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Abstract. In this paper, we generate pretopological spaces from a binary relation. We introduce
a new approximation space by using pretopological concepts. Some properties and the comparison
among different types of lower approximation and the upper approximation are studied. We
introduce an application of pretopological spaces in rough approximation. some generalizations of
rough sets concepts based on pretopological space are introduced.
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1. Introduction

There are a huge amount of information based on technology and there is a need
high accurate tools for discovering their valuable knowledge. The field of information
technology is an important filed and has attracted the researchers in many fields. The
topological generalizations of rough set theory based on concepts of near open sets are pre-
sented in many researches. Abu-donia [1] introduced new kinds of rough set approxima-
tions via multi knowledge base,this means family of finite number of (reflexive, tolerance,
dominance, equivalence) relations by two techniques.Abu-donia, A.S. Salama [2] extended
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Pawlak’s rough set model to a topological structure, where the set approximations are de-
fined by the topological concept ¢ 5-open sets. In [3], Al-shami and Mhemdi introduced the
concept of overlapping containment rough neighborhoods and their corresponding gener-
alized approximation spaces, which were then applied to computational problems. Finally,
Kaur et. al. [4] presented a novel multi-ideal nano-topological model aimed at improving
the diagnosis and treatment of dengue. Collectively, these manuscripts contribute signif-
icantly to the theoretical foundations and practical implementations of rough set theory,
particularly in the medical domain.

A. Galton [5] applied topological concepts to the problem of describing motion in
discrete space space. Tareq M. Al-shami and et al. [6] studied the concept of primal
soft topology based on the soft primal, which is a complementary concept of a soft grill.
R. Mareay and et al.[7] putted fourth some concepts of topological near open sets and a
new approximation structure based on the topological near open sets is introduced. New
models of intuitionistic fuzzy set approximation space depending on covering are defined
via neighborhood concept [8]. An attributes reduction method is introduced [9] based
on constructing a weighted pre-topology that represents the information system under
consideration. K. Y. Qin, Z. Pei [10] introduced the discussion of the relationship between
fuzzy topologies and fuzzy rough set models and the axiom of fuzzy topology. K. Y.
Qin [11] discussed the relationship between generalized rough sets based on reflexive and
transitive relations and the topologies on the universe which is not limited to be finite. A.
S. Salama [12] introduced new pre-topological approximations, pre-topological measures
and a new method of data decomposition to avoid the necessity of reasoning from data
with missing attribute values.

The concept of near open sets is an accurate and applicable tool for dealing with
data. In 1989, Wiweger [13] introduced the concept of topological rough set. This concept
was the basic start point for many researchers in generalization of rough set. Wiweger’s
generalization defined approximation space by using the interior and closure operators
which are define on the the topological spaces. M. E. Abd El-Monsef et. al. [14] introduced
(B-open set concept. This concept has been used by many researchers in generalization of
rough set. Since The closure function has an idempotent property in topology, so the the
classical topology is not more adequate. The formalism of pretopology comes from usual
topology with weaker axioms. The applications of Pretopology in the problems of social
sciences find their foundations [15, 16]. In 1975, the first definition of pretopology space
[17] was given by Marcel Brissaud. This definition of Marcel Brissaud, who is known as
”pretopology’s father”, is based on Cech closure operator [18], works of Frochet spaces [19],
and closure axioms of Kuratowski [20]. Based on these works, many of important theories
in pretopology have been developed during the 1970’s and 1980’s such as Marcel Brissaud
[21-24], Jean-Paul Auray [25, 26|, Nicolas Nicoloyannis [27], Gerard Duru [28, 29], Michel
Lamure [30], and Hubert Emptoz [31], and et. al. [32-34]. Some concepts of pretopological
spaces are investigated during this paper. Different kinds of pretopological Lg,rs and
Uapprs are introduced.

In this paper, we give and investigate some concepts of pretopological spaces. Different
types of pretopological lower and upper approximations are introduced. This paper give
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the relationship within distinct types of pretopological Lgpprs and Ugpprs. Some general-

izations of rough theory concepts depending on pretopological space are introduced.

