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Abstract. This paper introduces and explores the concepts of intuitionistic neutrosophic TUP-
subalgebras, IUP-ideals, IUP-filters and strong IUP-ideals within the framework of IUP-algebras.
By leveraging the principles of complement, characteristic and level subsets, we present a detailed
analysis of their structural properties and interrelationships. These innovative approaches not only
enhance the theoretical foundations of intuitionistic neutrosophic set theory but also provide new
insights into managing uncertainty in algebraic structures. The findings contribute significantly
to the advancement of algebraic logic, offering novel perspectives for handling indeterminate, am-
biguous and incomplete information in mathematical systems. This study lays the groundwork for
future research and potential applications of intuitionistic neutrosophic IUP-algebras in areas such
as decision-making, computational intelligence and information theory.
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1. Introduction

In 1965, Zadeh [16] introduced the concept of fuzzy set (FS) theory as a means to
manage vague and uncertain information, addressing limitations inherent in classical set
theory. This groundbreaking framework proved to be both practical and significant, par-
ticularly for scenarios involving incomplete or ambiguous data where truth and falsehood
cannot be definitively determined. Fuzzy set theory provided a more nuanced approach
to representing ambiguity, thereby facilitating more effective modeling and analysis of
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uncertainty-laden information. Building on this foundation, Atanassov [1] in 1986 pro-
posed the concept of intuitionistic fuzzy sets (IFSs), an extension of FS theory that
introduced a non-membership degree alongside the membership degree. These two de-
grees collectively contribute to the indeterminacy degree, capturing a more comprehensive
measure of uncertainty. This enhanced framework proved especially adept at addressing
decision-making and analytical challenges in environments characterized by complex un-
certainties or ignorance, as it accounts for ambiguity arising from both membership and
non-membership. Later, in 1995, Smarandache [11] advanced the field further with the
introduction of neutrosophic sets (NSs), a powerful generalization of fuzzy set theory. NSs
incorporate three independent components: degrees of truth, degrees of falsehood and
degrees of indeterminacy, offering a flexible and robust tool for analyzing and making de-
cisions under highly uncertain conditions. By explicitly modeling these three dimensions,
the NS framework provides unparalleled utility in addressing complex, ambiguous and
incomplete data scenarios.

In 2022, Tampan [9] introduced a novel algebraic framework termed IUP-algebra, rep-
resenting a sophisticated and abstract extension of algebraic logic. This framework en-
compasses four foundational subsets: IUP-subalgebras, IUP-filters, IUP-ideals and strong
IUP-ideals, along with the concept of homomorphism in IUP-algebras. The flexibility
of IUP-algebras allows for integration with diverse mathematical concepts, fostering the
generation of new theoretical insights and practical applications. Subsequent research has
significantly expanded the theoretical underpinnings and applications of IUP-algebras. In
2023, Chanmanee et al. [8] introduced the concept of the external direct product, an-
alyzing its implications for special subsets of IUP-algebras. They further developed the
notion of weak direct products and established fundamental theorems concerning (anti-
)JIUP-homomorphisms within this context. Later, Chanmanee et al. [7] extended these
ideas by investigating direct products for infinite families of [UP-algebras, thereby formal-
izing the concept of DIUP-algebras and proposing the innovative framework of weak direct
product DIUP-algebras, enhancing the structural depth of the theory. Building on these
advancements, Kuntama et al. [10] in 2024 applied F'S theory to IUP-algebras, introducing
fuzzy TUP-subalgebras, fuzzy IUP-filters, fuzzy IUP-ideals and fuzzy strong IUP-ideals.
They examined the intricate relationships between these subsets and characteristic func-
tions while also exploring the concepts of prime subsets and prime fuzzy subsets. Their
work introduced upper and lower ¢-level (strong) subsets, providing novel tools for an-
alyzing FSs in IUP-algebras. Suayngam et al. [15] significantly enriched the theoretical
framework of IUP-algebras by integrating IFSs. Their work introduced intuitionistic fuzzy
TUP-subalgebras, IUP-ideals, IUP-filters and strong IUP-ideals alongside an in-depth ex-
ploration of their fundamental properties and the intricate relationships involving upper
and lower t¢-level subsets. Building on this foundation, they [12] further expanded the
framework by incorporating NSs, proposing neutrosophic IUP-subalgebras, IUP-ideals,
IUP-filters and strong IUP-ideals. These advancements provided comprehensive condi-
tions for NSs to conform to these structures, alongside an analysis of their interactions
with level subsets, thereby illustrating the adaptability of IUP-algebras in managing uncer-
tainty. Moreover, they [13] extended their work to include Fermatean fuzzy sets, introduc-
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ing Fermatean fuzzy IUP-subalgebras, IUP-ideals, IUP-filters and strong IUP-ideals. This
study advanced the algebraic understanding of Fermatean fuzzy structures within the ITUP-
algebra framework. Additionally, they [14] explored the application of Pythagorean fuzzy
sets to TUP-algebras, presenting Pythagorean fuzzy IUP-subalgebras, IUP-ideals, TUP-
filters and strong [UP-ideals. The analysis revealed that Pythagorean fuzzy IUP-ideals
and subalgebras serve as generalizations of Pythagorean fuzzy strong IUP-ideals within
IUP-algebras, with the latter constrained to constant Pythagorean fuzzy sets. This body
of research underscores the progressive evolution of [UP-algebras as a versatile mathemat-
ical framework, capable of accommodating and addressing complex forms of uncertainty
through the integration of diverse fuzzy set theories.

In 2017, the concept of NSs was extended through the integration of IFS theory,
giving rise to the intuitionistic neutrosophic set (INS), as introduced by Bhowmik and
Pal [2]. This novel framework combines the three fundamental degrees of truth, falsehood
and uncertainty from NS theory with the IFS principle, which restricts the sum of these
degrees to be less than or equal to 2. Such an approach enhances the ability to model
and analyze high degrees of uncertainty and ambiguity, making it particularly valuable for
complex decision-making and data analysis scenarios. The significance of INSs has been
widely acknowledged, spurring further exploration and application in various domains. For
instance, in 2010, Bhowmik and Pal [3] introduced refined definitions for operations such
as complement, union and intersection within INSs. They also examined relationships
between INSs, identifying four specialized types of relations and studying their properties.
Building on this foundation, Broumi et al. [4] in 2013 expanded the application of INSs by
incorporating them into soft set theory, thereby defining intuitionistic neutrosophic soft
sets (INSS). Their work established operations and definitions specific to INSS, creating a
basis for further theoretical developments. Later that year, Broumi and Smarandache [5]
proposed additional operations on INSS, demonstrating key interconnections and results
that elucidate the properties of these operations. In 2014, Broumi et al. [6] extended
INS applications to ring theory, introducing the notion of intuitionistic neutrosophic soft
sets over rings. Their study analyzed fundamental properties and defined operations such
as intersection, union, AND and OR, as well as the product of two INSS over rings.
This body of work highlights the adaptability and utility of INSs in addressing complex
algebraic structures and uncertainty-rich environments.

2. Preliminaries

Algebraic structures have long been a cornerstone of mathematical theory, offering
robust frameworks for solving complex problems and modeling abstract relationships.
Among these, the [UP-algebra emerges as a sophisticated and highly versatile system, first
introduced as an extension of classical algebraic logic. This innovative structure integrates
unique axioms that enable the study of operations and relations under specific constraints,
making it a powerful tool for exploring uncertainty, symmetry and interdependence in
algebraic contexts.

In this section, we delve into the concept of IUP-algebra by defining its fundamental
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components, which consist of three primary axioms that govern its structure. Addition-
ally, we identify and elaborate on four special subsets—IUP-subalgebra, [UP-filter, IUP-
ideal and strong IUP-ideal—which form the backbone of further theoretical developments.
These subsets serve as critical tools for analyzing and categorizing the behaviors and prop-
erties of [UP-algebraic systems, setting the stage for advanced research and applications
in the subsequent topics. The detailed content is organized as follows:

Definition 1. [9]/ An algebra X = (X;-,0) of type (2,0) is called an IUP-algebra, where
X is a nonempty set, - is a binary operation on X and 0 is a fired element of X if it
satisfies the following axioms:

(Vz e X)(0-2 = x), (IUP-1)
(Ve € X)(z -z =0), (IUP-2)
Ve,y,z€ X)((z-y) - (x-2) =y 2). (IUP-3)

For the sake of simplicity and clarity, we will denote X as an IUP-algebra, expressed
in the form X = (X;-,0), unless stated otherwise.

Example 1. Let X = {0,1,2,3,4,5} be a set with a binary operation - defined by the
following Cayley table:

012 3 45
0(0 1 2 3 4 5
113 0 51 2 4
215 2 04 1 3
311 3 40 5 2
414 5 3 2 0 1
512 4 1 5 3 0

Then X = (X;-,0) is an IUP-algebra.

Example 2. [9] Let (G;-,e) be a group where every element is self-inverse, meaning that
for all x € G, x-x = e. Under this condition, (G;-,e) satisfies the axioms required
for it to be classified as an IUP-algebra. This structural property highlights the inherent
symmetry and unique characteristics of self-inverse elements, which play a fundamental
role in defining the algebraic operations and logical relationships within the framework of
TUP-algebras.

Example 3. [9] Let X be a set and P(X) means the power set of X. It follows from
Ezample 2 that (P(X); A, 0) is an IUP-algebra where the binary operation A\ is defined as
the symmetric difference of any two sets.

Example 4. [9] Let (G;-,e) be a group with the identity element e. Define a binary
operation e on G by:

Ve, y € G)(z ey =y -z ). (2.1)

Then (G;e,e) is an IUP-algebra.



K. Suayngam, P. Julatha, W. Nakkhasen, A. lampan / Eur. J. Pure Appl. Math, 18 (2) (2025), 5857 5 of 30

Proposition 1. [9] In an IUP-algebra X = (X;-,0), the following assertions are valid

(see [9]).

