EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS

2025, Vol. 18, Issue 2, Article Number 5854 PRE AN
ISSN 1307-5543 — ejpam.com

Published by New York Business Global

On Weakly Regular Semigroups Characterized in Terms
of Cubic Bipolar Fuzzy Ideals

P. Khamrod!, N. Deetae?, T. Gaketem?®*

L Department of Mathematics, Faculty of Science and Agricultural Technology, Rajamangala
Uniwversity of Technology Lanna of Phitsanulok, Thailand

2 Department of Statistics, Faculty of Science and Technology, Pibulsongkram Rajabhat
University, Phitsanulok, Thailand

3 Fuzzy Algebras and Decision-Making Problems Research Unit, Department of Mathematics,
School of Science, University of Phayao, Phayao 56000, Thailand

Abstract. In this paper, we introduce the concept of cubic bipolar fuzzy subsemigroups and cubic
bipolar fuzzy ideals in the context of semigroups. We explore their fundamental properties and
examine how these structures interact within semigroups. The main thing this study adds is a way
to describe weakly regular semigroups using the features of cubic bipolar fuzzy ideals. Through
a detailed analysis, we establish several key results that highlight the role of these fuzzy ideals in
understanding the algebraic structure of weakly regular semigroups.
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1. Introduction

The theory of fuzzy sets was conceptualized by Zadeh in 1965 [1]. This researchers is
used in mathematics and logic but also in medical science, theoretical physics, robotics,
computer science, control engineering, information science, etc. After that time, in 1979,
Kuroki [2] defined the fuzzy semigroup and various kinds of fuzzy ideals in semigroups
and characterized them. Later in 1975, Zadeh [3], extended the concept of fuzzy sets by
interval valued fuzzy sets as a generalization of the notion of fuzzy sets. In 1994 Zhang
[4] introduced the notion of bipolar fuzzy sets with the extension of fuzzy sets whose
membership degree range is enlarged from the interval [0, 1] to [—1, 1], and used them for
modeling and decision analysis. In 2000, Lee [5] used the term bipolar valued fuzzy sets
and applied it to algebraic structures. In 2012, Jun et al. [6] introduced a new notion, a
cubic set, and investigated several properties of cubic setes as well as introducting cubic
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subsemigroups and cubic left (right) ideals of semigroups. In 2018, Wei et al. [7] studied
the concept of interval valued bipolar fuzzy set with the generalization ofa bipolarr fuzzy
set. It is a study of the values of positive and negative function. Riaz and Tehrim [8]
discussed the concept of cubic bipolar fuzzy sets and some properties.

In this paper, we consider the relationship between of cubic bipolar fuzzy ideals and
interior ideals on semigroups. In the goal results, we characterized weak regualr semigroup
by using of cubic bipolar fuzzy ideals on semigroups.

2. Preliminaries

In this section, we will give some basic definitions and results needed for the next
section.

A subsemigroup of a semigroup & is a non-empty subset T of & such that T2 C T.
A left (right) ideal of a semigroup & is a non-empty subset ¥ of & such that &% C ¥
(TG C F). By an ideal of a semigroup &, we mean a nonempty subset of T which is
both a left and a right ideal of &. A generalized bi-ideal of a semigroup & is a non-empty
subset T of & such that T&T C ¥. A subsemigroup ¥ of a semigroup & is called a bi-ideal
(interior ideal) of G if TEGT C T (6TG C T).

2.1. Fuzzy sets and Interval valued fuzzy sets

In this subsection, we review the concept of important fuzzy sets and fuzzy sets valued
in intervals.
For any bh; € [0,1], i € §, define

V b, = i d Ab;:=inf{h;}.
b ?élp{h} and A b; = inf{hi}
We see that for any by, b € [0, 1], we have

b1V bo = max{hi,b2} and by Abho = min{hy,bho}.

A fuzzy set w of a non-empty set & is a function such that w: & — [0, 1].
Now, we review the concept of interval valued fuzzy sets.
We use C'S[0,1] to denote the set of all closed subintervals in [0, 1], i.e.,

CS[0,1] = {h:=[p",p*] [0 < p' <p* < 1}

We note that [h, h] = {h} for all h € [0,1]. For h =0 or 1, we shall denote 0 = [0,0] =
{0} and 1= [1,1] = {1}.

For any two interval numbers b; and by in CS[0,1], define the operations “<”, “=",
“A7 “Y” as follows:

(1) by < by if and only if b} < bl and Y < hY

(2) by = by if and only if b} = b} and ¥ = b4
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(3) By A by = [(b5 A b)), (b A b))
(4) by Y by = [(h] V b5). (b} V bE)].

If by = by, we mean by < b;.