2. Preliminary of pretopological concepts and rough theory

In this part, we give some primary concepts of pretopological spaces and rough
theory.

Definition 2.1. [20] Assume that X # () . Then the operator ¢l : P(X) — P(X) is called
Kuratowski closure if the following properties are hold:

i. c(0) =0,

ii. If A1 C X, then Ay C cl(Ay),

ii. VA1, Ay C X, cl(A1 U Ag) = cl(A1) Ucl(A2) ,
iv. VA1 C X, cl(cl(Ar)) = cl(Ar), .

Definition 2.2. [17] For any a nonempty set X, the operator | : P(X) — P(X) is called
pseudo closure if the following properties are hold:

i. 1(0)=0,
i. VA1 C X, A; CU(Ay),

Definition 2.3. [17] If a mapping | : P(X) — P(X) is pseudo closure and X is any set.
Then, (X,1) is called a pretopological space.

Definition 2.4. [17] Let (X,l) be pretopological space and interior function . Then,

i(A) = (A((A)))°

Definition 2.5. [17] Assume that (X,1) is pretopological space and i : P(X) — P(X) is
a mapping. Then, i is called interior mapping if the following are satisfied:

i i(X) = X,
1. IfAl C X. Then, Z(Al) C Ay

Definition 2.6. [17] If A1 C X and (X,1) is pretopological space. Then, Ay is said to be
closed if and only if (A1) = A;.

Definition 2.7. [17] Assume that (X,1) be pretopological space, Ay C X. Then, A; is
said to be open if and only if i(A1) = A;.
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2.1. Basic concepts of the Pawlaks rough theory

Assume that R is an equivalence relation on a nonempty set X. Then, X/R =
{Y1,Y2,Y3,....Y;,} is a partition on X, where R is an equivalence which generate the
equivalence classes Y1, Y2, Y3, ..., Y,,. .

Definition 2.8. [35] Assume that R is an equivalence relation on a nonempty set X. For
any A1 C X, the set R(A1) = U{Y; € X/R:Y; C A} is called Loppros of A1 and the set
R(A) =U{Y; € X/R:YiN Ay # 0} is called Ugppros of As.

Proposition 2.1. [35] Assume that K = (X, R) is an approzimation structure. Then,
the following properties are hold,for X1, X C X :

(iL) R X) X;

(iiiH) X1 C R(X71).

(iwL) R(X1NXy) = R(X1) N R(Xy);
(ivH) R(X1 U X5) = R(X1) UR(X3);
(vil) R(R(X1)) = R(X1);
R(X1)) = R(X1);

(viil) X1 C Xo = R(X1) C R(X>);

(
(v) R(XS) = [R(X1)]¢, where (X¢) is the complement of X;;
R(R
(viH) R(R

(viiH) X1 C Xy = R(X1) C R(X2);
(vitil) R(R(X1))¢ = (R(X1));
(viti]) R(R(X1))® = (R(X1))%;
(izL) R(X1)U R(X2) € R(X1 U X>);
(

(z'xH) R X1 ﬁXQ) R( ) DE(XQ),'
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3. Rough pretopological approximation space

This section introduces the application of pretopological space in rough approximation
space. Let R be a binary relation which defined on a finite set X. Suppose that R(z) is a
neighborhood of x which is defined by R(z) = {y €: (z,y) € R} and R '(z) = {y € X :
(y,z) € R}. Hence, we will define the pseudo-closure I'4(.) and The interior function i4(.)
as follow:

Definition 3.1. For any a nonempty set X, and R is a binary relation defined on R.
Suppose Ty(.) : P(X) — P(X) defined by Ty(A1) = {x € X : R(x) N A1 # 0} U Ay,
VA1 C X. Then Ty(.) is called pseudo closure if the following properties are hold:

0. Fd((b) = ®7

it. VA C X, A1 CTy(Ar),
Hence (X,Ty) is called pretopological space

Definition 3.2. Consider (X,T'y) is pretopological space. Suppose that ig(.) : P(X) —
P(X) defined by ig(A1) ={z € X : R(x)NAy # 0}, VA; C X. Theniq(.) is called interior
function if the following properties are hold:

ii. YA, C X, ig(A) C Ay,

The pretopological space, represented by I'y;ig4, is created from the pseudo-closure
function that depends on R(x) and is called the pseudo-closure of descendants. Likewise,
we refer to the pretopological space, represented by I'y; 4., that is produced by the pseudo-
closure function based on R~!(x) by pseudo-closure of ascendants.

