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Abstract. In this manuscript, we used the supra soft interior operator to define a new approach of
generalized sets named, supra soft somewhat (briefly, SS-sw-) open sets. We discuss its relationships
with the other generalizations and provide the necessary examples and counterexamples. After
that, we define new continuity inspired by this new approach, named SS-sw-continuous function.
We characterize several of its essential properties. We use the SS-sw-closure (interior) operators
to present several equivalent conditions for the new approach. Furthermore, we define a new type
of functions related to SS-sw-open sets, named SS-sw-open functions.
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1. Introduction

In light of the broadest crisp (fuzzy) sets, Molodtsov [1] in 1999, outlined the concept
of soft sets. Maji et al. [2], introduced more operations to soft theory. In 2001, Ahmad
and Kharal [3], defined the concept of soft continuity.

Shabir and Naz [4] defined the notions of soft topological space (STS, for short), which
investigated by Aygunoiiglu and Aygiin in [5]. In 2012, Zorlutuna et al. [6] presented
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more properties to STS. Later, several types of broader soft open sets and generalized soft
continuity are explored in [7-11].

It was first explained in [12] what soft ideal and soft local functions are. After then,
the soft semi-local functions approach was defined by several authors [13, 14] by using the
definition of soft semi-open sets. To define new soft ideal rough topological spaces, Abd
El-latif [15] employed the soft ideal for this purpose.

By utilizing the soft ideal notion, numerous soft open weaker classes have been ex-
panded in [16-21]. Subsequently, new approaches based on soft ideals were presented for
the soft separation axioms [22, 23|, soft connectedness [24], and soft semi-compactness
[25].

El-Sheikh et al. [26] presented the definition of supra soft topological space (SSTS,
for short) in 2014. They also introduced many types of wider soft sets and soft continuity
in SSTS. Later, several valuable papers have been presented related to SS-locally closed
sets [27], SS-b-open sets [28], SS-J;-open sets [29, 30], SS-(strongly) generalized closed sets
[31, 32], SS-separation axioms [33, 34|, SS-regular open sets [35], the Baire categories of
soft sets [36] and SS-sd-sets [37]. Recently, several soft topological spaces are introduced
to SSTS in [39-43].

Ameen et al. [44], defined the notion of soft somewhat open (sw-open) sets. In this
regards, Al-shami [45] applied this class to medical application. Also, he and others [46]
used this notion to defined new categories of connectedness and compactness.

The supra soft interior operator was utilized in this manuscript to construct a novel
generalized set approach known as SS-sw-open sets. We examined the key features of this
new approach. The relevant examples and counterexamples are given, and its connections
with the other generalizations are discussed. In addition, we applied this novel concept
for soft continuity. Furthermore, we presented a number of analogous conditions for our
novel methods using the SS-sw-closure (interior) operators.

2. Preliminaries

Definition 1. [1] Let x be the initial universe set and 1 be the set of parameters. Then,
a pair (K,n) is called a soft set, which is defined by

K,={K@®):ven, K:n— P(x)}

the category of all soft sets will be represented by S(x)n. Also, the absolute (null) soft set
will represented by x (@), where X(9) = x and ¢(¥) = ¢, for all ¥ € n.

Definition 2. [/] The class o C S(x)y is called a soft topology on x if o contains X,
and closed under finite soft intersection and arbitrary soft union.

The triplet (x,o,n) is referred to as an STS over x. Also, for any soft set (G,n), if
(G,n) € o, then (G,n) is called soft open set and its soft complements (G¢,n) is called soft
closed set.

Definition 3. [4, 6] Let (x,0,n) be an STS and (K,n) € S(x)y, then
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(1) int(K,n) = U{(0,n) : (O,n) € o and (0,n)C(K,n)}.
(2) c(K,n)=n{(H,n): (H,n) € o and (K,n)C(H,n)}.