Proposition 1. [9] For any elements by,hy and by in CS[0,1], the following properties
are satisfied:

) A by =y A (hy A b3) and (hy Y by) Y by = by Y (hy Y by),
B2) Y by = (b1 Y b3) A (by Y b3) and (by ¥ ba) A by = (by A bs) ¥ (hy A by),

5) If by < by, then, by A by < by A b3 and by Y bz < by Y by.

For each interval {h; := [b},b¥] | i € F} be a family of closed subintervals of [0, 1].
Define A b, =[ A bl, Ab¥] and Y b, =[V bi, V_b].

i€F i€F i€F ieF i€F i€F

Definition 1. [10] An interval valued fuzzy subset (shortly, IVF subset) of & is a function such
that 71 : & — CS[0, 1].

Definition 2. [11] For every subset & of set &, an interval valued characteristic function Aq of
R is defined to be a function \g : & — CS[0,1] by

T i pes

forallh e G.

For two IVF subsets i and X of a non-empty set &, define
(1) BC A= @(h) < A(h) for all h € F,
(2) =A< HCXand AC T,
(3) (@M A)(h) =7(h) AXh) for all h € §.
For h € G, define Ay := {(¢,0) € F x F | h = to}. B
For two IVF sets 1z and X of §, define the product & (O A as follows : for all h € &,

_ Y A A X0)} i Ap #£0

EOR)(b) = § EeIc
0 if Ay =0.

Definition 3. [11] An IVF set Tt of a semigroup & is said to be an

(1) IVF subsemigroup of &, if i(h1h2) = T(h1) A T(b2) for all b1, b2 € &,

(2) IVF left (right) ideal of &, if fi(h1b2) = 7i(h2) (7i(b1b2) = 7(bh1))for all b1, bhs € &. An IVF
ideal of & if it is both an IVF left ideal and an IVF right ideal of &,
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(3) IVF genralized bi-ideal of &, if i(h1h2b3) = w(h1) A T(hs) for all h1,bha,b5 € S,

(4) IVF bi-ideal of &, if @ is an IVF subsemigroup of & and [i(b1h2bs) = T(h1) A m(hs) for all
hla an h3 € 6;

(5) IVF interior ideal of &, if &t is an IVF subsemigroup of & and T(h1h2b3) = m(ha) for all
hla b2a h?) € 67

(6) IVF quasi ideal of &, if (& Q@) M (r O &) C 1, where & is an IVF set of & mapping every
element of & on 1.

2.2. Bipolar fuzzy set
Definition 4. [}/ A bipolar fuzzy set (shortly, BF set) w on & is an object having the form

W= {(67wp(h)awn(b)) | he 6}7
where wP : & — [0,1] and w™ : & — [—1,0].

Remark 1. For the sake of simplicity, we shall use the symbol w = (&;wP,w™) for the BF set
w={(&,wP(h),w"(h)) [ h € &}

Define products w? x ¢P and w™ x ¢™ as follows: For h € &

Vo A{wP(®) AYP(o)} if Ay # 0
(WP % YP)(h) = < (ko)eA,
0 if Ay =10

and
A Awm(®) vyr(o)t if Ay #0
(" * ™) () = { Coea,
0 if Ay =0.

Definition 5. [12] A positive characteristic function and a negative characteristic function of a
non-empty set R of § defined by

X516 = [0,1], 5 x(h) ¢—{ 0 zzﬁ
and
X2 6 — [=1,0],5 — x2(p) := { (;1 gzg
respectively.

Definition 6. [12] A BF set w = (&;wP,w™) on a semigroup & is called a

(1) BF subsemigroup on &, if wP(h1h2) > wP(h1) A wP(h2) and w"(hi1h2) < w"(h1) V w"(bh2) for
all hh b? S 67

(2) BF left (right) ideal on &, if wP(h1h2) > wP(h2) (WP(H1h2) > wP(h1)) and w™(h1h2) < w™(h2)
(W™ (b1h2) < w"(h1)) for all b1, b2 € 6,

(3) BF generalized bi-ideal on &, if wP(h1h2b3) > wP(h1) A wP(h3) and w™(h1hahs) < w™(hy) V
w"(h3) for all b1,ha, b3 € &,
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(4) BF bi-ideal on &, if w = (S;wP,w™) is a BF subsemigroup of &, wP(h1h2b3) > wP(h1) AwP(bs3)
and W™ (h1h2hs) < w™(b1) Vw"(h3) for all by, ba, b3 € &,

(5) BF interior ideal on &, if w = (&;wP,w™) is a BF subsemigroup of &, wP(h1h2bs3) > wP(h2)
and w"(h1bh2h3) < w"(h2) for all hy, b2, b3 € G,

(6) BF quasi ideal on &, if (6P x wP) N (wP * &P) C w?P and (6" xw™) N (W™ * &™) D wW", where &
is an BF set of & mapping every element of & on [—1,1].

