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Abstract. In this paper, we discuss some inequalities involving singular values for matrix sums
and products. In some of our results, we prove inequalities for functions of matrices and this

enables us to give a generalization of known recent result.
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1. Introduction

In this paper, the symbol M, (C) denote the space of n x n complex matrices. The
numbers s;(A) >,...,> s,(A) > 0 are called the singular values of A € M,,(C) which are
the eigenvalues of [A| = (A4*A)/? arranged in decreasing order and counted according to
multiplicity.

The spectral norm of A € M, (C), denoted by ||A||, can be expressed as the largest
singular value of A, i.e, ||A| = s1.

It is known (see [1] or [2]) that if X € M, and Y € M,, are such that [ X 2z

Y

sj(Z)gésjq; 5]) (1)

for j=1,2,...,r, where r = min(n, m).
If A and B are positive semidefinite matrices, then by letting Z = AB, X = A2, and
Y = B? in inequality (1), we have

s <gs (| oy 5 ) 2)

Among other results in this paper, we give a general version of inequality (2). For
more singular value and norm inequalities for matrices, we refer the reader to [3], [4], [5],
[6], and [7].

B
then

*Corresponding author.
DOI: https://doi.org/10.29020/nybg.ejpam.v18i2.5844

Email addresses: ahmad.alnatoor@iu.edu.jo (A. Al-Natoor),
rawansmadi2@gmail.com (R. Al-smadi), aliaaburqan@zu.edu. jo (A. Burqgan)

https://www.ejpam.com 1 Copyright: (©) 2025 The Author(s). (CC BY-NC 4.0)



A. Al-Natoor, R. Al-smadi, A. Burqan / Eur. J. Pure Appl. Math, 18 (2) (2025), 5844 2 of 10
2. Main results
To start our analysis, we need the fact that if A, B € M,,(C), then
55(4) < s5(B) iff 5;(A® A) < 5;(B® B) 3)
for j=1,...,2n.
Lemma 1. Let A,B,Y € M, (C) be such that A and B are positive semidefinite. Then

for 3 =1,...,2n, we have

sj (AY =Y B) & 0) < max (||A[|, | B]) s; (Y & Y).
In particular, if B = A, then
5 ((AY = YA) ©0) < [|A]l5; (Y © Y).

Theorem 1. Let A, B € M, (C) be positive semidefinite and let g(t), h(t) be real polyno-
mials. Then for j =1,...,2n, we have

s; ((ABh (B)+g(A)AB) ®0) < HA2 + BzH sj(g(A) @ h(B)).

Proof Leth:[A oHA BHg<A) 0 }:[AQg(A) ABh(B)]7

Bollo o 0 h(B) BAg(A) B?h(B)
on [0 0 [ A 01[A B[ a4 ethas
an Q2—[ 0 h(B)][ -B 0][0 0 | | —h(B)BA h(B)B2]

So, Q1 — Q2 = [BAg A)+h(B)BA B%h(B)
Q = ABh(B) + g (A) AB.

Now,

s; ((ABh(B) + g(A) AB) ® (ABh(B) + g (A) AB))

= s;((ABh(B) + g (A) AB) @ (BAg (A) + h (B) BA))
= 5(QoQ")

(& 9)

= 5 (Q1—Q2). (4)

. A2 AB A*  —AB
Using Lemma 1 and the fact that [ BA B2 }and [ _BA B2

] are unitarily equiv-

alent via U :[ é _OI } yield that
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$i(Q1—Q2)®0) = s g 8 [61 gHg(OA) h(OB)} )
Y im0
([ e B ] ))
[ ][50
< (2 5 ] 50 5]])
([Q(OA) h(OBJ@[g(OA) th)D
o [P B h{’m]@ i )
= |[ 54 % || w@enrmev@enen

Now, by using the fact that ||T*T|| = ||TT*| for any T € M, (C), we have

Lz 52 )] = {5 ol 7]
-5 e ]l5 o]l
o R
I )

So,
sj ((ABh(B) + g (A) AB) @ (ABh(B) + g (A) AB) ©0)
< || A%+ B?||s; (9 (A) @ h (B)) @ (g (A) @ h (B))). (5)

Now, the desired result follows by inequalities (3), (4), and (5).