Va,y € X)((z-0) - (z-y) = y),

Ve e X)((z-0)- (x-0)=0),

Va,y € X)((z-y)-0=y- =),

Ve e X)((z-0)-0=ux),

Vo,y € X)(z-((z-0)-y) =y),

Va,y € X)(((z-0)-y) -z =y-0),

Ve,y,z€ X)(z-y=x-2y=2),

Ve,y € X)(z-y=0&z=y),

Ve e X)(xz-0=0«< x=0),
Ve,y,z€ X)(y-z =z y=2),

Ve,y € X)(z-y=y=2=0),

Vo,y,z€ X)((x-y) - 0=(2-y)- (2 ),
Ve,y,z € X)(z-y=0&(z-2)-(2-y) =0),
Ve,y,z € X)(z-y=0&(x-2)- (y-2) =0),
the right and the left cancellation laws hold.

e s N N N N N N s s N N N N

Definition 2. [9] A nonempty subset S of X is called

(1) an IUP-subalgebra of X if it satisfies the following condition:

(Vz,y € S)(x-ye€S)

(13) an IUP-filter of X if it satisfies the following conditions:

the constant 0 of X is in S,
(Ve,y e X)(xz-ye S,z e S=yeb)

N NN~~~  —~ —~ —~ —~ —
© 00 J O Ot = W N

(2.18)
(2.19)

(#i7) an IUP-ideal of X if it satisfies the condition (2.18) and the following condition:

(Vx,y,zEX)(m'(y-z)ES,yeS:x-zES)

(iv) a strong IUP-ideal of X if it satisfies the following condition:

Ve,ye X)(ye S=z-yef)

(2.20)

(2.21)

According to [9], the concept of IUP-filters extends and generalizes the notions of both
IUP-ideals and TUP-subalgebras, while IUP-ideals and IUP-subalgebras themselves serve
as generalizations of strong [UP-ideals. In an IUP-algebra X, it is observed that strong
IUP-ideals coincide with X itself. A visual representation of these special subsets and their
interrelationships is provided in Figure 1, offering a clear and intuitive understanding of
the subset hierarchy within the framework of TUP-algebras.
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IUP-filter
[UP-ideal [UP-subalgebra

strong IUP-ideal

an [UP-algebra X
Figure 1: Special subsets of lUP-algebras

3. Main results

In this section, we will apply the concept of INSs to IUP-algebras, which will result in
the creation of four special subsets. Additionally, we will explore the various properties
of these special subsets, which will be further elaborated upon in this section. Before we
begin, for all a,b € R we will define a A b = min{a, b} and a V b = max{a, b} for the sake
of ease in reading.

Definition 3. [2] An element x of X is called significant with respect to a neutrosophic set
(NS) A of X if the degree of truth-membership or falsity-membership or indeterminancy-
membership value, i.e., Ap or A; or Ap > 0.5. Otherwise, we call it insignificant. Also,
for the NS, the truth-membership, indeterminacy-membership and falsity-membership can
not be significant.

We define an intuitionistic neutrosophic set (INS) by

¥ =A{(z,¢r(@),¥r(2), r(z)) | 2 € X}, (3.1)

where Y (x) ANYp(z) < 0.5, 0 (x)AYr(z) < 0.5 and Yr(z)Apr(z) < 0.5 with the condition
0 <¢r(z) +vr(z) + ¢r(z) < 2.

Before we delve into the study complement of an FS f, we will introduce the funda-
mental symbols used in the study complement of f as follows:

@) =1- f().

Definition 4. Let ¢ be an INS in a nonempty set X. The INS v is defined by
(Vo € X)(dp(x) = bi(z) Ar(z)), (3.2)
(Vo € X)(4(z) = ¢r(2)),
(Vo € X)(¥p(2) = ¢r(z) Ap(z)) (3.4)

1s called the complement of ¥ in X.

Definition 5. An INS ¢ in X is called an intuitionistic neutrosophic IUP-subalgebra
(INIUP-subalgebra) of X if it satisfies the following conditions:

(Va,y € X)(Yr(x-y) > (Yr(x) Adr(y)) Vv 0.5), (3.5)
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(Vo,y € X)(Yr(z - y) < (Yr(z) Vr(y)) A 0.5), (3.6)
(Vz,y € X)(Yr(z-y) = (Yr(z) Ar(y)) vV 0.5). (3.7)

Definition 6. An INS ¢ in X is called an intuitionistic neutrosophic IUP-ideal (INIUP-
ideal) of X if it satisfies the following conditions:

(Vz € X)(¢r(0) > ¢r(x)), (3.8)
(Vz € X)(¢r(0) < (), (3.9)
(Vz € X)(¢r(0) > Yr(z)), (3.10)
(Vz,y,2 € X)(Yr(z - 2) > (Yr(z - (y-2)) ANr(y)) vV 0.5), (3.11)
(Vz,y,2 € X)(Wr(z - 2) < (Yr(z- (y-2)) Vr(y)) A0.5), (3.12)
(Vz,y,2 € X)(Wr(zr-2) > (Wr(x-(y-2)) ANYr(y)) vV 0.5). (3.13)

Definition 7. An INS ¢ in X is called an intuitionistic neutrosophic IUP-filter (INIUP-
filter) of X if it satisfies the conditions (3.8), (3.9) and (3.10) and the following conditions:

(Vz,y € X)(Wr(y) > (Wr(z-y) Adr(z)) vV 0.5), (3.14)
(Vz,y € X)(¥1(y) < (r(z-y) Vapr(z)) A0.5), (3.15)
(Va,y € X)(Wr(y) > (Wr(z-y) AYr(z)) V0.5). (3.16)

Definition 8. An INS ¢ in X is called an intuitionistic neutrosophic strong IUP-ideal
(INSIUP-ideal) of X if it satisfies the following conditions:

(Yo, y € X)(Ur(z - y) = dr(y)), (3.17)
(Va,y € X)(Yr(z - y) < ¢i(y)), (3.18)
(Vo,y € X)(Vr(z-y) = Yr(y)). (3.19)

Lemma 1. Fvery intuitionistic neutrosophic IUP-subalgebra of X satisfies the conditions

(3.8), (3.9) and (3.10).

Proof. Assume that 1 is an intuitionistic neutrosophic IUP-subalgebra of X. Let
x € X. Then

Yr(0) = Yr(z-z) (by (IUP-2))
> (Yr(z) Ar(x)) V0.5 (by (3.5))
= Yr(z) V0.5
> Yr(z),

$1(0) = s (z - 2) (by (TUP-2))
< (Yr(x) Vabr(x)) A 0.5 (by (3.6))
=r(x) N0.5
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< (),

Yr(0) = Yp(z - x) (by (IUP-2))
> (Yr(z) ANpp(z)) V0.5 (by (3.5))
— p(z) V0.5
> Yr(z).

Hence, it satisfies the conditions (3.8), (3.9) and (3.10).

Lemma 2. Every intuitionistic neutrosophic strong IUP-ideal of X satisfies the conditions
(3.8), (3.9) and (3.10).

Proof. Assume that 1 is an intuitionistic neutrosophic strong TUP-ideal of X. Let
z € X. Then

Yr(0) = Yr(z - z) (by (IUP-2))
> (), (by (3.17))
Yr(0) = Yr(z - z) (by (IUP-2))
< r(x), (by (3.18))
Yr(0) = Yp(z - x) (by (IUP-2))
> r(z). (by (3.19))

Hence, it satisfies the conditions (3.8), (3.9) and (3.10).

Theorem 1. An intuitionistic neutrosophic strong IUP-ideal and constant INS coincide.

Proof. Assume that 1 is an intuitionistic neutrosophic strong IUP-ideal of X. Let
z € X. Then

Yr(x) = ¢r((z-0)-0) (by (2.5))
> ¢r(0), (by (3.17))
Yr(z) =vr((z-0)-0) (by (2.5))
< 1(0), (by (3.18))
Yr(x) =¥p((z-0)-0) (by (2.5))
> ¢ (0). (by (3.19))

Hence, v is a constant INS of X.
Conversely, it is obvious that every constant INS of X is an intuitionistic neutrosophic
strong TUP-ideal.
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Example 5. Let X ={0,1,2,3,4,5} with the following Cayley table:

0123 45
0j0 1 2 3 4 5
115 0 3 4 2 1
213 2 0 5 1 4
312 410 5 3
414 3 51 0 2
5|1 5 4 2 3 0

Then X is an [UP-algebra. We define an INS ¢ on X as follows:

oy — 0 1 2 3 4 5
T=%06 06 06 06 0.6 0.6

b 0 1 2 3 4 5
= \04 040404 04 04
. 0 1 2 3 4 5
F=10.3 03 0.3 03 03 03

Then v is an intuitionistic neutrosophic strong IUP-ideal of X . Since ¥vp(0-2) = ¢p(2) =
0.3 205 =03Vv05=(03A03)V05= (¢r(0) Apr(2))V0.5. Hence, 1 is not an
intuitionistic neutrosophic IUP-subalgebra of X.

Example 6. Let X ={0,1,2,3,4,5} with the following Cayley table:

01 2 3 45
0j01 2 3 4 5
115 04 2 1 3
212 3 01 5 4
314 2 5 0 3 1
413 51 4 0 2
5|1 4 3 5 2 0

Then X is an IUP-algebra. We define an INS ¢ on X as follows:

oy 0 1 2 3 4 5
=109 06 06 0.7 0.7 0.6

b 0 1 2 3 4 5
=101 04 040303 04

o — 0 1 2 3 4 5
F=\05 05 05 05 05 0.5

Then v is an intuitionistic neutrosophic IUP-subalgebra of X. Since yp(5-3) = ¢p(5) =
0.6 # 0.7 = ¢7p(3) and Yr(5-4) = ¢¥1(2) = 04 £ 0.3 = ¢;(4). Hence, ¢ is not an
intuitionistic neutrosophic strong IUP-ideal of X .
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Example 7. Let X ={0,1,2,3,4,5} with the following Cayley table:

101 2 3 4 5
0(0 1 2 3 4 5
111 0 4 5 2 3
2/5 3 0 2 1 4
314 2 5 0 3 1
413 51 4 0 2
512 4 3 1 5 0

Then X is an IUP-algebra. We define an INS ¢ on X as follows:

o 0 1 2 3 4 5
T=\05 0505 05 05 05

b 0 1 2 3 4 5
=\07 07 0707 07 07

/(0 1 2 3 4 5
Yr = (0.3 0.3 0.3 0.3 0.3 0.3>

Then 1 is an intuitionistic neutrosophic strong IUP-ideal of X. Since 1¥7(4-3) = 11(4) =
0.7 £ 0.5=0.7A0.5 = (0.7V0.7) A0.5 = (7(0) Vbr (4)) A0.5 = (pr(4-4) V ey (4)) AO.5 =
Pr(4-(4-3))Vepr(4))A0.5 and Yp(0-5) = Yr(5) = 0.3 £ 0.5 = 0.3V0.5 = (0.3A0.3) V0.5 =
(Wr(0) AYp(5)) V0.5 = (¢r(0-0) App(5)) V0.5 =9p(0-(5-5)) AYr(5) vV 0.5. Hence,
¥ is not an intuitionistic neutrosophic IUP-ideal of X .