Definition 7. [7] An interval valued bipolar fuzzy set (shortly, IVBF set)€ = (&; 1P, u"™) of a
non-empty set § if i¥ : & — CS[0,1] and @" : & — CS[-1,0].

2.3. Cubic sets
Definition 8. [6] A cubic set C of a non-empty set & is a structure of the form

C = {(h,7i(h),w(b)) [ b € &}

and denoted by C = (i, w) where @i is an IVF set and w is a fuzzy set. In this case, we use

C(h) = (m(b),w(h)) = ([u"(h), w”(b)],w(b))
forallr € G.

Definition 9. [6] A cubic set C = (fi,w) of & is called

(1) a cubic subsemigroup of &, if T(h1h2) = w(h1) A T(h2) and w(hibha) < w(hy) V (h2) for all
hla h2 € 65

(2) a cubic left(right)ideal of &, if i(h1b2) = T(he) (E(h1he) = T(h1)) andw(h1h2) < w(h2) (w(hiha) <
w(hy1)) for all h1,hs € &. A cubic ideal of &, if it is a cubic left ideal and a cubic right ideal
of 6,

(3) a cubic genralized bi ideal of &, if 7i(h1h2b3) = 7i(h1) A 7i(hs) and w(hih2bs) < w(h1) Vw(hs)
for all'h1,h2,b3 € 6,

(4) a cubic bi ideal of &, if @ is a cubic subsemigorup of & and f(h1h2b3) = f(h1) A (hs) and
w(hibz2hz) < w(h1) Vw(bs) for all b1, ha, b3 € 6,

(5) a cubic interior ideal of &, if @ is a cubic subsemigorup of &, T(hihabs) = T(h2) and
w(hib2hs) < w(hz) for all b1, ha, b3 € 6,

(6) a cubic quasi ideal of &, if (GO N(EOS)CH and (& *w) N (w* S) D w.

Riaz and Tehrim [8] discussed the concept of cubic bipolar fuzzy sets and some properties.
In this paper, we consider the concepts of cubic bipolar fuzzy subsemigroups and types of cubic
bipolar fuzzy ideals. We provide properties of cubic bipolar fuzzy subsemigroups and quasi ideals.
In the important results, regular and intra-regular semigroups are characterized in terms of cubic
bipolar fuzzy quasi ideals are provided.
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3. Cubic bipolar fuzzy subsemigroup and ideals in semigroups

In this part, we give the concepts of cubic bipolar fuzzy subsemigroups and ideals in semigroup.
And we study important properties for reference in the next part.

Definition 10. A cubic bipolar set (shortly, CB set) € of a set & if

¢ = {{h, (@ (0), 7" (h)),w(h)) | b € &}
and denoted by ¢ = (I, w) where i is an IVBF set and w is a BF set.

Definition 11. 4 CB set € = (I, w) of a semigroup & is called a cubic bipolar fuzzy subsemigroup
(shortly, CBF subsemigroup) of & if

7P (b1b2) = P (b1) A @P(h2), @™ (b1b2) X E"(b1) Y @"(h2) and
wP(hibha) > wP(b1) Aw™(h2), w"(hib2) < w™(h1) Vw"(h2) for all hy,hs € &.

Example 1. Let G be a semigroup defined by the following table:

Thus, a CB set ¢ = (,w) in § as follows: T*(a) = [0.6,0.7], @’ (b) = [0.4,0.5], E"(c) = [0.1,0.2],
a'(a) = [-0.9,-0.8], @"(b) = [-0.7,-0.6], @F(c) = [-0.3,-0.2] and wP(a) = 0.7, wP(b) =
0.4, wP(c) = 0.2, w"(a) = —0.7, w™(b) = —0.3, w"(c) = —0.2. Thus, € = (G,w) is a CBF

subsemigroup of &.

Definition 12. 4 CB set ¢ = (I, w) of a semigroup & is called

(1) a cubic bipolar fuzzy left ideal (shortly, CBF left ideal) of &, if

P (h1h2) = @P(h2), @"(hiba) = T@"(h2) and wP(hih2) > wP(hs2), w™(hibh2) < w™(b2) for all
hla h2 € 65

(2) a cubic bipolar fuzzy right ideal (shortly, CBF rihgt ideal) of &, if
P (b1b2) = EP(h1), @ (hih2) = 1" (h1) and wP(hib2) > wP(h1), w(hib2) < w™(h1) for all
hla b2 S Ga

(3) a cubic bipolar fuzzy ideal (shortly, CBF ideal) of &, if it is a CBF left ideal and a CBF right
ideal of G,

(4) a cubic bipolar fuzzy generalized bi-ideal (shortly, CBF generalized bi-ideal) of &, if iP (h1h2bs3) =
AP (b1) Am"(h3), m"(h1b2bhs) 2 E"(h1) YE" (bs) and wP(b1babs) = wP(b1)Aw™ (bs), w" (h1h2bs) <
w™(h1) Vw(hz) for all b1, b2, b3 € 6,

(5) a cubic bipolar fuzzy bi-ideal (shortly, CBF bi-ideal) of &, if € = (fi,w) is a CBF subsemigroup

of &, P (h1b2bhs) = mP(h1) AP (b3) " (hib2bs) < " (h1) Y " (h3) and wP(h1babs) > wP(hi) A
w™(h3), w™(b1h2bs) < w™(h1) Vw™(hs) for all b1, b2, b3 € 6.