Definition 4. [3] Let sy : (x1,01,m1) — (Xx2,02,m2) be a function, where s : x1 — X2
and w :n — n2. Then

(1) The image of (K,m) under yy, represented by You(K,m) = ($o(K), s(m)), s a
soft set in S(x2)y, such that

_J Uses1 o, w(E(@)), sTHO)NK # o,
Ysw(K)(0) = { n .
v, otherwise.
for all 8 € na.

(2) The pre-image of (H,ns) under gy, represented by Vgt (H,ne) = (Yol (H), s (n2)),
is a soft set in S(x1)n, such that

—1
1 _ [ w(H(s(9))),  s(V) €m,
Vo (H)(V) = { ©, otherwise.

for all ¥ € ny.
If s and w are surjective (injective) together, then g, is surjective (injective).

Theorem 5. [3] For the soft function ¥sy : (x1,01,m) — (Xx2,02,1m2), the following
statements hold.

(1) Y (N®m2)) = (V50 (N, 12))° Y (N, 12) € S(x2)ipe-
(2) Ysw (Wi (N, 12)))S(N,12) ¥ (N, 772) € S(x2)s-
(3) (M, m) S5 (sw((M,m))) ¥ (M,m1) € S(x1), -
(4) Ysw(X1)CXo-

Definition 6. [26] The collection p C S(x)y is called a supra soft topology (or SSTS) on
x if it contains X, ¢ and closed under arbitrary soft union.

For any soft set (G,n), if (G,n) € p, then (G,n) is called supra soft open (shortly, SS-
open) set or and its soft complements (G¢,n) is called SS-closed. Also, if o C p, then p is
called an SSTS associated with o.

Definition 7. [26] (x, p,n) be an SSTS and (K,n) € S(X)y, then the SS-interior (closure),
denoted by int*(K,n) (cl*(K,n)) where:

(1) int*(K,n) = U{(O,n) : (O,n) € pand (0,n)C(K,n)}.
(2) c*(K,n) ={(H,n) : (H,n) € p° and (K,n)C(H,n)}.

Definition 8. [26] If ;.1 (G,m) € p1 V (G,nm2) € o2, then the soft function g, :
(x1,01,m) — (x2,02,1m2) with p1 as an associated SSTS with o1 will called SS-continuous.

Definition 9. [26, 37, 38] A soft subset (G,n) of an SSTS (x, p,n) is called
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(1) SS-semi-open set if (G,n)Ccl®(int*(G,n)).

(2) SS-B-open set if (G,n)Ccl®(int*(cl*(G,n))).

(3) SS-a-open set if (G,n)Cint®(cl®(int*(G,n))).

(4) SS-dense set if cl*(G,n) = x.

(5) SS-co-dense set if int*(G,n) = ¢.

(6) SS-regular open set if int®*(cl*(G,n)) = (G,n).

(7) SS-sd-set if there is ¢ # (0,n) € p such that (O,1)Ccl*[(O,n) (K, n)].

The categories of SS-semi-open (respectively, S-open, a-open, reqular-open, sd-) sets shall
be indicated by SOS*(x)y (respectively, BOS*(X)y, aOS*(X)y, ROS*(X)n, SD*(X)y)-

Definition 10. /26, 37, 38] A soft function s, : (x1,01,m) — (Xx2,02,12) with p1 as
an associated SSTS with o1 is referred to as

(1) SS-semi-cts if 15, (G,12) € SOS*(x1)y, ¥ (G, 12) € 02

(2) SS-B-cls if ¥51(Gom) € BOS* (x1), ¥ (Gomp) € 0.

(8) SS-a-cts ¢ (G, m2) € @0S*(x1)y, ¥ (G, m2) € 02

(4) SS-regular cts if Y31 (G, n2) € ROS*(x1)m ¥ (G, m2) € 2.

(5) SS-sd-cts if Y3 (G, m2) € SD*(x1)y, ¥ (G, m2) € 02.

Theorem 11. [26] A soft subset (G,n) of an SSTS (x,p,n) is SS-semi-open set if and
only if cl*(G,n) = cl*(int*(G,n)).

3. Supra soft sw-open sets and relationships

In this section, we present a new generalization of soft open sets in SSTS named SS-
sw-open sets. The relationships with other different types of SS-open sets are discussed.
With the confirmations of the counterexamples, we show that, this new class forms an
SSTS and fail to form an STS.