Example 8. Let X ={0,1,2,3,4,5} with the following Cayley table:

1 2 3 45

W N = OoOf -
LW = N OO
= ot O
Wk O = N
= O Utk W

— O N W O

5
3
4
1
2
0

54 3 5 2
Then X is an IUP-algebra. We define an INS v on X as follows:

oy — 0 1 2 3 4 5
= \05 05 05 05 05 0.5

b (01 2 3 405
"7 \0 021 021 04 04 04

o = 01 2 3 4 5

F=\1 0.8 0.8 0.55 0.55 0.55

Then v is an intuitionistic neutrosophic IUP-ideal of X. Since ¢r(3-1) = ¢1(5) = 0.4 £
0.21 = ¢1(1) and ¢Yp(5-0) = Yp(4) = 0.55 # 0.1 = Yp(0). Hence, v is not an intuitionistic
neutrosophic strong IUP-ideal of X .
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Theorem 2. Every intuitionistic neutrosophic IUP-ideal of X is an intuitionistic neutro-
sophic IUP-filter of X.

Proof. Assume that v is an intuitionistic neutrosophic IUP-ideal of X. By assumption,
it satisfies the conditions (3.8), (3.9) and (3.10). Let z,y € X. Then

Yr(y) = ¢r(0-y) (by (IUP-1))
> (Y70 (z-y)) Ar(z)) V0.5 (by (3.11))
= (Yr(z-y) Npr(x)) V0.5, (by (IUP-1))

Yr(y) = ¥1(0-y) (by (IUP-1))
< (@r(0-(z-y)) Vr(x)) A0.5 (by (3.12))
= (Yr(x-y) Vabr(z)) A0.5, (by (IUP-1))

Yr(y) = Yr(0-y) (by (IUP-1))
> (Yp(0- (z-y)) Apr(z)) V0.5 (by (3.13))
= (Yr(z-y) App(x)) V0.5, (by (IUP-1))

Hence, v is an intuitionistic neutrosophic IUP-filter of X.

Example 9. Let X ={0,1,2,3,4,5} with the following Cayley table:

012 3 45
0(0 1 2 3 4 5
111 0 5 4 3 2
212 4 0 51 3
313 54 0 21
415 3 1 2 0 4
514 2 3 1 5 0

Then X is an IUP-algebra. We define an INS 1 on X as follows:

o 0 1 2 3 4 5
T=\05 0505 05 05 05

b 0 1 2 3 4 5
=101 0404030404

o — 0 1 2 3 4 5
F=108 05 05 0.6 0.5 0.5

Then 1 is an intuitionistic neutrosophic IUP-filter of X. Since ¢¥r(4-5) = ¢r(4) =
04 £ 03 = (0.3V0.3)A05 = (1p;(3) Vbr(3)) A 05 = (py(4-1) Vbr(3) A0S =
(Wr(4- (3-5)) Vr(3)) A0S and p(d-5) = ¥p(4) = 0.5 # 0.6 = (0.6 A 0.6) V 0.5 =
(WrB3) AYr(3)) V0.5 = (Yp(d-1) AYr(3)) V0.5 = (Yp(4-(3-5)) Adp(3)) vV 0.5. Hence,
¥ is mot an intuitionistic neutrosophic 1UP-ideal of X .
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Theorem 3. FEvery intuitionistic neutrosophic IUP-subalgebra of X is an intuitionistic
neutrosophic IUP-filter of X.

Proof. Assume that 1 is an intuitionistic neutrosophic IUP-subalgebra of X. By
Lemma 1, it satisfies the conditions (3.8), (3.9) and (3.10). Let =,y € X. Then

Yr(y) = ¢r(0-y) (by (IUP-1))
=¢Yr((z-0)- (z-y)) (by (IUP-3))
> (Yr(z-0) Adr(z-y)) V0.5 (by (3.5))
> ((r(2) Apr(0)) V0.5) Apr(z-y)) V0.5 (by (3.5))
= ((¢¥r(x) vV 0.5) Apr(z - y)) V0.5 (by (3.8))
> (Yr(x) ANpr(z - y)) V0.5,

Yi(y) = ¢1(0-y) (by (IUP-1))
=¢r((z-0)-(z-y)) (by (IUP-3))
< (Yr(z-0) Vr(z-y)) N0.5 (by (3.6))
< (W) Vor(z)) ANO.5) Vapr(z - y)) A0O.5 (by (3.6))
= ((Wr(x) N0.5) Vpr(z - y)) A0S (by (3.9))
< (Yr(z) Vr(x-y)) A0S
Yr(y) = Yr(0-y) (by (IUP-1))
=¢r((z-0)-(x-y)) (by (IUP-3))
> (Yr(z-0) ANpp(r-y)) V0.5 (by (3.7))
> (((Yr(z) AYp(0) V0.5) Adp(z-y)) V0.5 (by (3.7))
= ((¥r(z) VO.5) App(z -y)) V0.5 (by (3.10))
> (Yr(x) ANpp(x-y)) vV 0.5.

Hence, v is an intuitionistic neutrosophic IUP-filter of X.

Example 10. [9] Let R* be the set of all nonzero real numbers. Define a binary operation
- on R* by

(Vo,y e R*)(z -y =

SRS

Then (R*;-,1) is an IUP-algebra.

Example 11. From Ezample 10, let P = {x € R* | * > 1}. Then 1 6 P. Next, let
x,y,z € R* be such that z-(y-z) > 1 andy > 1. Theni > 1. Thus, z-2 =% = (y%)y >1,
that is, © - z € P. Hence, P is an IUP-ideal of IR* Then P is an IUP -filter of R*.
From Theorems 7 and 8, %[ _”g+,0 5] is an intuitionistic neutrosophic IUP-ideal and an
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intuitionistic neutrosophic IUP-filter of R*. Thus, v is an intuitionistic neutrosophic I1UP-
ideal and an intuitionistic neutrosophic IUP-filter of R*. Since 1,3 € P but 3-1 = % € P,

we have P is not an IUP-subalgebra of R*. From Theorem 6, we have sz[jf’g;o.gs] 18
not an intuitionistic neutrosophic IUP-subalgebra of R*. Hence, ¥ is not an intuitionistic

neutrosophic ITUP-subalgebra of R*.
Example 12. Let X = {0,1,2,3,4,5} with the following Cayley table:

-0 1 2 3 4 5
0j01 2 3 4 5
112 01 4 5 3
211 2 0 5 3 4
313 45 01 2
414 5 3 2 0 1
5|15 3 41 2 0

Then X is an IUP-algebra. We define an INS 1 on X as follows:

o — 0 1 2 3 4 5
=109 05 0505 05 08

b 01 2 3 4 5
I=X004 040404 02

o — 0 1 2 3 4 5
=105 05 05 05 05 0.5

Then 1) is an intuitionistic neutrosophic IUP-subalgebra of X . Since 1p(2-4) = ¢¥p(3) =
0.5 % 0.8 = 0.8V0.5 = (0.9A0.8)V0.5 = (47:(0) Ao (5)) V0.5 = (1hr(2- (5-4)) A (5)) V0.5
and P7(2-4) = ¥(3) =04 £ 0.2 =02A05 = (0V0.2) A0.5 = (¥7(0) V¢b;(5)) A 0.5 =
(¥r(2-(5-4)) V¢r(5)) A0.5. Hence, v is not an intuitionistic neutrosophic IUP-ideal of
X.

Theorem 4. If ¢ is an intuitionistic neutrosophic IUP-subalgebra of X satisfying the
following condition:

Yr(x)
V()
V()

then v is an intuitionistic neutrosophic strong IUP-ideal of X .

Yr(y)
Y1y
Vr(y)

Vr,ye X) |z-y#0= (3.20)

~—

\YARANAY;

Proof. Assume that 1) is an intuitionistic neutrosophic IUP-subalgebra of X satisfying
the condition (3.20). Let x,y € X.
Case 1: Suppose x -y = 0. Then

Yr(z - y) = ¢r(0)
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> Yr(y), (by (3.8))

Yr(z - y) = ¥r(0)
< Y1(y), (by (3.9))

Yr(z-y) = Pr(0)

> Yr(y). (by (3.10))
Case 2: Suppose z -y # 0. Then

Yr(z - y) > Yr(z) Adbr(y) (by (3.5))

= ¥r(y),
Yr(z-y) <Yr(z) Vir(y) (by (3.9))

=r1(y),
Yr(z-y) > Yr(z) ANYr(y) (by (3.10))

= Yr(y).

Hence, v is an intuitionistic neutrosophic strong IUP-ideal of X.

Theorem 5. If v is an intuitionistic neutrosophic IUP-filter of X satisfying the following
condition:

Yr(y-(z-2)) =dr(-(y-2))
(Va,y,z2 € X) | Yrly - (x-2)) =vir(x-(y-2)) |, (3.21)
Vry - (z-2)) = Yr(x-(y-2))

then v is an intuitionistic neutrosophic 1UP-ideal of X .

Proof. Assume that 1 is an intuitionistic neutrosophic IUP-filter of X satisfying the
condition (3.21). By assumption, it satisfies the conditions (3.8), (3.9) and (3.10). Let
z,y € X. Then

Yr(z-2) > (Pr(y - (z-2) ANr(y)) V0.5 (by (3.14))
= @7z (y-2)) ANdr(y)) V0.5,

~—

Yr(z-2) < (Yr(y - (z-2) Vr(y) A0S (by (3.15))
= (Yr(z - (y-2)) Ver(y)) AO.5,

Vr(z-2) 2 (Yr(y - (z-2)) Ar(y)) V0.5 (by (3.16))
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= (Wr(x-(y-2)) AYr(y)) V0.5.

Hence, v is an intuitionistic neutrosophic IUP-ideal of X.

For any fixed numbers a*,a~ € [0.5,1] and 8%, 3~ € [0,0.5) such that a* > o=, 81 >
B~ and a nonempty subset G of X, an INS & = (X, w%[gt], wlc[g;], ¥%[0.5]) in X where

Vs [gf], Y [g;] and ¥%[0.5] are function on X which are given as follows:

VG (x) =

at ifzed
o~ otherwise,
xTr) =
Vi [ﬁ+]( ) {ﬂ+ otherwise,
Y¥[0.5](z) = 0.5 forall z € X.