Next, we study the subset and product of the CBF set as defined.
Let €, = (f,w) and €, = (), ¢) are CBF sets of a semigroup &. Define

(i) €,C¢, if and only if Z2(h) < X°(h), Z*(H) = X" (h) and wP(h) < ¥P(h), w™(h) > ¢™(h), for
all h € G.
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(7" (h) A X" (h)),

(ii) (’ZI_I(’: = { ) 1fand0n1y1f( w? ") (h)
(WP (h) AP (R)),

ANAwn
(@ A (h) = (@"(h) Y X" (h)) and (wP N P)(h)
(w" mpn)(h) ( n(h) V™ (h) for all h € &.
(O

(iii) €, ® ¢, = w * 1)) and define @ O X as follows. For h € &

ma

_ {mP(®) AN (o)} if Ay # 0
O )\p (¢,0)EA
(7 OX')(h) = {0 a o
. L) YN ()} if Ay £0
A O X)) = { ecs
and w x 9 is a product of a BF set.

Definition 13. A cubic biopolar seiéi = (I, w) of © is called a cubic biopolar fuzzy quasi ideal
(shortly, CBF quasi ideal) of &, if (G Omu)N(E O 6)Ci and (E*xw)N(wx6) Cw

The follows theorem are basic propeties of CBF ideal of a semigroup &.
Theorem 1. Every CBF ideal of a semigroup & is a CBF interior ideal of &.

Proof. Let ¢ = (fi,w) be a CBF ideal of & and Let hi,hy € &. Then, ¢ = (G,w) is a
CBF left ideal and CBF right ideal of &. Thus, GP(h1h2) = P (h2), & (hlhg) = 7P(h2) and
wWP(hib2) > w™(h2), w"(h1b2) < w"(h2).

Hence, fi”(h1b2) = 1P (h1) A BP(h2), 7" (hih2) 2 1P (h1) A 1P (h2) and
wP(h1b2) > w™(h2) Aw™(bh2), w"(hih2) < w™(h1) V w"(h2).

This shows that € = (f1,w) is a CBF subsemigroup of &. Let b1, b2, b3 € S. Then,

7P (h1b2bs) = P (b1(b2b3)) = 1P (h2hs) = 1P (h2),
7" (bib2hs) = 1" (h1(b2b3)) < 1" (h2h3) < 1" (h2)

and

wP(h1h2bs) = wP(h1(h2bs)) > wP(h2b3) > wP(b2),
w"(B1h2b3) = w"(h1(h2b3)) < w™(habs) > wW"w"(h2).
Thus, ¢ = (fi,w) is a CBF interior ideal of &.

Theorem 2. Every CBF quasi ideal of a semigroup & is a CBF bi-ideal of G.
Proof. Assume that € = (f1,w) is a CBF quasi ideal of & and b1,y € &. Then,

AP (b1b2) (7" O &")(h1ho) }\7(? Or?)(b1b2) =
(i,j)G\thhz{ﬂp(i) LG A (?70)€\C4h1h2{6 (&) A7)}
7% (b1) A 6" (h2) A &"(h1) A 7P (h2)

AP(h1) AT AL AEP(h2) = 7P (h1) A BP(h2),

(7" O8")(h1b2) 1(?” Om")(hib2)

i VTS ONT(E0e)
7(61) Y & (h2) A& (h1) A Ti M "(b2)

a"(h1) Y =1 A =1 Y P (h2) = 1" (1) Y 7P (b2).

Iy

Iy

7" (hibz)

1A

PN
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And
wP(b1b2)

w™(bh1b2)

Thus, @ (h1b2) = @7 (h1) A 7P (h2), 7" (hib2) X @™ (h1) Y
wP(h1b2) > wP(h1) AwP(h2), w™(hib2) < w™(b1) V w"(ha).
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Ay v

I IA

(WP x &P)(h1b2) A (&P * wP)(h1b2)
Vo A{POATPOIA  V {6P(F) AwP(o)}

(ivj)EAhlhz (Bvo)eAhlhz
wP(bh1) A SP(h2) A SP(h1) AwP(b2)
wWP(h1) ANTATAWP(h2) = wP(h1) AwP(b2),

(W™ &")(h1h2) V (&" * w™)(h1b2)
A {wr@ver(glryv A {8 () vwi(o)}

(1,))€EAp by (£,0)€EAp by
w™(h1) V& (h2) V&™(h1) Vw"(h2)
wh(h1) V=1V =1Vw"(h2) = w"(h1) Aw"(h2).