Definition 12. A soft subset (K,n) of an SSTS (x, p,n) is said to be SS-sw-open set if it
18 null or its SS-interior points is non-null.

The soft complement of an SS-sw-open set is called SS-sw-closed. The class of all S5-sw-
open (respectively, SS-sw-closed) sets will denoted by SWO*(x),, (respectively, SWC*(x)n).

Proposition 13. For an SSTS (x,p,n) we have that:

(1) (K,n) € S(x)y is SS-sw-closed if it is the absolute soft set or it is not SS-dense set.
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(2) A non-null soft set (K,n) is SS-sw-open if and only if there is ¢ # (O,n) € p such
that (O,n)E(K,n).

(3) A proper soft set (K,n) is SS-sw-closed if and only if there is X # (C,n) € p° such
that (K, n)E(C, ).

Proof. Obvious from Definition 12.

Corollary 14. A non-null soft subset (H,n) of an SSTS (x,p,n) is SS-sw-open if and
only if it is a neighborhood for each soft point in x.

Proof. It is follows from Proposition 13.

Proposition 15. Every soft superset (subset) of an SS-sw-open (SS-sw-closed) set is SS-
sw-open (SS-sw-closed).
Proof. It is immediately from Definition 12.

Remark 16. The next example will confirm that, in general the above proposition is not
conversely.

Example 17. Assume that x = {1, z2,x3,24}. Let n = {1,092} be the set of parameters.
Let (J;,m),i =1,2,...,5, be soft sets over x, where
J1(01) = {z1, 22},  J1(V2) = {71, 23, 74},

Jo(01) = {21}, J2(J2) = o,

J3(01) = {x1, 22}, J3(92) = {z3, 24},
Ja(01) = {ws, za},  Ja(V2) = {x1, 22},
J5(01) =x, J5(92) = {z1,z2}.

Then, p ={x, ¢, (Ji,n),i = 1,2,....,5} defines an SSTS on U. Hence, the soft set (J4,n),
is an SS-sw-open set, since

int*(Jy,m)) # ¢. However, we have that (B,n)C(Jy,n), where

B(01) = {as, 24}, B(92) = ¢,

is not SS-sw-open set, since int*(B,n)) = Q.

Also, for the soft sets (J3,n), (T,n), where

T(m) =A{z1,x2,23},  T(n2) = {z1, 23,24}
We have that (J3,n)C(T,n), and (Js3,n) is an SS-sw-closed set whereas (T,n) is not SS-
sw-closed.

Lemma 18. A soft subset (J,n) of an SSTS (x,p,n) is SS-sw-open set if and only if
int*(J,n) is SS-sw-open set.

Proof. It is immediately from Definition 12.

Lemma 19. If (T,n)N(S,n) = ¢ for some (T,n) € SWO?*(x), and (S,n) € S(X)y, then
(5777) € SWCS(X)n

Proof. Assume that, (7,7)N(S,n) = ¢ such that (T,n) € SWO?*(x), and (S,n) €
S(X)y- Then,
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(S,mS(T° n), (T%n) € SWC*(x)y-
Given Proposition 15, (S,n) € SWC*(x)y.

Theorem 20. If {(G,,n),1 € 1} is a family of SS-sw-open subsets of an SSTS (x, p,n),
then

(1) Uyer(Goim) € SWO®(x)y

(2) Nuer(GZ 1) € SWCH(x)n.
Proof.

(1) Let {(G.,1m),2 € I} is a family of SS-sw-open sets. Then, int®(G,,n) # ¢ for each 2 € L

Hence, ¢ # Uzeﬂnts(Gz,n)émts[ulel((?z,77)]. Therefore, | J,c (Gi, 1) € SWO*(X)y-
(2) It is clear from (1).

Remark 21. If{(W,,n),2 = 1,2,....,n} is a finite family of SS-sw-open subsets of an SSTS
(x,p,m), then ﬂ?zl(WZ, n) € SWO?*(x), generally, as the example that follows illustrates.