Lemma 3. Let G be a nonempty subset of X. Then the constant 0 of X is in G if and
only if the characteristic INS ¢© satisfies the conditions (3.8), (3.9) and (3.10).

Proof. Assume that 0 € G. Then wg[gf](O) =at, w?[g;](()) = B~ and ¥%[0.5](0) =

0.5. Thus, ¥§[27](0) = o > ¢[o7](2), ¥E[5,1(0) = B~ < ¢F[5;](x) and ¥§[0.5](0) =
0.5 > ¥%[0.5](z) for all z € X, that is, ¢ satisfies the conditions (3.8), (3.9) and (3.10).

Conversely, assume that ¢ satisfies the conditions (3.8), (3.9) and (3.10). Then
wg[gf](O) > wg[gf](a}) for all x € X. Since G is a nonempty subset of X, we let a € G.

Then ¢%[27](0) > ¥%[*")(a) = o, so ¥E[27](0) = a*. Hence, 0 € G.

Theorem 6. A nonempty subset G is an [UP-subalgebra of X if and only if the charac-
teristic INS ¥ is an intuitionistic neutrosophic IUP-subalgebra of X .

Proof. Assume that G is an [UP-subalgebra of X. Let z,y € X. Then

Case 1: Suppose 2,y € G. Then ¢%[*](z) = o™ and %[> ](y) = a*. Since G be
an TUP-subalgebra of X, we have z -y € G. Thus, ¥%[*"](z - y) = at > aT V0.5 =
(o Aat) V05 = (W[ (@) AU T) V 0.5

Case 2: Suppose = ¢ G or y ¢ G. Then wgﬁ[gf](x) = or wg[gf](y) = o~ . Thus,
UETI( ) 2 07 2 am V05 = (WEIST)(@) AUEIRT)w) v 0.5,

Case 1’: Suppose z,y € G. Then wﬂg;](w) = 3~ and w?[g;](y) = B~. Since G be
an IUP-subalgebra of X, we have 2 -y € G. Thus, wﬂg;](m’ cy) =BT < BT AN05 =
(87 v B7) A0S = (UF 15, ](@) V ¢ [5: W) A 05.

Case 2: Suppose = ¢ G or y ¢ G. Then w?[g;](x) = A% or ¢IG[§;](Z/) = B*. Thus,
UF () y) < B < 5005 = W[5 ](@) vV 951 (9)) A 05

It is obvious to prove that 1/%[0.5] satisfied the condition (3.7).
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Hence, the characteristic INS € is an intuitionistic neutrosophic ITUP-subalgebra of
X.

Conversely, assume that the characteristic INS 9 is an intuitionistic neutrosophic
IUP-subalgebra of X. Let ,y € G. Then ¢G[*"](z) = o and ¢%[*"](y) = a*. By the
condition (3.5), we have ¢G[*"](z-y) > (YF[*7 () AYF[2T](y)) V0.5 = (at Aat) V0.5 =
atVv0.5 > at. Thus, v$[27](z-y) = a*, that is, z-y € G. Hence, G is an IUP-subalgebra
of X.

Theorem 7. A nonempty subset G is an IUP-ideal of X if and only if the characteristic
INS € is an intuitionistic neutrosophic IUP-ideal of X .

Proof. Assume that G is an IUP-ideal of X. Since 0 € G, it follows from Lemma 3
that wg[gf], w?[g;] and 9 $%[0.5] satisfy the conditions (3.8), (3.9) and (3.10), respectively.
Next, let z,y, 2z € X.

Case 1: Suppose z-(y-z) € Gandy € G. Since G is an [UP-ideal of X, we have z-z € G.
Thus, Y% [*7](z-2) = at > a*V0.5 = (et Aat)V0.5 = WE[2] (2 (y-2)) AYE [ (1)) VO.5.

Case 2: Suppose z-(y-z) ¢ Gory ¢ G. Then wg[gf](x(yz)) =~ or wg[gf](y) =a.
Thus, Y% ])(z - 2) > a” > a” V0.5 = W[ ](z - (y-2)) AYE[2T](y)) V 0.5.

Case 1”: Suppose z - (y-z) € G and y € G. Since G is an [UP-ideal of X, we have
x -z € G. Thus, @b?[ng](x 2)=p" <BTAN0L=(B"VBT)AN0L = (¢?[g+](w (y-2)V
V&5 )(w) A 0.5,

Case 2’: Suppose z-(y-2) ¢ Gory ¢ G. Then w?[g+](x(yz)) =T or w?[g+](y) = pT.
Thus, ¢F[3,](x - 2) < 87 < 87 A 0.5 = (WF[J (- (y-2) VUF[5 1)) A 05.

It is obvious to prove that 1%[0.5] satisfied the condition (3.13).

Hence, 9 is an intuitionistic neutrosophic TUP-ideal of X.

Conversely, assume that the characteristic INS 9 is an intuitionistic neutrosophic
IUP-ideal of X. Since %% [gf] satisfies the condition (3.8), it follows from Lemma 3 that
0 € G. Next, let z,y, 2z € X be such that x-(y-z) € G and y € G. Then @/J%[gf](w(yz)) =
a*t and Y§[°7)(y) = a*. Thus, min{yG[* ] (z- (y-2)), ¥E[* ](y)} = a*. By the condition
(3.11), we have ¢F[27)(z - 2) > (WE[2 (2 (y- 2)) AVG[2T](y)) V0.5 = (aT Aat) V0.5 =
at V0.5 > at, that is, 9§ [2 ](z - 2) = a*. Hence, z -z € G, so G is an IUP-ideal of X.

Theorem 8. A nonempty subset G is an IUP-filter of X if and only if the characteristic
INS ¥ is an intuitionistic neutrosophic IUP-filter of X .

Proof. Assume that G is an [UP-filter of X. Since 0 € G, it follows from Lemma 3
that 1% [gf], ¢1G[Z;] and %[0.5] satisfy the conditions (3.8), (3.9) and (3.10), respectively.
Next, let z,y € X.

Case 1: Suppose z -y € GG and = € G. Since G is an [UP-filter of X, we have y € G.
Thus, wg[gf](y) =at>atVvV05=(atAaT)V0.5= (qu[gf](x “y) A w%’[gf](az)) V 0.5.
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Case 2: Suppose x -y ¢ G or x ¢ G. Then wg[gf](az ~y) =« or w%[gf](aﬁ) =a.
Thus, ¥%[*"](y) > a~ > a~ V0.5 = @G[2 (z-y) ApE[2](z)) v 0.5.

Case 1’: Suppose -y € G and = € GG. Since G is an IUP-filter of X, we have y € G.
Thus, ¢ [5,](y) = B~ < B~ A05 = (87 V) A0S = (UF[5 (- y) vV ¢F[5.](2)) A 05,

Case 2’: Suppose = -y ¢ G or x ¢ G. Then w?[g;](x ~y) = Bt or @D?[g;](:p) = p*.
Thus, ¢F(5,](y) < B+ < B A 05 = @F[5 )z y) vV ¥F[5,](2)) A 0.5,

It is obvious to prove that 1/%[0.5] satisfied the condition (3.16).

Hence, 9 is an intuitionistic neutrosophic TUP-filter of X.

Conversely, assume that the characteristic INS 9 is an intuitionistic neutrosophic
IUP-filter of X. Since %% [gf] satisfies the condition (3.8), it follows from Lemma 3 that

0 € G. Next, let z,y € G be such that -y € G and x € G. Then ¢§[gf](x -y) = at and
wg[gt](x) = at. Thus, ¥&[7)(x - y) A wg[gf}(x) = a™. By the condition (3.14), we have

P (y) = WG - y) AE2T)() V0.5 = o v 0.5 > o, that is, E[7](y) = o
Hence, y € G, so G is an IUP-filter of X.

Theorem 9. A nonempty subset G is a strong IUP-ideal of X if and only if the charac-
teristic INS ¢ is an intuitionistic neutrosophic strong IUP-ideal of X .

Proof. 1t is straightforward by Theorem 1.

Lemma 4. Let f be an FS in X. Then the following statements hold:

(Va,y € X)(1 = (f(z) V f(y)) = (1 = f2)) A (1= Fy)), (3.22)
(Va,y € X)(1 = (f(=) A f(y)) = (1= f(2) V(1= Fy): (3.23)

Proof. Let z,y € X. Suppose f(z)V f(y) = f(x). Then f(y) < f(x), that is,
1= f(y) 2 1= f(x). Thus, 1= (f(x)V f(y)) = 1= f(z) = (1= f(x)) A(1=f(y)). Similarly,
suppose £(x) V f(y) = f(y). Then f(z) < f(y), that is, 1~ f() > 1— f(y). Thus
L= (f(@)V fly)=1-fly)=(1- (fﬂ))/\(l f)).

Let z,y € X. Suppose f(z) A f(y) = f(z). Then f(z) < f(y), that is, 1 — f(z) >
1= f(y). Thus, 1 = (f(z) A f(y)) = 1= f(z) = (1= f(z)) V(1 - f(y) Similarly,
suppose f(z) A f(y) = f(y). Then f(y) < f(z), that is, 1 — f(y) > 1 — f(z). Thus,
L=(f@)Af(y) =1-Fly) = 1= fz) v Q- [fy)

Lemma 5. Let f be an FS in X. Then the following statements hold:
(Va,y,2 € X)(f(2) = (f(@) A f(y)) V05 & f(2) < (f(z)V f(y) AO.5), (3.24)
(Va,y,z € X)(f(2) < (f(2) V F(y)) A0S < f(2) = () A f(y) V0.5).  (3.25)

Proof. Let x,y,z € X. Then

f2) 2 (F@) A fY) V05 e 1= f(z) <1—((f(z)Afy)V0.5)
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& f(2) < (1= (f(@) A f()) A (1~ 0.5) (by (3.22))
& flz) < (1= f@) V(1-fy)) A0S (by (3.23))
& [(z) < (f(2) V F(y)) A 0.5,

f(z)S((f(w)Vf(y))A0~5)<:>1— f(2) 2 1= ((f(z) V f(y)) N0.5)
f2) > (1= (fl@) V) v(A-05)  (by(3.23)
(z) > (1= fl@)A(d—f(y)) V0.5 (by (3.22))
f(z) > (f(=) A fy)) v 0.5.

Theorem 10. If ¢ is an intuitionistic neutrosophic IUP-subalgebra of X, then the FSs
Y and Y satisfy the condition (3.5) and the FS 1} satisfies the condition (3.6).