Lemma 2. [8/Let A, B,Y € M, (C) be such that A and B are positive semidefinite. Then
for j =1,....2n, we have

sj (AY —YB)@0) <|[[Y|s; (A® B).
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Theorem 2. Let A, B € M, (C) be positive semidefinite and let g(t), h(t) be real polyno-
mials. Then for j =1,...,2n, we have

53 (ABH(E) + 9 () AB) < waslo(L B (| fry 35 |)- ©

Proof. Let Q1, Q2,Q, and U be as in the proof of Theorem 1. Then by equation (4),
we have

sj ((ABh(B) + g(A) AB) ® (ABh(B) + g (A) AB))

IN

= 5 (Q1— Q) 2 2
i ([ B e )
(by Lemma 2)

max (a1 G0 (| 54 5 (0] 50 3 7))

= wax(la I I s (| oy e | o] a5 |)

(7)

Now, the desired result follows by inequalities (3) and (7).

Inequality (6) represents a general version of inequality (2). In fact, letting h(t) =
g(t) = 1 in Corollary 2, we have

1 A* AB
SJ'(AB)SQSJ'([BA B2 ])7
which is inequality (2).

An application of Theorem 2 can be seen in the following corollary, which depends on
the following lemma .

Lemma 3. [9/Let A, B € M, (C). Then for j =1,...,2n, we have
1
s; (A£B)®0) gsj(A@B)—|—§|\Aj:B||.

Corollary 1. Let A,B,Y € M, (C) be such that A and B are positive semidefinite. Then
for 3 =1,...,2n, we have

s; (ABh (B) + g(A) AB) & 0)

< maz(|lg(A)], [n(B)])s; (A*® B> & AB & AB)
1
+5 4% + B?||.
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Proof. By inequality (6), we have

s; ((ABh(B) + g(A) AB) & 0)

< max (|g(A)], [I(B)) s, ([ o D
= max (|g(A)], [h(B ([fé ;]ﬂéﬁ AOBD
. Sj([% fg?] [0 D
< (lg(A)], [Ih(B o H) M { 0 ]H
(byLemma3
L ([A* o 0 AB)
= max(laal e | N0
[BA B? ]H
— max(lg(A)] |n(B ( AZ@B2@AB@AB)+2“A2+B2”>’

as required.

Theorem 3. Let A, B € M, (C) be positive semidefinite and let g(t), h(t) be real polyno-
mials. Then for j =1,2,...,2n, we have

s; (ABh(B) + g(A)AB & 0)

<si (| mana) Boniny | )+ 5 1ABHE) + gl 0

In particular, if j = 1, then
A%g(A) ABW(B)
l4Bn(B) + gz <2 | 5ot G|

Proof. Let Q1, Q2,Q, and U be as in the proof of Theorem 1. Then by equation (4),
we have

5; (ABI(B) + g (A) AB) & (ABA(B) + ¢ (A) AB))
=5; (Q1 — Q2)

< 5 (@ @)+ Q- Qi
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(by Lemma 3)

[ A29(A) ABh(B) g(A)A*  —g(A)AB
| BAg(A) Bh(B) ]@[—MB)BA h(B) B D

1 0 ABRhB + g (A) AB

2HBA9(A)+h(B)BA 0 }H

_ | A%g(A) ABh(B) (A)A2  —g(A)AB ], ..