Example 22. Suppose that p = {R,, (J1,n), (J2,n), (J3,n)} is an SSTS defined on the
set of real numbers R and the set of parameters n = {91,192} where

Ji(01) = [5,6],  Ji(d2) = [7.8],

J2(01) = [6,7],  Jo(d2) = [8,9],

J3(191) = [5,7]; <]3(192) = [77 9]

Hence, the soft sets (Ji,m) and (J2,7n) are SS-sw-open sets, but their soft intersection
(J1,m)N(J2,m) = {(n1,{6}), (2, {8})} is not SS-sw-open set.

Corollary 23. If a non-null soft subset (G,n) of an SSTS (x, p,n) is SS-semi-open set,
then int®*(G,n) # ¢.

Proof. Suppose contrary that, int*(G,n) = ¢ for an SS-semi-open set (G, 7). Accord-
ing to Theorem 11, cl*(G,n) = cl®*(int*(G,n)) = ¢. If follows that, (G,n) = ¢, which is a
contradiction.

Note 24. According to Corollary 23, if a soft subset (G,n) of an SSTS (x,p,n) is SS-
semi-open set, then it is an SS-sw-open, but not conversely. In FExample 17, the soft set
(N, n) where :

N(m) ={z1,z3,24}, N(n2) ={x1,24} is an SS-sw-open set but not SS-semi-open.

Proposition 25. If soft subset (G,n) of an SSTS (x, p,n) is SS-sw-open, then it is an
SS-sd-set.

Proof. Suppose contrary that, (G, n) is not SS-sd-set, then int®(cl®*(G,n)) = ¢. Since
int®(G,n)Cint*(cl*(G,n)) = @, int*(G,n) = @, which is a contradiction. The converse of
this result is not generally accurate, refer to Example 22, the soft set {(m1,{6}), (172, {8})}
is an SS-sd-set but not SS-sw-open.
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Remark 26. The classes of SS-5-open sets and SS-sw-open sets are independent, as shall
demonstrated in the upcoming examples.

Examples 27. (1) Let R be the set of real numbers, n = {91,092} and let

= {Rv o, (A7 7’)7 (B’ 77)7 (07 77)}’ where :

A(h) = 3,5],  A(92) = [5,7].

B(0h) = [4,5],  B(d2) = [6,7].

C(h) = [3,4], C(02) = [5,6].
Then, (T,n) = {(h,{4}), (¥2,{6})}

is an SS-B-subset of R but not SS-sw-open.
(2) Let x ={ri,r2,r3,7m4}, n = {01,92} and let
p= {5(7 @7 (Ilv 77)7 (1277])7 (137 77)7 (14777)7 (1577])7 (Iﬁa 7])7 (17777)}7 where :

L(h) ={r}, L) =¢
L(0) = {r1,r2}, IL2(02) = {r}.

Is(¥1) = {r1,m2}, I3(92) = {rs,ra}.

Ii(V) ={rs,ra}, 14(92) = {r1,r2}.
Is(V1) = {r1i,73,74}, Is(V2) = {ri,ma}.

Is(%) =U, Is(¥2) = {r1,m2}.
I; (V1) = {r1,re}, I7(92) = {ri,r3,m4}.
Then, (Z,n) = {(V1,{r2,r3,ra}), (2, Xx)}
is an SS-sw-open set, but it is not SS-G-open.

Corollary 28. We can summarize the above relationships with the help of [Corollary 3.19,
[37]], in the subsequent ramifications for an SSTS (x, p,n), which cannot be reversed .

ROS*(x)y —OS°(x)y — aOS*(x)y —> SOS*(x)y — BOS*(x)n — SD*(x)y

N\ ¥ /
SWO*(x)y

Figure 1. The relationships among SS-sw-open sets and other generalizations.
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4. Soft continuity (openness) inspired by supra soft sw-open sets

In this section, we introduce new types of soft continuity related to SS-sw-open sets,
named SS-sw-cts functions. We characterize many of its essential properties. Also, we have
studied its relationships with previous similar types of generalizations. We used SS-sw-
closure (interior) operators to present several equivalent conditions of our new approach.
Furthermore, we define a new type of functions inspired by SS-sw-open sets, named SS-
sw-open functions.