Proof. Assume that 1 is an intuitionistic neutrosophic IUP-subalgebra of X. Let
z,y € X. Then

T 3
s &
)
>
<
5
<
o
ot

Hence, the FSs ¢/, and ¢ ;- satisfy the condition (3.5) and the FS 1, satisfies the condition
(3.6).

Theorem 11. If ¢ is an intuitionistic neutrosophic IUP-ideal of X, then the FSs P and
Y satisfy the conditions (3.8) and (3.11) and the FS 1 satisfies the conditions (3.9) and
(3.12).
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Proof. Assume that v is an intuitionistic neutrosophic IUP-ideal of X. Let z,y, z € X.
Then

Yr(0) = ¥1(0) Ar(0)
> ¢r(z) A pr(z)
= ()
¥1(0) = ¢1(0)
< ()
= (),
¥p(0) = ¢1(0) Avr(0)
> pr(x) AN pp(z)
= p(x)
Yr(z-2) =Pr(x - 2) ANr(a - 2)
= (W@ (y-2)) ANr(y) VOS) A ((Yr(z - (y - 2)) Ar(y)) vV 0.5)
= ((r(z - (y-2)) ANbr(y)) A Wz - (y - 2)) Ar(y))) V0.5
= ((r(x- (y-2)) ANpr(z - (y-2))) A (r(y) Avr(y))) V0.5
= (r(z-(y-2)) ANdbr(y)) V0.5

Vp(-2) =r(z-2) Npr(z - 2)
> ((Wr(z - (y-2) ANbr(y)) V0.5) A (e (- (y - 2)) Adr(y)) vV 0.5)
= ((Wr(z-(y-2) AYr(y)) A (Wr(z- (Y- 2)) Ar(y)) V0.5
= ((Wr(z - (y-2) Apr(z - (y-2)) A W1(y) Adr(y)) V0.5
= Wr(@-(y-2) APr(y) V0.5

Hence, the FSs ¢, and 1 satisfy the conditions (3.8) and (3.11) and the FS v, satisfies
the conditions (3.9) and (3.12).
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Theorem 12. If4) is an intuitionistic neutrosophic IUP-filter of X, then the FSs P and
Y satisfy the conditions (3.8) and (3.14) and the FS 1 satisfies the conditions (3.9) and
(3.15).

Proof. Assume that 1 is an intuitionistic neutrosophic IUP-filter of X. Let x,y € X.
Then

Y7 (0) = ¢¥r(0) Ayr(0)
> Yr(x) Ar(z)
= ET(‘T):
¥ 1(0) = 1r(0)
< r(x)
= @1(3«");
Y p(0) = 1r(0) Apr(0)
> Yr(x) ANYr(z)
= EF(':U)a
Yr(y) = »r(y) Adr(y)
> ((Yr(z - y) Apr(z)) v 0.5) A ((Yr(z - y) Adr(z)) vV 0.5)
= ((Yr(z-y) ANYr(x) A (Yr(z - y) Adr(x))) V0.5
= ((Yr(z - y) NYr(x - y) A (Yr(x) Adr(z))) V0.5
= (Yp(x - y) ANpp(z)) V0.5,
Or(y) = vr(y)
< (Wr(x-y)Vr(z)) N0.5

> ((Yr(z-y) Apr(z) Vv 0.5) A ((Yr(z - y) Ar(z)) vV 0.5)
= ((Y1(z - y) NYr(2) A (Yp(z - y) ANYp(x))) V0.5
= ((Ur(z-y) App(z-y) A (Wr(2) App(x))) V0.5

Hence, the FSs 1 and ¢ satisfy the conditions (3.8) and (3.14) and the FS ), satisfies
the conditions (3.9) and (3.15).



K. Suayngam, P. Julatha, W. Nakkhasen, A. lampan / Eur. J. Pure Appl. Math, 18 (2) (2025), 5857 21 of 30

Theorem 13. If ¢ is an intuitionistic neutrosophic strong IUP-ideal of X, then the FSs
Yy and Y satisfy the condition (3.17) and the FS 1 satisfies the condition (3.18).

Proof. 1t is straightforward by Theorem 1.

Theorem 14. An INS ) is an intuitionistic neutrosophic IUP-subalgebra of X if and
only if INS [ = (Y, ¢, ¢%7) and O = (Y, ¥y, vF) are intuitionistic neutrosophic
TUP-subalgebras of X.

Proof. Tt is obvious by Theorem 10.

Theorem 15. An INS 4 is an intuitionistic neutrosophic IUP-ideal of X if and only if
INS O¢ = (Y, 1, 07) and O = (Yp, Y1, ¥F) are intuitionistic neutrosophic IUP-ideals
of X.

Proof. 1t is obvious by Theorem 11.

Theorem 16. An INS ¢ is an intuitionistic neutrosophic IUP-filter of X if and only if
INS Oy = (Y, Y1, 07) and O = (Yp, Y1, F) are intuitionistic neutrosophic IUP-filters
of X.

Proof. 1t is obvious by Theorem 12.

Theorem 17. An INS Y 1s an intuitionistic neutrosophic strong IUP-ideal of X if and
only if INS O = (Y, Y, 0p) and O = (Yp,Yr,YF) are intuitionistic neutrosophic
strong IUP-ideals of X .

Proof. 1t is obvious by Theorem 13.

Definition 9. Let f be an FS in X. For any t € [0,1], the sets

U(f;t) ={z e X[ f(z) > t}, (3.26)
L(f;t) ={z e X | f(z) <t}, (3.27)
E(fit) ={z e X[ f(z) =t} (3.28)

are called an upper t-level subset, a lower t-level subset and an equal t-level subset of f,
respectively. The sets

U'(fit) ={z € X | flz) > t}, (3.29)
L (fst)={z e X | f(x) <t} (3.30)

are called an upper t-strong level subset and a lower t-strong level subset of f, respectively.

Theorem 18. Let an INS v is an intuitionistic neutrosophic IUP-subalgebra of X. Then
for all o,y € [0.5,1] and 8 € [0,0.5), the sets U(¢r; ), L(¢r; B) and U(Yr;y) are either
empty or IUP-subalgebras of X.
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Proof. Assume that 1 is an intuitionistic neutrosophic IUP-subalgebra of X. Let
a € [0.5,1] be such that U(yr;a) # 0. Let z,y € U(¥r;a). Then ¢r(z)
Yr(y) > a. Thus, Yr(x) A Yr(y) > «. By the condition (3.5), we have ¢
(Yr(x) ANMYr(y)) V0.5 > aV0.5 > «, that is, Yr(z-y) > a. Thus, -y € U(Yr; o
U(¢r; @) is an IUP-subalgebra of X.

Let 8 € [0,0.5) be such that L(¢r;8) # 0. Let z,y € L(¢r;8). Then ¢r(z) < 8
and 97(y) < B. Thus, ¥r(x) V¢r(y) < . By the condition (3.6), we have ¢;(z - y) <
(Yr(x) Vr(y)) N0.5 < BA0.5 < S, that is, ¥r(x - y) < B. Thus, -y € L(¢r; 3). Hence,
L(vr; ) is an IUP-subalgebra of X.

Let v € [0.5,1] be such that U(¢p;y) # 0. Let z,y € U(¢p;y). Then ¢p(z) > v
and ¢¥r(y) > 7. Thus, ¥r(xz) A Yr(y) > v. By the condition (3.7), we have ¢p(z - y) >
(Vr(x) ANYp(y)) V0.5 > vV 0.5 >+, that is, Yp(xz-y) > . Thus, z-y € U(¢p;y). Hence,
U(¢p;7y) is an IUP-subalgebra of X.

« and
T-y) >
. Hence,

Y

~— —~

Theorem 19. Let an INS o is an intuitionistic neutrosophic IUP-ideal of X. Then for
all a,y € [0.5,1] and B € [0,0.5), the sets U(¢Yr; ), L(¢r; B) and U(Yr;y) are either
empty or IUP-ideals of X.

Proof. Assume that ¢ in X is an intuitionistic neutrosophic TUP-ideal of X. Let
a € [0.5,1] be such that U(¢p;a) # 0. Let a € U(¢p;a). Then ¢p(a) > «. By the
condition (3.8), we have ¥7(0) > 9r(a) > «. Thus, 0 € U(¢p;a). Let z,y,2z € X
be such that = - (y - z) € U(Wr;a) and y € U(¢r;a). Then ¢r(z - (y - 2)) > « and
Yr(y) > a. Thus, Yr(z-(y-2)) Apr(y) > a. By the condition (3.11), we have ¢p(z-2) >
(Yr(x-(y-2) ANr(y)) V0.5 > aV0.5>a. Thus, z-z € U(Yr;a). Hence, U(¢r; ) is
an IUP-ideal of X.

Let 8 € [0,0.5) be such that L(¢y;8) # 0. Let b € L(vr; 8). Then ¢7(b) < 5. By
the condition (3.9), we have ¥7(0) < ¢;(b) < B. Thus, 0 € L(¢1;5). Let z,y,2 € X
be such that - (y - 2) € L(¢r;8) and y € L(¢r;8). Then ¢r(x - (y - 2)) < S and
Y1(y) < B. Thus, Yr(z- (y-2)) Vr(y) < 8. By the condition (3.12), we have ¢r(x - z) <
(Yr(x-(y-2)Vr(y)) N0.5 < BV 0.5 <pB. Thus, z -z € L(r; 5). Hence, L(vr; ) is an
IUP-ideal of X.

Let v € [0.5,1] be such that U(¢p;y) # 0. Let ¢ € U(¢p;7y). Then ¢p(c) > v. By
the condition (3.10), we have ¥ (0) > ¢¥p(c) > . Thus, 0 € U(¢p;7y). Let xz,y,z € X
be such that = - (y - 2) € U(¥p;y) and y € U(¢Yp;y). Then ¢vp(x - (y - 2)) > ~ and
Yp(y) > . Thus, Yp(z-(y-2)) AYp(y) > v. By the condition (3.13), we have ¢p(z-z) >
Wr(x-(y-2)) ANYp(y)) V0.5 >~V 0.5>~. Thus, x -z € U(¢r;7y). Hence, U(¢r;7y) is
an IUP-ideal of X.

Theorem 20. Let an INS 9 is an intuitionistic neutrosophic IUP-filter of X. Then for
all a,y € [0.5,1] and B € [0,0.5), the sets U(vr; ), L(¢r; B) and U(Yr;y) are either
empty or IUP-filters of X.