A" (h2) and

Hence, € = (i, w) is a CBF subsemigroup of &.
In a similar way, let b, H2,h3 € S we get that

P (h1habs)

7" (hihz2bhs)

And
wP(h1h2h3)

w™(h1h2b3)

1y

I 1A

PN

IA v v

I IA

(T* O &")(hihabs) A (& O ) (h1b2bs)

Y {72 (1) L &"(j)} A Y {&"(6) L 77 (0)}
(1,))€Ap1 0903 (€,0)€AD, by

7 (h1) A &' (hahs) A & (h1bh2) A 727(hs)

aP(h1) AT AT ATP(h3) =P (h1) A 1P (h3),

(A" O &")(hibobs) ¥ (8" O7")(bubabs)
ety PO OIY (4 FOYT )
A" (h1) Y & (hars) & & (h1b2) A 7" (hs)

(b)Y =T A =1 Y @P(hs) = mP(b1) Y 7P (b3).

(WP x FP)(h1h2bs) A (&P xwP)(h1h2bs)
Vo {wPi) ASPG) A V {3P(€) AwP (o)}
(i,))€Ab1 0903 (¢,0)€Ap n,04
wP(bh1) A &P(b2b3) A SP(h1h2) A wP(b3)
wP(h1) NTATAWP(h3) = wP(h1) AwP(bs),

(" % &")(h1ba2bs) V (&" * w™)(h1b2bs)
A r@vstiry o A {8 (E) V(o))

(ivj)eAhlhzbg (Bvo)eAhﬂmhg
w”(h1) vV §"(h2bh3) vV &"(h1h2) vV w™(b3)
w™(h1) V =1V =1V w"(h3) = w"(h1) Aw™(bh3).

Thus, 7P (h1b2b3) = @P(h1) A @P(h3), @™ (hivahs) = 7" (h1) Y 7" (h3) and
wP(h1b2) > wP(h1) AwP(h3), w™(hib2) < wW™(b1) V w"(hs).

Hence, € = (i, w) is a CBF bi-ideal of &.

Next, we review the definition of the characteristic cubic bipolar fuzzy function. Let ¥ be a non-
empty subset of &. The characteristic cubic bipolar fuzzy set (shortly, CCBF set) xs = (I, ., Wy« )

is defined as follows:

1 if ez

_ B . -1 if pe¥
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for all h € & and w,, is a characteristic bipolar fuzzy set.
In the following theorems, we give a relationship between a left ideal (right ideal, generalized
bi-ideal, bi-ideal, interior ideal, quasi-ideal) and the CCBF function.

Theorem 3. Let T be a non-empty subset of a semigroup S. Then, T is a left ideal (right ideal,
generalized bi-ideal, bi-ideal, interior ideal, quasi-ideal) of & if and only if Xz = (., wy<) 5 @
CBF left ideal (right ideal, generalized bi-ideal, bi-ideal, interior ideal, quasi-ideal) of &.

Proof. (=) Suppose that T is a left ideal of & and let hy,hs € 6.

If b € T, then, hibhy € T Thus, 1 = ﬁxg(f)z) A% (hib2), —1 = 7y (h2) = 7iy. (h1h2) and
L=wl _(h2) =wf (5152) 1= Xi.(f)z) = wy (hibh2).
Hence( M)er(hlfh) = MXT([M) ng(hlfh) = MXT(ID) and wf_(h1b2) > w¥_(h2), wi (hib2) <
\/(,L);zT [’)2 .

If by ¢ T, then, 7§ _(hib2) = 74 _(h2), fiy. (hib2) = 7y (h2) and wf _(hib2) > wf_(h2),
wy, (hih2) < wy (ba).
Thus, x5 = (fly,Wxs) is @ CBF left ideal of &.

< Suppose that ys = (ﬁXT,wm> is a CBF left ideal of & and let by € T. Then, i _(h2) = 1,
ﬁ;f(hg) = —1and wp (hg) (f)g) =—1.If h1ho ¢ T, then, ﬁig(hﬂ)g) =0= ﬁZs(hlhz) and

Pe(h1b2) =0=w} (fhf)z) Thus
0=7%_(hih2) = 72 _(h2) = 1,0 =72 (hih2) Z 7L _(h2) = —1

and
=wl (b1b2) 2w (h2) =1, 0 = w} (bih2) < wl (h2) = —1.
It is a contradiction. Hence, h1hs € T. Therefore ¥ is a left ideal of &.