Definition 29. A soft function sy : (x1,01,m) — (X2,02,1m2) with p1 as an associated
SSTS with o1 is said to be an SS-sw-cts if Y3t (G,m2) € SWO(x1)n, V (G, 12) € 02.

Note 30. According to Figure 1, we have the following diagram.

SS-reqular-cts — SS-cts — SS-a-cts — SS-semi-cts —  SS-B-cts — S§S5-sd-cts

N\ ¥ /
SS-sw-cts

Figure 2. The relationships between some generalizations of SS-continuity

The next examples show that, the implications in Figure 2 are not reversible.

Examples 31. (1) Let x1 = {ri,r2, 73,74}, x2 = {t1,t2,t3,ta}, m = {V1,02} and n =

{61,62}.
Define s:x1 — x2 and w :n1 — 12 as follows :

s(r1) =t1, s(r2) = ta, s(rs) = ta, s(ra) =t3, w(V1) = 01, w(V2) = bs.
Let o1 = {x1,%, (A,m)} be an STS over x1, where
A(Wh) ={r}, AD2)=¢.
Let p1 = {x1,9,(Qi,m),i =1,2,..,5}
1s an associated SST'S with o1, where :
Q1(V1) = x1,  Q1(92) = {r1,r2}.
Qa2(V1) = {rs,ra}, Q2(92) = {r1,m2}.
Q3(01) = {ri,ra},  Qs(d2) = {rs, ra}.
Qa(¥1) ={r}, Qa(d2) =

Qs(V1) = {r1,r2},  Qs5(92) = {r1,rs, ra}.

Let o3 = {X2, 9, (P,©2)} be an ST'S over xa ,where :
P(61) = {t1,t2,t3},  P(02) = {t1,13}.
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Then,
Yo (P,O2) = {(91,{r1,73,74}), (92, {r1,74})}

is an SS-sw-subset of X1, but not SS-semi-open. Therefore, sy, is an SS-sw-cts, but
not SS-semi-cts.

(2) Let R be the set of real numbers, n1 = {01,92} and n2 = {01, 62}.
Let s : R — R and w : m1 — 12 be the identity functions.

Let oy = {R,$,(A,m)} be an STS over R, and let
p1in Examples 27 (1) be an associated SSTS with oy.
Let o9 = {R, ¢, (H,m2)} be an STS over R ,where :
H(61) = {4}, H(62) = {6}.

Then,
Vg (H,m2) = {(91,{4}), (V2,{6})}

is an SS-sd-subset of R but not SS-sw-open. Therefore, gy is an SS-sd-cts but not
SS-sw-cts.

(3) In (2), we have ¥} (H,n2) = {(01,{4}), (02, {6})} is an SS-B-subset of R but not
SS-sw-open. Therefore, Vg, is an SS-B-cts but not SS-sw-cts.

(4) Let x1 = {r1,7m2,73, 74}, x2 = {t1,t2,t3,ta}, n1 = {01,092} and nz = {01,02}.
Define s:x1 — x2 and w : n1 — 12 as follows :
s(r1) = ta, s(ra) =ts, s(rs) =t1, s(rqa) = ta, w(V1) = 01, w(V2) = ba.
Let o1 = {x1, %, (I2,m)} be an STS over x; and
p1in Examples 27 (2) be an associated SSTS with oy.
Let 09 = {X2, %, (S,m2)} be a ST'S over xa where,
S(6h) = {t1,t2,t3}, S(02) = x2,

Then,
P ((S,m2)) = {(01, {ra, rs, r4}), (P2, x1)}

is an SS-sw-open set, but it is not SS-B-open. Hence, ¥4 is an SS-sw-cts, but it is
not SS-B-cts .