Definition 3.3. Suppose that (X,Tg) is pretopological space. Then, we define the pre-
topological Lapprs and pretopological Ugpprs of a subset A C X as the following:
ig(A)={xr e X :R(z) CA},VACX

Fy(A)={ze X:Rx)NA#0}UA VACX

i(A)={re X :R1(r) CA},VACX

Fy(A)={reX:R Y (z)NA#0}UA, VAC X.

The approzimation structure (X, R) is called pretopological approximation space.

Definition 3.4. Assume that (X, R) is a pretopological approzimation structure. Then
VACX :

i. If ACT,(ig(A)), then A is semi rough (Sqq-rough) ,
it. If A CT4(iq(A)), then A is prerough (P,q-rough) ,

iti. If A CTa(ig(Ta(A))), then A is semi-prerough (Baq-rough) ,
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. If A Cig(Ty(iq(A))), then A is a-rough (cgq-rough) ,
v. If ACTy(ig(A)) Uig(Tu(A)), then A is y-rough (Yaa-rough) .

In the pretopological approximation space (X, R), the set family of all S,4-rough
(resp. P,g-rough, B,g-rough, ag4-rough and v44-rough ) is denoted by FS,q(X)(resp.
FPad(X), Fﬁad(X), FOzad(X), and F’yad(X)).

The complement of the sets Syq(X)(resp. Poa(X), Baa(X), aa(X), and v4q4(X))
in (X, R) is called SS -rough (resp. P¢,-rough, §5,-rough, af -rough and ~¢ ,rough ) and
is denoted by F'SS -rough (resp. F'P¢,-rough, F 3¢ -rough, Faf -rough and F~S;-rough ).

Proposition 3.1. If (X, R) is a pretopological approximation structure. Then, the fol-
lowing properties are satisfied:

i. Fog(X) C FSe(X) C Fyea(X) C Faa(X),
4. Faad<X> g FPad(X) g F7ad(X) g F/Bad(X)7
proof It’s clear from the above definition. [

Example 3.1. Consider X = {a,b,c,d} is the universe set. Suppose that R is a binary
relation defined on X by R = {(a,a), (a,d), (a,c),(b,b), (b,d),(c,d),(c,a),(c,b),(d,a)}.

Hence R(a) = {a,c,d}, R(b) = {b,d}, R(c) = {a,b,d}, R(d) = {a} and R™'(a) = {a,c,d}, R"1(b) =
{b,c}, R71(c) = {a}, R7(d) = {a,b,c}. Therefore, FSuq(X) = Fau(X) = {X,0,{a,d},{d},{a},
{b,d},{a,c,d},{a,b,d}}, FPu(X) = FBua(X) = Fyea(X) ={X,0,{a,b,d},{a,c,d},{a,b,c},
{a,c}.{a,d},{a,b},{b,d}, {a}, {d}}.

Definition 3.5. Assume that (X, R) is a pretopological approzimation structure, A C X.
Then, we denote the general lower of A by Had(A) for all peq € {Sads Pads Bads Cads Vad}
and is defined by p (A) = U{G € Fpqa: G C A}.

Definition 3.6. Assume that (X, R) is a pretopological approzimation structure, A C X.
Then, we denote the general upper of A by fi,q(A) for all peq € {Sad, Pads Bad, Qads Yad }
and is defined by fi,q(A) = {H € FuS,: AC H}.