B Sj<_BAgg(A> B?h (B) ]@<U[—€L(B)BA hg(B)32 }U»
%maX(IIABh(B)Jrg(A) AB||,|[BAg (A) + h(B) BA|)

- ([ e [ 1)

AN
®
<.
7N\

1
+5 [IABh (B) +g(A) AB]|.
Consequently,

5;((ABh(B) + g(A)AB)®(ABh(B) + g(A)AB))

K q ) Tnio) ] ’ [ L e D

+5 IABR(B) + 9(4) AB]|. )
Now, the desired result follows from inequalities (3) and (9).
Lemma 4. [10/Let A, B € M,,(C) be positive semidefinite. Then for r > 0, we have
|42+ By B2 < % |(A+ By,

Corollary 2. Let A, B € M,,(C) be positive semidefinite. Then for j =1,...,2n, we have

A2 Al/2p3/2 1

s <<A1/2B3/2 +A3/2312) @0) <sj ({ B2 B2 ]) +3 |(A+ B)?||
Proof. Let g(t) = h(t) = t? in inequality (8). Then

4 3
s; ((AB> + A’°B)@0) < sj<[ 4, 4B ]>+;HAB3+A3BH

BA3® B*
A*  AB3 1
< sj<[BA3 B ]>+2HA(B2+A2)BH.

Replacing A by A'/2 and B by B'/2, we have

A2 Al/23/2
5 (<A1/233/2+A3/2312) @0) < s ({ B1/2.43/2 B2 ])
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1
+5 HAl/Q(B—irA)Bl/QH

A2 A1/233/2 1
5j ({ B1/2 43/2 B2 ]) +ZH(A+B)2H

(by Lemma 4)

<

as required.

The author in [11] proved that if A, B,Y € M,,(C) are such that Y is positive semidef-
inite, then

1
s; (AYB*) < 3 Y| s; (A*A+ B*B) (10)
for 7 =1,2,...,n. Based on this inequality, we have the following lemma.

Lemma 5. Let A,B,Y € M, (C) be such that'Y is positive semidefinite. Then

1 A*A B*B
s (AYEY) < SIVIANIB] s (o + ) (1)
2 1A Bl
forj=1,..n.
Proof. In inequality (10), replacing A and B by %A and %B respectively, we
have

. 1 B| A*A  |A| B*B
5 (AYBY) < 2||Y\|sj(” I LAl )

1] 18]
1 A*A B*B
= Lyyppansis, ( ; ) |
2 I\l "B
as required.

Theorem 4. Let A, B,C, D, E, F € M, (C) be such that C and D are positive semidefinite.
Then for j =1,...,2n, we have

s; ((ACE* + BDF*) & 0)
- 2V k1ko J koB*A+ k\F*E koB*B + ki F*F ’
where k1 = ||AA* + BB*|| and ko = |EE* + FF*|.

Proof.Letle[g1 lg},ng[g g],andng[]g g].Then

(12)

ITu|| = /| TaTf|| = V/|AA* + BB*|| = ki,
T3] = /I 1375 = V| EE* + FF*|| = ko
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and
T2 = max (|C][, | D]]) -

So,

s; (ACE* + BDF* ©0) = s; (T\ToT%)

1 T7T, T*Tg
< Izl ITalss (05 + 1505 )
2 AR
A*A A*B E*E E*F
1 B*A BB F*E F*F
= L VREmax (101, 1D1) 5 +
2 k1 ko

L [ ATA A'B . [ E'E E'F
2| B*A B*B Y F*E F*F

1
= Z/kikomax(||C| .l D ;
9 1Koma. (H ”,H H)SJ k1ko

_ max([|C], |D]]) ({ kyA*A+ k\E*E  kyA*B + ky E*F D

Wkiks I\| kyB*A+ k,F*E koB*B 4+ k,F*F

as required.