Definition 32. Let (G,n) be a soft subset of an SSTS (x, p,n), then
(1) int3,(G,n) = U{(0,n) : (O,n) € SWO*(x), and (0,n)C(G, )}
(2) cl3(Gon) = {(H,n) : (H,n) € SWC*(x)y and (G,n)C(H,n)}.
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(3) (G,n) is called SS-sw-co-dense if ints,(G,n) = ¢.
(4) (G,n) is called SS-sw-dense if cls,(G,n) = X.

Theorem 33. Let vy : (x1,01,m) — (x2,02,m2) be a soft function with p1 as an
associated SSTS with o1; then, the subsequent statements are equivalent:

(1) Y is an SS-sw-cts.
(2) For each (E,n2) € 05, Yot (E,m2) € SWC?(X1), -
(3) cliy (Vs (B, 11)) Sty (B, m2)) ¥ (B, 72) SXa-
(4) Vsuw(cli(Gym)) Sl (Wsw (G m)) ¥ (Gym)Sxi-
(5) Yo (int(E, 1)) Sintsy, () (B,m2)) ¥ (E,12)CXo.
Proof.
(1) = (2) Let (B,12) € 0; then, (E% 1) € 0a. Given (1), ¢ (B, m2) = [1h5, (B, m2)]" €
SWO*(x1)y,- Hence,
Ysw (B, 12) € SWC*(x1) s
(2) = (3) Since cl(E,n2) € 0§ for each (E,n2)Cxa2,
Vo (cl(E,m2)) € SWCH(x1)n» given (2), which implies
g (Vs (B 112)) Sel, (Vi (B, 112))) = Wi (l(E, 112)).
(3) = (4) Given that, ¥, (G, n1)Cx2 for each (G, n;)Cx1, and applying (3), we have
Loy (Vs (s (Gmm))) Sy (el (00 (G )
Hence,

Uswlcl (Vs (s (G m1) )] Ssw Vs (l (Vs (G, m) )] Cel (Ysw(G,m1)), from Theorem 5 (2).

Therefore,

Vaw (€l (G, m)) Sl (s (G, m)), from Theorem 5 (3).
(4) = (5) Since ¥} (E° n9)Cx1 for each (E° 19)Cxa. Applying (4),
Dswlelin s (B 1)) Cel (s [V (B, m2)]) Sl (ES,n2) = [int(E, n)]".
It follows that,

Yo Vs (clin [ (B m2)])| Sy [lint (B, 12))] = (g, (int(E,12))]°.
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Hence,
A3 [ (V5 (B, 1)) Sl (int(E,12))]¢, from Theorem 5 (3).
Therefore,
Y (it (E,12)) el (5 (B, 1)) = intSy, (5 (B, 12)).
(5) = (1) Since (E,n2) = int(E,132) for each (E,12) € 0. Then,

w;j (E7 nQ)Qintzw (w;j (E7 7]2))7 Jrom (5)7

and so ,
ity (Ve (B,m2)) = Y (B, 112) # .
It follow that,
Vi (E,12) € SWO* (x1)1y -

Thus, s, is an SS-sw-cts.

Theorem 34. Let sy, : (x1,01,m) — (Xx2,02,m2) be a soft function with p1 as an
associated SSTS with o1; then the subsequent statements are equivalent:

(1) ¢sw is an SS-sw-cts.

(2) There exists ¢ # (O,m) € p1 such that (O,m)Cy . (E,n2), for each (E,m2) € o9
with Vg (E,12) # @

(3) There exists X1 # (C,m1) € p§ such that 5} (E,n2)E(C,m1), for each (E,n9) € o
with g, (B, m2) # X1

(4) Ysw(G,m) is SS-dense over Vg, (x1), for each (G,n1) SS-dense over xi.

Proof.
(1) = (2) Immediate from Proposition 13 (2).