Proof. Assume that ¢ in X is an intuitionistic neutrosophic IUP-filter of X. Let
a € [0.5,1] be such that U(¢p;a) # 0. Let a € U(¢p;a). Then ¢p(a) > «. By the
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condition (3.8), we have 97 (0) > ¢r(a) > «a. Thus, 0 € U(¢r;a). Let z,y € X be
such that x -y € U(¢¥r; @) and x € U(¢r; ). Then ¢r(x - y) > a and ¢r(z) > a. Thus,
Yr(x-y) Ar(x) > a. By the condition (3.14), we have ¢p(y) > (Yr(z-y) Ap(z)) V0.5 >
aV 0.5 > a. Thus, y € U(¢r; ). Hence, U(¢r; «) is an IUP-filter of X.

Let 8 € [0,0.5) be such that L(¢y;8) # 0. Let b € L(v1; 8). Then v¢;(b) < 5. By
the condition (3.9), we have ¥7(0) < ¢7(b) < B. Thus, 0 € L(¢1;8). Let z,y € X be
such that =z -y € L(¢y;8) and « € L(v¢r;8). Then ¢;(z-y) < 8 and ¢;(x) < . Thus,
Yr(x-y)Vr(xz) < 5. By the condition (3.15), we have ¥r(y) < (¢r(x-y) Vipr(z)) A0.5 <
BAN05 < B. Thus, y € L(¢r; 8). Hence, L(tr; 5) is an TUP-ideal of X.

Let v € [0.5,1] be such that U(¢p;7y) # 0. Let ¢ € U(¢p;7y). Then ¢p(c) > v. By
the condition (3.10), we have ¥ g(0) > ¢p(c) > . Thus, 0 € U(¢p;7y). Let z,y € X be
such that x -y € U(¢p;7y) and x € U(¢p;y). Then ¢p(z - y) > v and ¢p(x) > 7. Thus,
Yr(x-y)AYp(x) > v. By the condition (3.16), we have Y r(y) > (Yr(z-y) AYrp(x))V0.5 >
vV 0.5>~. Thus, y € U(¢p;v). Hence, U(1pp;~) is an IUP-filter of X.

Theorem 21. Let an INS ¢ be an intuitionistic neutrosophic strong IUP-ideal of X.
Then for all o,y € [0.5,1] and g € [0,0.5), the sets U(¢r; ), L(¢r; B) and U(p;vy) are
either empty or strong IUP-ideals of X.

Proof. 1t is straightforward by Theorem 1.

Theorem 22. Let for all a,y € [0.5,1] and g € [0,0.5), the sets U(¢r; ), L(yr; B) and
U(vp;y) are either empty or IUP-subalgebras of X. If ¢r(x) > 0.5,¢r(x) < 0.5 and
Yp(x) > 0.5. Then v is an intuitionistic neutrosophic IUP-subalgebra of X .

Proof. Assume that for all a,y € [0.5,1] and 3 € [0,0.5), the sets U(¢r; ), L(vr; 5)
and U(¢p;~y) are either empty or IUP-subalgebras of X. Let z,y € X be such that
Yr(z) 2 0.5 and ¢r(y) = 0.5. Let o = ¢r(x) A ¢r(y). Then ¢p(x) = a and ¢r(y) > o
Thus, z,y € U(¢r; a) # 0. By assumption, we have U(¢r; «) is an ITUP-subalgebra of X.
By the condition (2.17), we have z -y € U(¢r; o). Thus, ¢r(z-y) > a = ¢Yr(z) Apr(y) >
(Yr(z) Ar(y)) v 0.5.

Let z,y € X be such that ¢7(z) < 0.5 and ¥r(y) < 0.5. Let 5 = ¢r(z) V ¢r(y). Then
Yr(x) < B and ¥y(y) < 8. Thus, z,y € L(¢r; 8) # 0. By assumption, we have L(vr; ()
is an IUP-subalgebra of X. By the condition (2.17), we have x -y € L(¢r; ). Thus,
Vi(z-y) < B =1vr(z) Vr(y) < (Wr(z) Vii(y)) A0.5.

Let z,y € X be such that ¢¥p(z) > 0.5 and ¢¥p(y) > 0.5. Let v = ¥p(x) A r(y).
Then ¢p(x) > v and Yp(y) > v. Thus, z,y € U(p;y) # 0. By assumption, we have
U(tr;y) is an IUP-subalgebra of X. By the condition (2.17), we have x -y € U(¢¥p;7).
Thus, Yp(z-y) =2 v =vr(@) Abr(y) = (Wr(2) Ar(y)) V0.5,

Hence, 9 is an intuitionistic neutrosophic IUP-subalgebra of X.

Theorem 23. Let for all a,y € [0.5,1] and f € [0,0.5), the sets U(vr; ), L(¢r;5)
and U(Yp;v) are either empty or IUP-ideals of X. If ¢p(z) > 0.5,¢r(z) < 0.5 and
Yp(x) > 0.5. Then ¢ is an intuitionistic neutrosophic IUP-ideal of X .
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Proof. Assume that for all o,y € [0.5,1] and S € [0,0.5), the sets U(¢r; ), L(¢r;5)
and U(¢p;y) are either empty or IUP-ideals of X. Let 2z € X. Let a = ¢p(x). Then
Yr(x) > a. Thus, z € U(¢r; ) # 0. By assumption, we have U(¢1; ) is an IUP-ideal
of X. By the condition (2.18), we have 0 € U(¢7; ). Then ¢1r(0) > a = ¢r(z). Let
x,y,z € X be such that ¢Yp(z-(y-2)) > 0.5 and ¥p(y) > 0.5. Let a = ¢p(x-(y-2)) AYr(y).
Then ¢ (z-(y-2)) > aand Yr(y) > a. Thus, z-(y-2),y € U(r; a) # 0. By assumption,
we have U (ir; «) is an IUP-ideal of X. By the condition (2.20), we have -z € U(¢1; ).
Thus, Yr(z-2) > a=Yr(z-(y-2)) ANdr(y) = (br(z - (y-2)) Ar(y) V0.5

Let z € X. Let 8 =(x). Then ¢;(x) < 8. Thus, z € L(¢1; 8) # 0. By assumption,
we have L(¢r; () is an IUP-ideal of X. By the condition (2.18), we have 0 € L(¢r; ).
Then 9;(0) < 8 = ¢r(x). Let z,y,z € X be such that ¢;(z - (y-2)) < 0.5 and ¢r(y) <
0.5. Let B = (- (y-2))Ver(y). Then ¢r(x-(y-2)) < B and ¢¥r(y) < B. Thus,
x-(y-2),y € L(¢r; B) # 0. By assumption, we have U(¢r; 3) is an IUP-ideal of X. By the
condition (2.20), we have x - z € L(¢r; 8). Thus, ¥r(z-2) < B =vr(x-(y-2)) Vr(y) <
(r(x - (y-2)) Vr(y)) A0.5.

Let x € X. Let v = ¢p(x). Then ¢p(x) > ~. Thus, z € U(tpp;7y) # 0. By assumption,
we have U(¢r;~y) is an IUP-ideal of X. By the condition (2.18), we have 0 € U(¢r;7).
Then ¢¥r(0) > v = ¢p(r). Let x,y,z € X be such that ¢p(z - (y - 2)) > 0.5 and
Yr(y) 2 0.5. Let v = ¢p(z-(y-2)) Avp(y). Then Pp(z-(y-2)) > v and ¢p(y) > . Thus,
x-(y-2),y € U(Yp;vy) # 0. By assumption, we have U(¢p; ) is an ITUP-ideal of X. By the
condition (2.20), we have z -z € U(¢p;). Thus, ¥p(z-2) > v =vp(z-(y-2)) Nrp(y) >
(Wr(z - (y-2)) ANbp(y)) vV 0.5.

Hence, 9 is an intuitionistic neutrosophic IUP-ideal of X.

Theorem 24. Let for all a,y € [0.5,1] and f € [0,0.5), the sets U(yr;a), L(¢r;53)
and U(Yp;vy) are either empty or IUP-filters of X. If ¥p(xz) > 0.5,¢r(z) < 0.5 and
Yp(x) > 0.5. Then v is an intuitionistic neutrosophic IUP-filter of X.

Proof. Assume that for all a,y € [0.5,1] and 5 € [0,0.5), the sets U(¢r; ), L(vr; 5)
and U(¢p;~y) are either empty or IUP-filters of X. Let z € X. Let a = ¢p(x). Then
Yp(z) > a. Thus, x € U(¢r;a) # 0. By assumption, we have U(¢r; «) is an TUP-filter
of X. By the condition (2.18), we have 0 € U(¢r; ). Then ¢r(0) > a = ¢r(z). Let
x,y € X be such that ¢p(x-y) > 0.5 and ¢¥r(z) > 0.5. Let a = ¢p(x - y) Ap(z). Then
Yr(z-y) > « and Yp(z) > «. Thus, z - y,x € U(Yp;a) # (. By assumption, we have
U(yr;«) is an IUP-filter of X. By the condition (2.19), we have y € U(¢r; ). Thus,
Yr(y) = a=vr(z-y) Ar(z) = (Yr(z - y) Adr(z)) v 0.5.

Let z € X. Let 8 = v(z). Then ¢;(x) < 5. Thus, z € L(¢r; B) # 0. By assumption,
we have L(¢r; ) is an IUP-filter of X. By the condition (2.18), we have 0 € L(vr; ).
Then ¥;(0) < 8 = ¢r(z). Let z,y € X be such that ¢;(x-y) < 0.5 and ¢;(z) < 0.5. Let
B =1r(x-y) Vr(z). Then ¢r(x-y) < B and ¢r(x) < B. Thus, z - y,x € L(yr; B) # 0.
By assumption, we have L(¢y; ) is an IUP-filter of X. By the condition (2.19), we have
y € L(¢r; B). Thus, ¥r(y) < B =v¢r(z-y) Vr(z) < (r(z-y) Vir(z)) A0.5.

Let x € X. Let v = ¢p(x). Then ¢p(x) > ~. Thus, z € U(1pp;vy) # 0. By assumption,
we have U(¢p; ) is an IUP-filter of X. By the condition (2.18), we have 0 € U(¢r;7).
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Then ¢¥p(0) > v = ¢p(z). Let z,y € X be such that Yp(z-y) > 0.5 and p(z) > 0.5. Let
v =vr(z-y) ANpp(z). Then ¢Yp(x-y) > v and Yp(x) > v. Thus, z-y,z € U(Yr;v) # 0.
By assumption, we have U(¢p;7) is an IUP-filter of X. By the condition (2.19), we have

y € U(p; 7). Thus, Yp(y) = v =min{¢p(z - y),Yr(@)} > (r(z-y) Avp(z)) V0.5
Hence, 9 is an intuitionistic neutrosophic IUP-filter of X.