4. Characterizations of weakly regular semigroups in terms of cubic
bipolar fuzzy ideals.

In this section, we will characterize weakly regular semigroups in terms of CBF subsemigroups.
Theorem 4. Let 9 and N be a non-empty subsets of a semigroup &. Then,
(1) xom ® xot = X %€ (Fygy O Fygrs Wxan * W) = (Fyomor> Wxanon)
(2) xaTTxor = Xomro %€ (B 1 By s Wxon (VWxoe) = (B s Wxomenon )

On the basis of Lemma 1, we can prove Theorem 5.

Lemma 1. If ¢, = (fi,w) is a CBF right ideal and €, = (\,v) is a CBF left ideal of &, then,
¢, ®¢,0¢,M¢,.

Proof. Assume that €, = (fi,w) is a CBF right ideal and &, = (X, 1) is a CBF left ideal of &
and let h € G.

If Ay = 0, then, it is easy to verify that, (7" O X’)(h) = (@ I A")(p),
(@ OX")(0) = (@ MA")(h) and (WP *9?)(h) < (WP NYP)(H), (W™ *¢™)(h) > (" NY")(H).

If Ay # 0, then,

(7 O X")(b)

Y A ®) AN (o)} = {7" (ko) A X' (b))}

(B,0)€ A, (¢, O)EAb

X'(o
= "(h) A X'(h) = (@ NX")(b),
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(E*OX)() = {7 (&) Y X' (0)} = {7" (ko) Y X" (b0)}

(e, o)eA (&, )eA

= 7"(h) Y X" (b) = (@ A" (),

and
WPxyP)(h) =V {oPE)AYP0)} <V {wP(to) AYP(ko)}
(E o)eAh (E,0)EA,
= wP(h) AYP(h) = (WP NYP)(h),
@"sym)(h) = A {w®VvYm(e)} > A {wP(to) VYT (to)}
(¢,0)€A, (k,0)€A,
= w"(h) Vyr(h) = (" NyY")(h).

Thus, (72 O X)(h) < (@ N A")(h), (@ ONX)(b) = (@ NX")(h) and
(wP * ¥P)(h) < (wP NPP)(B), (w™ * ") (h) > (W™ N4™)(h). Hence, €, ® €,EE,MC,.

Any way, in the proof of Theorem 5, these are used.

Definition 14. [13] A semigroup & is called weakly regular if for every h € &, b € (h&)2.

Lemma 2. [13] A monoid & is weakly regular if and only if RN J = RJI for every right ideal R
and every ideal J of 6.

Now we characterize weakly regular semigroups in terms of generalized IVF ideals.

Theorem 5. A monoid & is weakly regular if and only if ¢, ®¢, = ¢,1N¢, for every CBF right
ideal €, = (@, w) and every CBF ideal €, = (\,¢) of &.

Proof. Assume that €, = (7i,w) is a CBF right ideal and &, = (X, ) is a CBF ideal of &.
Let h € &. Since G is weakly regular, there exist p,q € & such that h = hphg. Thus,

ORI = L, LT @E= Y, (30X (0)
= mP(bp) A X (ba) = 7P (h) A X' (h) = (7 A7) (h),
ORI =, OVT @)=, i PO X0}
< @ (bp) Y X (ha) < " (h) Y X' () = (" A")(h),
nd
) @PxyP)(h) =V PO AYP)}= V  {wP(E) AyP(e)}
(t,0)€Ay (¢,0)EAppnq
> wP(bp) AYP(ba) = wP(h) AYP(h) = (WP NYP)(H),
(@=ym)(h) = A {w"®)Vvyre)}= A {w'(to)Vy(te)}

(€,0)€ A (€,0)€EAppnq

< w"(bp) VY"(ba) <w™(h) Vyr(h) = (" NY")(b).

Hence, (77 MA")(h) < (@* O X)(h), @ N A")(h) = (" O X")(h) and (wP N9P)(h) < (wP = ¢7)(h),
(w™ ﬂw”)(f)) (w™ x ™) (h). Therefore, €,71€,CC, ® C,.

On the other hand, since @Z is a CBF ideal of G we see that Qﬁz is a CBF left ideal of &. Thus,

by Lemma 1, ¢, ® ¢,C¢,TC¢,. Hence, ¢, ®c¢, =¢,m¢,.
Conversely, let %% and J be a right ideal and ideal of &. Then, by Theorem 3, y» and x; CBF
right ideal and CBF ideal of &. By supposition and Lemma 4, we have
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s (0) = (1, O T, )(0) = (7L, M )(0) = i, (5) = T,
ﬁ;(lma (b) - (ﬁim Oﬁf@)(h) = (ﬁZm ﬂﬁia)(h) = ﬁ;gma (h) = ?17

and
Wy s (B) = (W, * W} )(h) = (Wh,, Nwh )(h) =wh, . (h) =1,
Wy, () = (Wi, *wi ) (h) = (wy, Nwy )(h) =wy, . (h) =—1.