(2) = (3) Let (E,nm2) € o5 with ¢/ (E,m2) # x1. It follows that, (E°,n2) € o2 with
V(B m2) # @. Given (2), there exists ¢ # (O,m1) € p1 such that (O, m)Cat (B¢ n9).
Hence, ws_u}(Eﬂh)E(Oca 771)7 X1 7é (Ocvnl) € p{i'

(3) = (4) Assume conversely, 14, (G, n1) is not SS-dense over 14, (x1), for some (G,n;)
SS-dense over x1. Then, there exists Yo # (F,72) € 0§ such that 1, (G, 71)E(E, 72)Ctbsw (x1),
and so (G,m)E¥5 (E,n2). Given (3), there exists Y1 # (C,m1) € p§ such that
(G,m)CYat(E,n2)E(C,m) # X1, which contradicts our assumption.
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(4) = (1) Let (E,n2) € o9 with ¥} (E,n2) # $. Assume contrary that 1} (F, ng) is
not SS-sw-cts. Then, int(¢,}(FE,n2)) = @, which follows cl(15} (E 12)) = x1. This
means that ¥} (E n2) is SS-dense over x1. Given (4), s, [thsd (B n2)] is an SS-
dense over 14, (x1), and so (E,n2) = ¢, which contradicts our assumption. Thus,
Pgw 1S an SS-sw-cts.

Proposition 35. Let sy : (x1,01,m) — (Xx2,02,12) be an one to one soft function with
p1 as an associated SSTS with o1; then the subsequent statements are equivalent:

(1) ¢sw is an SS-sw-cts.
(2) Ysw(G,m) is soft co-dense over xa, for each SS-sw-co-dense subset (G,m1) of X1.
Proof.

(1) = (2) Assume conversely that, 1s,(G,n1) is not soft co-dense set over xo for any
SS-sw-co-dense subset (G, 1) of xX1. It follows that, int[ts, (G, n)] # ¢. Given (1),
Yo lint[sw(G,m)]] € SWO*(x1)s, - Since 14, is one to one,

@ # int s[5 [t s (G, m) | Eintsw [V, [Wsw (G, m)]] = intsw (G, m).
Hence, (G, 1) is not SS-sw-co-dense set, which is a contradiction.

(2) = (1) Let ¢ # (G,m) € o2. Assume conversely that, ¥} (G,m) & SWO*(x1)n,,
then intg,[Y5,.(G,m)] = ¢. By condition and given 1), is one to one, we get

@ = int(Yswlintsw[Vas (G, m)]]))Eint(Vsw Vst (G,m)]) = int(G,m), which is a con-
tradiction.

Definition 36. A soft function gy : (x1,01,m) — (X2,02,1m2) with ps as an associated
SSTS with o is said to be an SS-sw-open if Vg, (G,n1) € SWO*(x2)n, V (G,m) € 01.

Proposition 37. A soft function vy, : (x1,01,m) — (X2,02,02) with pa as an associated
SSTS with oo is SS-sw-open if and only if for each ¢ # (G,m1) € o1, there exists ¢ #
(Hv 772) € SWOS(XQ)WQ such that (Ha 772)E7!}5w(G7771)'

Proof. Immediate from Definition 36.

Theorem 38. Let vy : (x1,01,m) — (Xx2,02,m2) be a soft function with py as an
associated SSTS with og; then the subsequent statements are equivalent:

(1) sy is an SS-sw-open.

(2) Ysw(int(W,m))Sints, (Ysw(W,m)), for each (W,m)Cxi.

(3) Y (cl(Z,m2))Ecl (V50 (Z,112)), for each (Z,m2)CXa.

Proof.

(1) = (2) Since int(W,m)S(W,m), Ysw(int(W,m)) Ssw (W, m1)). Given (1),
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ity [V (it (W, 11))] = o (int (W, 1)) Sint g, [ (W, m)]-
(2) = (1) Assume that @ # (W,n1) € o1. Then,
Ysw (int(W, 1)) = Vsw(W,m1) Sint e, [thse (W, m))]-
However,

intzw [@Z)sw (VVa m )] Q¢sw (W, m ) 5 and therefore

it g, [Ysw(W,m)] = thew(W,m).
Thus,
(W,m1) € SWO?*(x1)e,; hence, 1g, is SS-sw-open.
(2) = (3) Since ¥} (Z° n2)Cx1 for each (Z,12)Cxa. Applying (2),

Ysw (it (P (Z°,1m2))) Cintgy, (Ysw (Y (Z2°,1m2))) Sint,, (26, m2) = [l (Z,m2)]",
from Theorem 5 (3).