Definition 3.7. Suppose that (X, R) is a pretopological approximation structure and A C
X. Hence, Viigq € {Sad, Pad, Bads Cads Yad} the pretopological general lower and the pretopo-
logical general upper approzimations are defined as iyqa(A) = p,(A), Tpad(A) = Haa(A)-

Proposition 3.2. Assume that (X, R) is a pretopological approzimation space, R is a
binary relation on X. Then, for any A C X the following properties are satisfied :

.. 2d(A) g iaad g iSad g i'yad g Z.Bad g A g F,Bad g F'yad(A) g FSad(A) g I_‘aacl g
L'q(A),

it. ia(A) C taad € 1pad © ivad - iﬁad CAC FBad - Fyad(A) - FPad(fél) C laad
La(A),

N
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proof: We will prove the part (i) and we can prove (ii) in the same way.

i. Since ig(A) = {x € X : R(x) C A} C U{G) € Fau(X): Gy C A} C U{G; €
FSaa(X) : Gi € A} C U{G1 € Fraa(X) : G € A} C U{G1 € FBua(X) : G1 C
A} CACN{Gy e FB,X): AC H} CN{Gy € Frey(X): AC Ga} CN{Gs €
FS¢(X): AC Gy} CN{Gy € Faty(X): AC Go} C{z € X : R(z)NA# 0}
Therefore, i3(A) C iaad € i5ad € Gyad € iad S A C T'gad € T'yad(A) € Tsaq(A) C
Tpad C Ta(A). O

Example 3.2. Suppose that Ay = {a,c}, Ay = {c,d}. Then by using Example 3.1,
taad(A1) = {a}, ipaa(A) = {a,c}, Tpaa(A2) = {c,d}, Tawd(A2) = {b,c,d}. Therefore,
iaad(Al) c ipad(Al) ’ Fpad(A2) - Faad(A2)'

Proposition 3.3. Assume that (X, R) is a pretopological approximation structure and
A1,A2 C X. Hence, Yuad € {Sads Pads Bads Qads Yad} the following azioms are satisfied:

i dpad(X) = Thuaa(X) = X,
i, ipad(0) = Tpaa(0) =0,
. If Ay C Ag, then iyqa(A1) C ipad(A2), Tued(A1) € Tpad(A2),
. Tpad(A1) Uiped(A2) C iued(A1 U Ag),
v. Tpad(Ar N Az) CTpaa(Ar) NTaa(A2),
vi. Tpaa(A1) UT eq(A2) € Tpea(Ar U Ag),
vit. iued(A1 N Az) C ipaa(Ar) Nigeq(As2),
Vit iuad(A]) = (Tpaa(Ar))C,
i, Tpad(AT) = (igaa(A1))°.

proof Since piaq € {Sad, Pads Bads Qad> Vad}, then by the properties of i,qa and T'yqq, the
proof is complete.

The converse of axioms iv and v in Proposition 3.3 do not hold in general. This will
be shown in the next example,so take pad = S.q.

Example 3.3. If A; = {d}, A2 = {a,c} and by using Example 3.1. Then, ig.q(A1) = {d},
isad(AQ) = {a}, isad(A1U Ag) = {a, c, d}. Therefore iSad(Al) U isad(AQ) # i5qd(A1 U Ag).
Also, FSad(Al) = {b’ G, d}z FSad(AQ) = {a” C}fr&zd(Al N AQ) = (D’ Hence Fuad(Al N AQ) 7&
F,uad(Al) N F,uad(AZ)

Proposition 3.4. If A C X and (X, R) is a pretopological approximation space. Then,
Virad € {Sad, Pads Bads ®ads Yad} the following axioms do not satisfied:

7. i,uad(i,uad(A)) = iuad(A) 7é Fuad(iuad(A))f
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it Fuad(ruad(A)) = Fuad(A) a iuad(ruad(A)):
The following is an counter example for the above proposition by taking p,q = Sad, Pad-

Example 3.4. Let Ay = {b,c,d} and by using Example 3.1., igqq(A1) = {b,d}, isea(isad(A1)) =
{b,d}, then Tsua(isaa(A1)) = isaa{b,d} = {b,c,d} # isada(isaa(A1)). Let As = {c},
FPad(AQ) = {C}arPad(FPad(AQ)) = (D; then Z.Pad(FPad(A2)) = F,uad(r‘uad(AQ)) =0 #
I'yad(As2).