Thus, h € RJ. Hence, RNJ = RJ. Therefore, by Lemma 2, S is weakly regular.

Lemma 3. [13] Let & be a monoid. Then, the following statements are equivalent:
(1) & is weakly regular.
(2) QNJ CAJ for every quasi-ideal Q and every ideal J of S.

On the basis of Lemma 3, we can prove Theorem 6.

Theorem 6. For a monoid S, the following statements are equivalent.

(1) & is weakly regular.

(2) ¢, 7€, 5¢, @ €, for every CBF quasi-ideal €, = (i, w) and every CBF ideal ¢, = A\ of &.
(3) ¢,7¢,E¢, ® €, for every CBF bi-ideal ¢, = (fi,w) and every CBVF ideal &, = (\, V) of &.
(4)

4 ¢ ¢, T¢, ® €, for every CBF generalized bi-ideal ¢, = = (i,w) and every CBF interior ideal
€=\ 1) of &.

Proof. (1) = (4) Assume that €, = (7i,w) is a CBF generalized bi-ideal and ¢, = (X, %) is a
CBF interior ideal of &. Let hh € &. Then, there exist p, q € & such that h = hphg. Thus,

@O = (g, FOAT@ = 5 01 T}
= AP(h) A X (pba) = 7 (h) A X' (h) = (7" N X")(h),
@OXm) = A GOV = O)EJZW{M)Y X'(o0)}
< 1 (h) Y X' (pha) 2" (h) Y X" (h) = (" N A")(b),
and
@PxyP)(h) =V A{wP®)AYP(e)} =V {wP(t) AyP(E)}
(€,0)€Ay (8,0)€Apphq
> wP(h) AYP(pha) = wP(h) AYP(h) = (WP NYP)(h),
@m=ym)(h) = A {w"®Vvyre)}= A A{"(®) Ve (Y}
(t,0)€A, (8,0)€EApppq
< w"(h) Ver(pha) <w"(h) V(b)) = (W NY")(h).

Hence, (77 MA")(h) = (@” OX)(h), (@* N X")(h) = (2" O X")(h) and (WP N9P)(h) < (wP *¥P)(h),
(w™ ﬂw”)(h) (w™ % 9™)(h). Therefore, QZ fA¢,0¢, ® ¢,.

(4) = (3) = (2) This is obvious because every CBF bi-ideal is a CBF generalized bi-ideal of
G, every CBF ideal is a CBF interior ideal of & and every CBF quasi-ideal is a CBF bi-ideal of &.
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(2) = (1) Let Q be a quasi-ideal and J be an ideal of &. Then, by Theorem 3, X, is a CBF
quasi-ideal and 5 is a CBF ideal of &. By supposition and Lemma 4, we have
oy (0) = (AR, ORY)(0) = (B, NEY)() =1y, (h) =1,
Tiyay (0) = (B, O Ty, )(h) = (Y, My, )(0) = 1Yy, (0) = =1,

and
WYay(h) = (Wi, * @i )(h) = (Wi, Nwy)(h) =i, (h) =1,

Win (0) = (Wi, *wi))(h) < (Wi, Nwy)(h) =wy,  (h) = ~1.
Thus, h € QF. Hence, QN J C 0QF. Therefore, by Lemma 3, & is weakly regular.

Lemma 4. [13] Let & be a monoid. Then, the following statements are equivalent:

(1) & is weakly regular.

(2) QNINR CAIR for every quasi-ideal Q, every ideal J and every right ideal R of &.
On the basis of Lemma 4, we can prove Theorem 7.

Theorem 7. Let & be a monoid. Then, the following statements are equivalent:

(1) & is weakly regular.

(2) Culﬁ(’fzﬁésft’fl ®C,® Q.Z'S, for every CBF quasi-ideal €, = (t, w), every CBF ideal ¢, = N\ 1)
and every CBF right ideal €5 = (U, k) of &.

(3) €,M¢,M¢,EC¢, ® &, ® &, for every CBF bi-ideal €, = (fi,w), every CBF ideal €, = (X, 1)
and every CBF right ideal €5 = (U, k) of 6.