Theorem 25. Let for all o,y € [0.5,1] and 8 € [0,0.5), the sets U(vp; ), L(vr; B) and
U(Yp;y) are either empty or strong IUP-ideals of X. If ¢p(x) > 0.5,¢7(z) < 0.5 and
Yp(z) > 0.5. Then v is an intuitionistic neutrosophic strong IUP-ideal of X .

Proof. 1t is straightforward by Theorem 1.

Theorem 26. Let ¥ be an intuitionistic neutrosophic IUP-subalgebra of X. Then for all
a,y € [0.5,1] and B € [0,0.5), the sets U+(wT;a), L (¢5;8) and U+(1pp;7) are either
empty or IUP-subalgebras of X.

Proof. Assume that 1 is an intuitionistic neutrosophic [UP-subalgebra of X. Let
a € [0.5,1] be such that U+(¢T;a) # (. Let z,y € U+(¢)T;oz). Then ¢p(z) > « and
Yr(y) > a. Thus, Yr(x) A ¢Yp(y) > a. By the condition (3.5), we have ¢p(x - y) >
(Wr(z) Ar(y)) V0.5 > a V05 > a. Thus, z-y € U (¢r;). Hence, U' (¢r; ) is an
TUP-subalgebra of X.

Let 5 € [0,0.5) be such that L (¢r;8) # 0. Let x,y € L (¢r;3). Then ¢(x) <
and ¥7(y) < B. Thus, ¥r(z) V ¢r(y) < 5. By the condition (3.6), we have ¢r(z -y) <
(Vr(x) Vor(y)) N0.b < BA05 < B. Thus, -y € L (¢r;5). Hence, L (i7;0) is an
TUP-subalgebra of X.

Let v € [0.5,1] be such that U" (¢r;7) # 0. Let 2,y € U (¥r;7). Then vp(z) > 7
and Yp(y) > ~v. Thus, Yp(x) AYp(y) > 7. By the condition (3.5), we have ¥p(x - y) >
(Yr() ANp(y) V05 >y V0.5 >y Thus, 2.y € U (¥p;7).

Hence, U (vp;7y) is an IUP-subalgebra of X.

Theorem 27. Let i) be an intuitionistic neutrosophic IUP-ideal of X. Then for all a,,y €
[0.5,1] and B € [0,0.5), the sets U+(11)T;a), L (¢r;8) and U+(11)F;7) are either empty or
IUP-ideals of X.

Proof. Assume that 1 is an intuitionistic neutrosophic IUP-ideal of X. Let o € [0.5, 1]
be such that U" (¢r;0) # 0. Let a € U' (¢r;). Then ¢p(a) > a. By the condition
(3.8), we have 1p(0) > ¢p(a) > a. Thus, 0 € U’ (¢Yp;a). Let z,y,2 € U (¥r;a) be
such that = - (y - z),y € U (¢r;). Then ¢p(z - (y - 2)) > a and ¢r(y) > a. Thus,
Yr(x-(y-2)) ANpp(y) > a. By the condition (3.11). we have ¥p(z-2) > (Yp(z- (y-2)) A
Yr(y)) V0.5 > aV0.5 > a. Thus, z-z € U (¢r; ). Hence, U (¢r; a) is an IUP-ideal of
X.

Let B € [0,0.5) be such that L (¢r;3) # 0. Let b € L (¢r;8). Then 97(b) <
B. By the condition (3.9), we have ¥;(0) < ¢;(b) < 8. Thus, 0 € L (¢;8). Let
x,y,z € L (¢r;8) be such that = - (y - 2),y € L (¢5;8). Then ¢r(x - (y-2)) < B
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and Yp(y) < B. Thus, ¥r(x - (y-2)) V ¢¥r(y) < B. By the condition (3.12). we have
Yr(z-2) < (Wr(z- (y-2) Vr(y)) N0.5 < SA05 < B. Thus, -z € L (¢r;5). Hence,
L (¢r; B) is an TUP-ideal of X.

Let v € [0.5,1] be such that U (¢Yp;7) #
~v. By the condition (3.10), we have ¥ p(0) > c
z,y,2 € U (p;7) be such that z - (y - 2),y € U (¥p;y). Then ¢p(z - (y-2)) > 7
and ¢p(y) > . Thus, Yr(z - (y-2)) ANYr(y) > 7. By the condition (3.13). we have
Vp(x-2) > (Wp(e- (y-2) Apy)) V0.5 >~vV0.5>y. Thus, z-2 € U (¢p;7).

Hence, U (¢p;~) is an TUP-ideal of X.

0. Let ¢ € U (¢p;7). Then vp(c) >
Yrp(c) > . Thus, 0 € U (¢Yp;7). Let
€

Theorem 28. Let i be an intuitionistic neutrosophic IUP-filter of X. Then for all a,,y €
[0.5,1] and 8 € [0,0.5), the sets U (Yr;), L™ (¥r; 8) and U () are either empty or
1UP-filters of X.

Proof. Assume that 1) be an intuitionistic neutrosophic IUP-filter of X. Let a € [0.5, 1]
be such that U (¢r;a) # 0. Let a € U (¢r; ). Then ¢p(a) > a. By the condition (3.8),
we have ¢¥7(0) > ¢p(a) > a. Thus, 0 € U’ (Yr;a). Let z,y € U’ (¢or; ) be such that
z-y,x € U (Yp;a). Then ¢p(x-y) > a and ¢p(x) > a. Thus, Pp(z - y) A dp(z) > .
By the condition (3.14). we have ¥7(y) > (¢Yr(x - y) Apr(x)) V0.5 > a V0.5 > a. Thus,
yE€ U’ (vr; ). Hence, U* (Yr; «) is an IUP-filter of X.

Let 8 € [0,0.5) be such that L (¢1; 3) # 0. Let b € L (+1; 3). Then ;(b) < 5. By the
condition (3.9), we have 1;(0) < ¢;(b) < 8. Thus, 0 € L (¢1;3). Let z,y € L (¢r;3) be
such that z-y,z € L (¢r1; ). Then ¢r(z-y) < B and ¢r(x) < . Thus, ¥r(z-y)Vir(z) <
B. By the condition (3.15). we have ¥(y) < (¢r(x-y) Vr(z)) A0.5 < SA0.5 < 8. Thus,
y €L (¢r;8). Hence, L (¢r; B) is an TUP-filter of X.

Let v € [0.5,1] be such that U (¢p;y) # 0. Let ¢ € U’ (¢¥p;v). Then ¢p(c) > 7.
By the condition (3.10), we have ¢¥(0) > ¢p(c) > ~. Thus, 0 € U (¢Yr;~). Let z,y €
U’ (vp;7y) be such that x -y, z € U’ (Yp;7y). Then ¢p(x-y) > v and Yp(z) > . Thus,
Yp(x-y)Ap(x) > ~. By the condition (3.16). we have ¥r(y) > (Yr(z-y) AYp(x))V0.5 >
vV 0.5 > 7. Thus, y € U+(1,Z)F;'7). Hence, U (¢p;7y) is an IUP-filter of X.

Theorem 29. Let ¢ be an intuitionistic neutrosophic strong IUP-ideal of X. Then for
all a,y € 10.5,1] and B € [0,0.5), the sets U+(1/)T;oz), L (¢r;8) and U+(¢F;7) are either
empty or strong IUP-ideals of X.

Proof. 1t is straightforward by Theorem 1.

Theorem 30. Let for all o,y € [0.5,1] and B € [0,0.5), the sets U (Yp;a), L™ (¢ B)
and U" (Yr;y) are either empty or IUP-subalgebras of X. If ¢r(x) > 0.5,91(z) < 0.5 and
Yp(z) > 0.5 for all x € X, then v is an intuitionistic neutrosophic IUP-subalgebra of X .

Proof. Assume that for all o,y € [0.5,1] and 8 € [0,0.5), the sets U+(1/JT; a), L (¢r;8)
and U" (vp;7y) are either empty or IUP-subalgebras of X. Let x,y € X be such that
Yr(z) > 0.5 and ¥p(y) > 0.5. Assume that ¢r(z - y) < (Yr(x) AYr(y)) vV 0.5. Let
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a=1r(x-y). If (Yr(z) Adr(y)) V0.5 =pr(x) Adr(y), then ¢¥r(z) > a and ¥r(y) > .
Thus, z,y € U (¢r; ). By assumption, we have U’ (¢r; a) is an TUP-subalgebra of X.
By the condition (2.17), we have z -y € U’ (Yr;a). So Yp(x-y) > a = p(z - y), which
is a contradiction. If (¢r(z) A ¢r(y)) V 0.5 = 0.5, then o = ¢p(z - y) < 0.5, which is a
contradiction. Thus, ¥ (z - y) > (Yr(x) Ar(y)) Vv 0.5.

Let z,y € X be such that ¢r(z) < 0.5 and ¥7(y) < 0.5. Assume that ¢;(x - y) >
(r(z) vV r(y)) A0.5. Let 8 =¢y(x-y). If (Yr(x) vV r(y)) A0.5 = ¢r(x) Vir(y), then
Yr(z) < B and Yr(y) < B. Thus, z,y € L (¢r;3). By assumption, we have L (¢r;3)
is an IUP-subalgebra of X. By the condition (2.17), we have z -y € L (¢r;8). So
Yr(x-y) < B = Yr(z - y), which is a contradiction. If (¢r(z) V ¢r(y)) A 0.5 = 0.5, then
B =vr(z-y) > 0.5, which is a contradiction. Thus, ¢r(z-y) < (¢r(x) V ¢r(y)) A0.5.

Let z,y € X be such that ¥p(x) > 0.5 and Yp(y) > 0.5. Assume that Yp(x - y) <
(r(x) ANp(y)) V0.5, Let v = ¢p(x-y). If (Yp(x) Adr(y)) V0.5 = ¢p(x) Ar(y), then
Yp(x) > v and Yp(y) > . Thus, z,y € U+(¢F;'y). By assumption, we have U (Vp;y)
is an IUP-subalgebra of X. By the condition (2.17), we have x -y € Ut (YF;7y). So
Yp(z-y) > v =yYp(z-y), which is a contradiction. If (¢Yp(x) A Yr(y)) V0.5 = 0.5, then
v =vr(z-y) < 0.5, which is a contradiction. Thus, Yr(x-y) > (Yr(z) AYr(y)) vV 0.5.