Corollary 3. Let A,B,C,D € M, (C) be such that C" and D are positive semidefinite.
Then for j =1,...,2n, we have

(105" 1 BDA") 5 0) <« MoICILIDD <[ A B D |

In particular, if C = D = I, we have

s; (Re (AB)) @ 0) < is? ([ 5o D

where Re(T) = T£L= denotes the real part of T € M, (C).
Proof. Letting F = B and F' = A in inequality (12), we have

s; (ACB* + BDA*) @ 0)

max (|C|], [DI) ([ k1A*A+kB*B ki A*B+kB*A
= 2k, I\| kiB*A+ ki A*B k1 B*B + k1 A*A
_ max([lC]], [D]) ({A*A+B*B A*B+B*AD

2 %i\| B*A+ A*B B*B+ A*A
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mex (11 121D, ([ + ] [ D

9 of 10

A*
B*

A B
B A

_ max(HCH,HDH)S(HA 3]2)
2 J B A

_ IMX(HCII,HDII)S? A B

- maxwz,msigg %B

We end this paper by the following result, which gives a lower bound for singular values
of products and sums of matrices

Lemma 6. [12/Let A, B € M,,(C). Then for j =1,...,n, we have
55 (AB) s (4) 5; (B) (13)
and
55 (AB) < 5; (A) 51 (B). (14)
Theorem 5. Let A,B,C,D € M,,(C). Then
s; (AC + BD) ®0) > s,, ((x/AA* i BB*) @ o) 5; ((\/C*C ¥ D*D) ® 0) (15)
and
s; (AC + BD) ©0) < s ((x/AA* ¥ BB*) ® o) 5; ((\/c*c +DD) & o) . (16)

Proof. We have

s; (AC + BD) & 0)

a(
+(

=([5

5 2]
PEiD,

) (55 ])

A B
0 0
A B
0 0

|

c* D* ¢ 0

1[5 5])7)((
I[a o)) (%

0
0
0
0

0 0

ol

I

c 0
D 0

D

)

0

D)
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(e o oD (S 2 )
) S£/2<[AA*+BB* D qo*ch*D SD

o R T (R 1)

0 0
= s, (VA +BB) 00) 5 ((VC*C+ DD) @0).

which proves inequality (15). The inequality (16) follows by applying inequality (14) and
using the same argument that we use in proving inequality (15).

1]
[2]

References

Y. Tao. More results on singular value inequalities of matrices. Linear Algebra and
its Applications, 416(2-3):724-729, 2006.

A. Al-Natoor, O. Hirzallah, and F. Kittaneh. Singular value inequalities for convex
functions of positive semidefinite matrices. Annals of Functional Analysis, 14(1):7,
2023.

A. Al-Natoor and F. Alrimawi. Singular value inequalities for concave and convex
functions of matrix sums and products. European Journal of Pure and Applied Math-
ematics, 18(1):558-578, 2025.

A. Al-Natoor, M. A. Amleh, B. Abughazaleh, and A. Burqan. Generalization of
some unitarily invariant norm inequalities for matrices. Journal of Mathematical
Inequalities, 17(2):581-589, 2023.

A. Al-Natoor, A. Burqan, M. A. Amleh, and C. Conde. Some singular value inequal-
ities for matrices. Journal of Mathematical Inequalities, 18(3):911-919, 2024.

A. Burgan and F. Kittaneh. Singular value and norm inequalities associated with
2 x 2 positive semidefinite block matrices. FElectronic Journal of Linear Algebra,
32:116-124, 2017.

F. Kittaneh, H. R. Moradi, and M. Sababheh. Singular values of compact operators
via operator matrices. Mathematical Inequalities & Applications, 27(3):759-774, 2024.
A. Al-Natoor and F. Kittaneh. Singular value and norm inequalities for positive
semidefinite matrices. Linear and Multilinear Algebra, 70(21):4498-4509, 2022.

A. Al-Natoor, O. Hirzallah, and F. Kittaneh. Singular value and unitarily invariant
norm inequalities for matrices. Annals of Functional Analysis, 15(2):21, 2024.

R. Bhatia and F. Kittaneh. The matrix arithmetic-geometric mean inequality revis-
ited. Linear Algebra and its Applications, 428(8-9):2177-2191, 2008.

H. Albadawi. Singular values and arithmetic-geometric mean inequalities for opera-
tors. Annals of Functional Analysis, 3(2):10-18, 2012.

F. Zhang. Matrixz theory: basic results and techniques. Springer, New York, 2 edition,
2011.