(4) élﬁézﬁésf(’fl ® an ® CUS, for every CBF generalized bi-ideal Cnl = (i, w), every CBF interior
ideal €, = (\,v) and every CBF right ideal €, = (7, k) of &.
Proof. (1) = (4) Assume that ¢, = (fi,w) is a CBF generalized bi-ideal, ¢, = (X, ) is a CBF

interior ideal and Q = (7, k) is a CBF right ideal of S. Let hh € &. Then, there exist p,q € & such
that h = hphq. Thus

(@ OX Om)h) = #ON Or)bh) = (E)A{u() AN O7)(0)}
= . )gg{mq{wmu OP)(0)} = TP (h) A (\ O 7¥)(pha)
= wO) A v (V) A7)
9,3)€Apng . .
= wor Y (X (9) A 7% (5)) = 7" (h) A (X' (pbp) A P*(hqq))
77 () A (X (pbp) A 7% (ba*)) = 7% (b) & (X' (h) L 7P(h))
7 (h) A (A" NwP)(h) = (@2 A NoP)(h),
@ OX' Or)(h) = F"ON" O7")(h) = m)eA {m"@® ¥ A" O7")(0)}
= od AW{*"({%)Y(A O7")(0)} =" (h) Y A" O 7")(pha)
= oy L (" () ¥ 7"(3))
= oY Mgh ) Y 7)) = 7 (0) Y (V" (pbp) Y 7" (baa)
= 7"(h) ¥ (X'(pbp) ¥ 7" (ha*)) < " () ¥ (A" () Y 7"(1))
= 7"(h) Y "Nz (h) = (@ A" Nw")(h),
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and
(WP P xKkP)(h) = wPx* (YPxkP)(h) = . }/EA {wP(€) A (P % KP)(0)}
= . 0)6\1/4 {w(®) A (PP * KP)(0)} > wP(bh) A (YP * KP)(phq)

= WA Vo @) ARG))
- "t (9,3)€Appqg

Voo @P(n) ARP(3)) = wP(b) A (P (php) A KP(baq))

( ) " (9:3)€Apnpnaq

= wP(h) A (PP (pbp) A KP(Hg*)) > wP(h) A (P (h) A KP (D))
= wP(h) A (P NKP)(h) = (WP NYPP N KP)(H),

(@" sy xk")(h) = whx(@"xr")(H) = A {w"()V (" xK")(0)}
(¢,0)€Ay

= />‘ {w(®) A ("« £")(0)} < w™(h) V (¢ * &™) (pha)
VoA @) VET(3)

)

)

b
b

)

(

(U,a)GAth

= WbV A @) VE"(3) =w"(b) V(¥ (pbp) V £" (baq))
(

(9,3)€Apbphaa

"(0) vV ("N E")(D) = (W Ny N kE")(h).

Hence, (72 MA"M77)(h) < (2 O OPF)(h), (" NX" 15")(h) = (@"OX" Ov")(h) and (wP NypP N
KP)(h) < (wP P kP)(B), (W NP NE™)(h) > (W *y"*k™)(h) Therefore, €,F1E,F1C,EC, ® ¢, ®C;.
It is obvious that (4) = (3) = (2).
(2) = (1) Let Q be a quasi-ideal, $) be an ideal and R be a right ideal of &. Then, by Theorem
3, Xq is a CBF quasi-ideal, x5 is a CBF ideal and g is a CBF right ideal of S. By supposition
and Lemma 4, we have

o (0) = (i, O, O, () = (@, Nk, Nk, )(h) =, 0 (0) =1,

Fyazs (D) = (Y, OTy, Oy, )(0) = (1, Ny, N (0) = 150 (0) = =1,

and
WY agm () = (g * @l x Wi )(0) = (Wi, Nwy, Nwi,)(h) =i, [ (h) =1,
WY agm (1) = (Wig ¥ Wiy *wi )(h) < (Wi Nwy, Ny, )(h) = iy o (0) = —1.

Thus, h € QIR. Hence, QNI NAR C QIR. Therefore, by Lemma 4, & is weakly regular.

5. Conclusion

In this article, we extend the concept of cubic fuzzy sets and bipolar fuzzy sets by introducing the
notion of cubic bipolar fuzzy sets, which serve as a more generalized framework for dealing with
uncertainty in algebraic structures. This extended concept provides a powerful tool for analyzing
and characterizing various subsemigroups, offering a new perspective on their structural properties.
One of the main contributions of this paper is the characterization of weakly regular semigroups
in terms of cubic bipolar fuzzy ideals. By exploring the fundamental properties and interactions
of these fuzzy ideals within semigroups, we establish key results that enhance our understanding
of weakly regular semigroups and their algebraic behavior. For future research, we aim to extend
our findings by characterizing certain classes of subsemigroups using cubic bipolar fuzzy ideals.
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This will further enrich the theoretical framework and provide deeper insights into the role of
fuzzy structures in semigroup theory. Additionally, we plan to investigate potential applications
of cubic bipolar fuzzy sets in other mathematical and computational domains, particularly in
decision-making processes and algebraic systems with uncertainty.
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