Hence, 9 is an intuitionistic neutrosophic IUP-subalgebra of X.

Theorem 31. Let for all o,y € [0.5,1] and g € [0,0.5), the sets U+(¢T;a), L (¢r;8)
and U+(¢F;7) are either empty or IUP-ideals of X. If ¢p(x) > 0.5,¢(z) < 0.5 and
Yr(x) > 0.5 for all x € X, then v is an intuitionistic neutrosophic IUP-ideal of X .

Proof. Assume that for all o,y € [0.5,1] and § € [0,0.5), the sets U+(1/JT; a), L (¢r;8)
and U (¢p;~) are either empty or IUP-ideals of X. Let z € X. Assume that 1p(0) <
Yr(z). Let o = 9p(0). Then 2 € U' (¢pr;) # 0. By assumption, we have U (¢p; a)
is an TUP-ideal of X. By the condition (2.18), we have 0 € U" (¢r;a). So ¢p(0) > o =
17 (0), which is a contradiction. Thus, ¥7(0) > ¢r(x). Let z,y,2z € X be such that
Yr(z-(y-2)) > 0.5 and ¢r(y) > 0.5. Assume that Y (z-2) < (Yr(z-(y-2)) Apr(y)) vV0.5.
Let a = ¢r(z-2). If (Yr(z- (y-2)) Adr(y) V0.5 = ¢r(z - (y - 2)) AYr(y), then
z-(y-2),y € U (Yr;a) # 0. By assumption, we have U (¢p;a) is an IUP-ideal of X.
By the condition (2.20), we have z -z € U (¢7; ). So tp(z - 2) > a = ¢p(x - z), which
is a contradiction. If (¢r(z - (y - 2)) Ar(y)) V0.5 = 0.5, then o = ¢p(x - z) < 0.5, which
is a contradiction. Thus, ¢r(x - 2) > (Yr(z - (y-2)) Ar(y)) vV 0.5.

Let z € X. Assume that 1;(0) > ¢;(x). Let 8 = ¢;(0). Then x € L (¢1;8) # 0. By
assumption, we have L (¢r; ) is an TUP-ideal of X. By the condition (2.18), we have
0e L (¢r;8). So ¥r(0) < B =11(0), which is a contradiction. Thus, ¥7(0) < ¢y(x). Let
x,y,z € X besuch that ¢¥r(z-(y-2z)) < 0.5 and ¥7(y) < 0.5. Assume that ¢(z-2) > ¢r(x-
(5-2) V1) AO5. Let = (a-2). T (b1 (z-(-2)) Vbr (4)) AD5 = oy (- (y-2))Vabr (),
then x - (y-2),y € L (¢5;8) # (). By assumption, we have L (1;3) is an IUP-ideal of
X. By the condition (2.20), we have x -z € L (¢r;3). So ¢r(z-2) < = r(x-z), which
is a contradiction. If (¢Yr(x - (y-2)) V¢r(y)) A0.5 = 0.5, then 8 = ¢;(z - 2z) > 0.5, which
is a contradiction. Thus, ¥7(z-2) < (Yr(x-(y-2)) Vr(y)) A0.5.
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Let x € X. Assume that ¥ (0) < ¥p(x). Let v = ¥p(0). Then z € U+(wp;7) £ ().
By assumption, we have U (¥F;7y) is an IUP-ideal of X. By the condition (2.18), we have
0€ U (¥p;7). So ¥r(0) > v = ¥p(0), which is a contradiction. Thus, ¥p(0) > ¥p(z).
Let z,y,z € X be such that Yp(x-(y-2)) > 0.5 and ¢¥r(y) > 0.5. Assume that Yp(z-2) <
(Wr(z - (y-2) AYr(y)) V0.5 Let v = ¢p(z-2). If (Yr(z-(y-2) AYr(y)) V0.5 =
Yp(z - (y-2)) Avp(y), then z - (y - 2),y € U (¥p;y) # 0. By assumption, we have
U (p;~) is an TUP-ideal of X. By the condition (2.20), we have z -z € U (¢p; 7). So
Yp(x-z) > v =p(x-2), which is a contradiction. If (Yp(z-(y-2))AYr(y)) V0.5 = 0.5, then
v = ¢p(x-z) < 0.5, which is a contradiction. Thus, Yp(x-2) > (Yr(z-(y-2))AYr(y))V0.5.

Hence, 9 is an intuitionistic neutrosophic IUP-ideal of X.

Theorem 32. Let for all o,y € [0.5,1] and B € [0,0.5), the sets U' (Yr;a), L (¥r; )
and U (Yp;7y) are either empty or IUP-filters of X. If yp(z) > 0.5,¢r(x) < 0.5 and
Yp(x) > 0.5 for all x € X, then 1 is an intuitionistic neutrosophic IUP-filter of X.

Proof. Assume that for all o,y € [0.5,1] and 5 € [0,0.5), the sets U" (Ur;a), L (¥r; B)
and U (vp;7y) are either empty or IUP-filters of X. Let x € X. Assume that ¢¥7(0) <
Yr(x). Let o= 17r(0). Thenz € U (¢r;a) # 0. By assumption, we have U (¢7; ) is an
IUP-ideal of X. By the condition (2.18), we have 0 € U" (¢7; ). So ¢7(0) > o = ¥7(0),
which is a contradiction. Thus, ¢7(0) > ¢r(x). Let x,y € X be such that ¢¥r(z-y) > 0.5
and Yp(z) > 0.5. Assume that ¥r(y) < (Ur(z-y) Avp(x)) V0.5, Let a = ¥p(y). If
(r(z-y) A (x)) V0.5 = p(z-y) Adr(x), then z-y,z € U (Yr; a) # 0. By assumption,
we have U (1r; @) is an IUP-filter of X. By the condition (2.19), we have y € U (¢7; ).
So ¥ (y) > a = Yr(y), which is a contradiction. If (¢p(z-y) Avr(z)) V0.5 = 0.5, then
a = YP7(y) < 0.5, which is a contradiction. Thus, ¢r(y) > (¢Yr(z-y) Ar(z)) V 0.5.

Let z € X. Assume that 1;(0) > ¢;(x). Let 8 = ¢;(0). Then x € L (¢1;8) # 0. By
assumption, we have L (¢r; ) is an IUP-filter of X. By the condition (2.18), we have
0€ L (¢r;8). So ¢r(0) < B = 11(0), which is a contradiction. Thus, ¢;(0) < ¢r(x).
Let z,y € X be such that ¢;(z -y) < 0.5 and ¢r(x) < 0.5. Assume that ¢r(y) >
(Yr(z-y)Ver(x)) A0.5. Let B =r(y). If (Yr(z-y)Vr(x)) A0.5 = r(z-y) Ver(z), Then
x-y,z € L (¢r;8) # 0. By assumption, we have L (¢r; 8) is an IUP-filter of X. By the
condition (2.19), we have y € L (¢r;8). So ¥1(y) < 8 = 9¥;(y), which is a contradiction.
If (Yr(z-y)Vr(z)) AN0.5 = 0.5, then 8 = r(y) > 0.5, which is a contradiction. Thus,
Vi(y) < (Wr(x-y) Vr(z)) A0.5).

Let € X. Assume that ¢p(0) < ¢p(x). Let v = ¢p(0). Then z € U (¢p;7y) # 0.
By assumption, we have U (vp;7y) is an IUP-filter of X. By the condition (2.18), we have
0 €U (¢p;7). So ¥p(0) >~ = ¢p(0), which is a contradiction. Thus, ¥ (0) > ¥p(z).
Let z,y € X be such that ¢p(z -y) > 0.5 and Yp(z) > 0.5. Assume that Ypr(y) <
(Wr(z-y) ANpp(x) V0.5, Let v = vp(y). If (Yr(z-y) ANvp(x)) V0.5 =vp(z-y) Apr(z),
Then @ - y,z € U (Yp;y) # 0. By assumption, we have U (¢p;7) is an TUP-filter of
X. By the condition (2.19), we have y € U (¥r;7). So ¥p(y) > v = thp(y), which is
a contradiction. If (¢Yp(z - y) A Yp(z)) V0.5 = 0.5, then v = Yp(y) < 0.5, which is a
contradiction. Thus, ¥r(y) > (Vp(z - y) AYp(x)) VvV 0.5.
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Hence, 9 is an intuitionistic neutrosophic IUP-filter of X.

Theorem 33. Let for all o, € [0.5,1] and B € [0,0.5), the sets U' (Yr;a), L (¢r; )
and U (Yp;v) are either empty or strong IUP-ideals of X. If p(z) > 0.5,97(z) < 0.5
and Yp(x) > 0.5 for all x € X, then v is an intuitionistic neutrosophic strong IUP-ideal
of X.

Proof. 1t is straightforward by Theorem 1.

4. Conclusions

This study has introduced the foundational concepts of intuitionistic neutrosophic ITUP-
subalgebras, intuitionistic neutrosophic IUP-ideals, intuitionistic neutrosophic ITUP-filters
and intuitionistic neutrosophic strong IUP-ideals within the framework of IUP-algebras.
Through rigorous analysis, we explored their intrinsic properties and established their
relationships with the notions of characteristic, complement and level subsets. A key
contribution of this work is the derivation of a comprehensive diagram, as depicted in
Figure 2, which illustrates the hierarchical structure and interactions among these subsets.
This visualization provides an intuitive framework for understanding the interconnections
within the intuitionistic neutrosophic IUP-algebraic system.

INIUP-filter

/\

INIUP-ideal INIUP-subalgebra

INSIUP-ideal
Figure 2: INSs in IUP-algebras

The findings presented herein mark a significant advancement in INS theory as applied
to IUP-algebras, offering both theoretical and practical insights. By systematically bridg-
ing these concepts, this study lays the groundwork for future explorations, including the
potential application of INS theory to other algebraic systems and the extension of these
ideas into more generalized frameworks.

In future work, we aim to expand upon this foundation by examining the integration
of soft set theory and cubic set theory with neutrosophic IUP-algebras. These efforts
will involve investigating neutrosophic IUP-subalgebras, IUP-ideals, IUP-filters and strong
IUP-ideals within these alternative frameworks. The hierarchical relationships, as detailed
in Figure 2, will serve as a critical reference point for further studies into the algebraic
and logical underpinnings of I[UP-algebras, ultimately enhancing their utility in modeling
and decision-making under conditions of uncertainty.
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