4. Pretopological generalizations of rough theory sets concepts

Through this section, some generalizations of rough theory concepts based on pretopo-
logical space are introduced by using i,,,4 and I',,44 approximation operators.

Definition 4.1. Assume that (X, R) is a pretopological approximation structure and A C
X. Hence, Vaq € {Sad, Pads Bads Cad, Yad} we define the following:

i. A is totally pretopoligical jiuq-definable (jqq-exact) set if i,04(A) = Ipea(A) = A,
i. A is internally pretopoligical p1aq-definable set if i,,4(A) = A and I'yq(A) # A,
iii. A is externally pretopoligical fi,q-definable set if i,qq(A) # A and ' yqq(A) = A,
iv. A is topologically jiqq-indefinable (pqq-rough) set if i qq(A) # A and I',qq(A) # A.

Example 4.1. By using Example 3.1, the set A = {a} is topologically a,q-indefinable
(aaq-rough) set, the set B = {a,c} is totally pretopoligical Pyy-definable (Pyq-exact) set.

Definition 4.2. Suppose that (X, R) is a pretopological approximation structure and A C

X. Then, we define the accuracy measure of any set A as:

irea(A
acey,,(A) = “F’;:;((A))”, I'yaa(A) # 0, where paq € {Sad, Pad, Bads Qad, Yad} and where | A |

18 cardinality of A.

By the accuracy measure, we can determine the exactness of any subset A C X. The
relationship among the four types of accuracy measure is given as the following:

i. 0<accq(A) < accqad < accgeqg < accygq < acCgaq < 1,
. 0 <accg(A) < accouq < accpeqg < ACCyaq < acCCaq < 1.
Hence, the best the accuracy for approximation is paq = Baq as in the next example:

Example 4.2. Continued from Example 3.1., the compression between some types of
accuracy measure are listed in Table 1

Definition 4.3. Suppose that (X, R) is a pretopological approximation structure and
A1, Ay C X. Then, Ypaq € {Sads Pads Bads Qads Yad} the following are defined:

1. AléuadA2 lf iuad(Al) - iuad(A2>;
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Table 1: the compression between some types of accuracy measure

SetA | accgad | accgaq
{a, b}
{a,c}
{b, d}
{a,b,c}

= = oy

000 | =00 | NN | 00 | =4

i A1C" Ay if T yaa(A1) C Thaa(As).

Example 4.3. By using Example 3.1, consider Ay = {d}, A2 = {a,c}, A3 = {b,d} and
Ay ={c,d}. Hence, we have: AlésadAg and A3§ﬁadA4.

Proposition 4.1. Assume that (X, R) be a pretopological approximation structure and
A C X. Then, Yiaq € {Sad, Pads Bads Cads Yad} > © € X the following are defined:

i. If ©€,04A, hence x € A,
ir. If xéuadA, hence x ¢ A.
proof It’s clear from the above definition. [

The next example shows that the converse of Proposition 4.1 doesn’t hold in general:
The converse of the Proposition 4.4 is not true as in the following example:

Example 4.4. Continued from Example 3.1, let Ay = {a,b.c} and Az = {a,d}, then we
get b € Ay, but bt 001 . Also, b ¢ Aa, but bEgaqAa and bEqqAs.

5. Conclusion

This paper used the pretopological concepts to generate rough approximation space.
Different types of lower and upper approximation are generated based on pretopological
space. We have got the best the accuracy for approximation using our approach. Our
approach will be useful in knowledge discovery. In the future work, we will study more
applications of these tools based on generalizations of pretopological concepts. Moreover,
we will study the connection between pretopological spaces and soft set theory.
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