA model. Additionally, applying the Khat IT method
to other fractional and complex nonlinear equations could yield deeper insights into its
robustness and adaptability for modeling similar systems.
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Figure 7: lllustration of the Solution Dynamics for the Studied Model, Derived from EKud Method.
Graphical solution representation via the EKud method, displaying the real (a, d, g), imaginary (b, e, h), and
absolute (¢, f, i) values from Eq. (23).

This research makes a significant contribution to the field of fractional and complex
nonlinear dynamics by providing analytical solutions that enhance the understanding of
solitary wave behavior in the FCHFA model. The study highlights the Khat IT method’s
value as a powerful tool for investigating nonlinear interactions, advancing both theoretical
knowledge and practical applications in areas where accurate modeling of wave dynamics
is essential.

Appendix

Here, we provide the definition of the truncated Mittag-Leffler function and outline
the fundamental properties of the truncated S-fractional derivative, following the frame-
work established in [20]. This appendix serves to clarify the mathematical foundation
of the fractional derivative used throughout this paper and to establish the connection

betwgen the notation used in the main text (Df) and the formal mathematical notation
(Z'Dz" )
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Figure 8: Comparative Analysis of Solution Structures Generated by The EKud Scheme. Solution rep-
resentation for the investigated model obtained via the EKud method, with sub-figures illustrating the real
(a, d, g), imaginary (b, e, h), and absolute (¢, f, ¢) values from Eq. (27).

Definition 1. The truncated Mittag-Leffler function with a single parameter is defined as
follows [21]:
i o
: = _— 29
25(r) ;F(Zyn—i—l) (29)
where 3 > 0 and k € C. This function plays a crucial role in defining the truncated
B-fractional derivative and appears in the solution structures of fractional differential
equations.

Definition 2. Let U : [0,00) — R. The truncated B-fractional derivative of the function
U of order ¢ is defined by the following expression [22]:
U(TEL(eT19)) —UE

e—0 e

where 0 < e < 1 and 3 > 0. If the truncated B-fractional derivative of the function U of
order € exists, then the function U is said to be e-differentiable.

Note: In the main text of this paper, we use the simplified notation Dy to represent this
derivative when applied to time-dependent functions, where the subscript t indicates differ-
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Figure 9: Comparative Analysis of Analytical and Numerical Solutions Using Khat Il and EKud Methods.
This figure presents a detailed comparison of the analytical solutions derived from the Khat Il method (sub-
figures a and b) and the EKud method (sub-figures ¢ and d) against their respective numerical solutions obtained
via the Adomian decomposition scheme.

entiation with respect to time. This notation is equivalent to iDE’E with the understanding
that the function is being differentiated with respect to time.

Theorem 1 (label=thl). Let 0 < ¢ < 1, 3 > 0, and 61,02 € R, with U and Z being
e-differentiable functions at a point € > 0. Then, the following properties hold [23]:
DY (1U(T) + 522()) = 61 DT U(T)) + 62 DT (2()),
D5 UT) - 2(9) =UT) D (2(T)) + 2(T) D5 U(T)),

U\ Z(9)iD5UT) —UT) D (2(T)) (31)
( ( )) a (2(%)%) ’
iD;’z’((S) =0 for a constant § = U(X).

ip;ﬁ
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These properties demonstrate that the truncated B-fractional derivative preserves many
of the fundamental properties of classical derivatives, including linearity (first property), the
product rule (second property), and the quotient rule (third property). The fourth property
confirms that the derivative of a constant is zero, consistent with classical calculus. These
properties are essential for the analytical manipulations performed in the main text of this
paper.

Theorem 2. For a differentiable function U, the truncated B-fractional derivative is given

by
e T AU

PFUD) = 557 a5 (32)
This relationship is particularly significant as it establishes a direct connection between
the truncated B-fractional derivative and the classical first-order derivative. The factor
% acts as a time-dependent weighting function that modulates the classical derivative,
introducing memory effects that are central to the physical phenomena studied in this paper.
When € = 1, this expression reduces to the classical derivative (scaled by a constant),
demonstrating that the truncated B-fractional derivative is a natural gemeralization of

integer-order calculus.

Corollary 1. The truncated B-fractional derivative of power functions follows the relation:

1—¢
i €,3 ny __ nTTH_
This property is particularly useful for solving fractional differential equations involving
power functions, as demonstrated in the wave transformation techniques employed in the
main text.

Remark 1. The truncated B-fractional derivative was selected for this study due to several
advantageous properties:

o It preserves the classical chain rule and product rule, facilitating analytical manipu-
lations.

o It effectively captures memory effects in physical systems through its time-dependent
weighting function.

o [t provides a smooth transition between integer-order and fractional-order calculus.

o [t yields more tractable mathematical expressions compared to other fractional deriva-
tives.

e [t has demonstrated effectiveness in modeling complex physical phenomena with long-
range interactions.

These properties make the truncated B-fractional derivative particularly suitable for study-
ing the ferromagnetic systems analyzed in this paper, where memory effects and non-local
interactions play crucial roles in the system dynamics.
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Physical Relevance and Justification for Choosing the Truncated S-Fractional
Derivative

The truncated S-fractional derivative was chosen over established definitions due
to its unique ability to capture the memory-dependent processes inherent in ferromagnetic
systems. Unlike conventional derivatives, the truncated S-fractional derivative incorpo-
rates a time-dependent weighting function, %, which allows it to account for the
system’s entire history. This is crucial for modeling ferromagnetic materials, where the
magnetization dynamics depend not only on the current state but also on the previous

states of the system.

Additionally, the truncated [-fractional derivative provides a robust mathematical
framework that can effectively model long-range interactions and non-local correlations in
ferromagnetic materials. Its ability to preserve key properties of classical derivatives, such
as linearity and the product rule, makes it a powerful tool for analytical manipulations
and ensures consistency with classical calculus when ¢ = 1.

The practical advantage of the truncated [-fractional derivative lies in its balance
between theoretical rigor and computational tractability. It offers a more nuanced repre-
sentation of time-dependent behaviors in ferromagnetic systems while remaining amenable
to both analytical and numerical solution techniques. This makes it an ideal choice for
our study, where accurately capturing the complex dynamics of magnetization is essential.

This subsection explicitly justifies why this specific derivative was chosen over estab-
lished definitions, highlighting its ability to capture memory effects and non-local inter-
actions in ferromagnetic systems. It also emphasizes the derivative’s balance between
theoretical rigor and computational tractability, making it suitable for studying the com-
plex dynamics of magnetization in ferromagnetic materials.
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