So,

cl[(Vew (Z,m2)))°

it (Yo (Z°,102)) Szt [Wsw (int (Y (25, m2)))| Shga (el (Z, 12)].

Hence,

Vi (€l (Z,12)) Ecl (s (Z,712)).-
(3) = (2) By a similar technique.

Theorem 39. Let sy : (x1,01,m1) — (X2,02,m2) be an one to one soft function with
p2 as an associated SSTS with oo; then the subsequent statements are equivalent:

(1) ¢sw is an SS-sw-open.

(2) There exists X2 # (B,n2) € p§ such that e, (A, m)E(B,n2), for each (A,m) € of
’LUZth @/sz(A, 7’]1) ;é X~2.

Proof.

(1) = (2) Let (A,m) € of with ¢s,(A,m) # X2. It follows that, (A% m) € o1. Given
(1), there is ¢ # (B, n2) € pa such that (B,72)Ctbsy, (A% n1). That is,
%w(Aﬂh)E(Bcﬂh)a wsw(XH) # <B67n2) = p%
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(2) = (1) Let ¢ # (G,m) € o1. It follows, ¥1 # (G°,m) € o§. Applying the condi-
tion, there exists X2 # (H,m2) € p§ such that 1, (G n1)E(H,n2). This implies,

(H®,m2)Ctbsu (G, m), @ # (HE m2) € pa. Hence, 1o (G,m) € SWO*(x2)y,. There-
fore, g, is an SS-sw-open.

Theorem 40. Let vy : (x1,01,m) — (Xx2,02,m2) be a soft function with py as an
associated SSTS with oo; then the subsequent statements are equivalent:

(1) ¢sw is an SS-sw-open.
(2) YoL(K,n9) is soft dense over x1, for each (K,n) SS-sw-dense set over xa.
Proof.

(1) = (2) Assume conversely that, ¥} (K, n2) is not soft dense set over x; for arbitrary
SS-sw-dense subset (K,n2) of Xa. It follows that, there is x1 # (V,n1) € of such
that ;! (K, 1m2)E(V,n1). Tt follows that,

(V) E(K, o) (1)
Since ¢ # (VE,m) € o1, given(1) there exists ¢ # (H,n2) € SWO*(x2)y, such that
(H,12)E%(VE,m), from Proposition 37. (2)

From Eqs (1) and (2)7 (K7 n?)i(Hﬁﬂh)v (H67772) € SWCS(XQ)”]Q' That iS, (K7 772)
is not SS-sw-dense set, which contradicts our assumption. Therefore, ¥} (K, 79) is
soft dense set over ;.

(2) = (1) Let @ 7& (Gﬂh) € o1. If T/sz(Gml) ¢ SWOS(XQ),?%, then Iint[d}sw(Ganl)] = ()57
and hence cl[1)s, (G n1)] = Xo. It follows that, s, (G, m1) is an SS-sw-dense set
over 2. By assumption,

Al [V (G )] = X1 (3)

However, we have (G, nl)iws_u} [¥sw (G, m1) from Theorem 5. Hence, ;) [wsw(Gé, ) E(GE,m).
Since (G,°m) € of,

el [Vsw (G, )| E€l[(GE,m)] = (G, m) (4)

From Eqs (3) and (4), 1C(G¢,n1), which follows (G,7n1) = @, which is a contradic-
tion. Hence, 15, (G,m) € SWO?*(x2)n,, and therefore 1), is an SS-sw-open.

5. Conclusion

In this paper, we used the supra soft interior operator to define a new approach of gen-
eralized sets named, SS-sw-open sets. We studied the essential characterizations of this
new approach. We discuss its relationships with the other generalizations and provide the
necessary examples and counterexamples. Furthermore, we applied this new notion to soft
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continuity. Especially, we presented the notions of SS-sw-cts and Ss-sw-open functions.
Moreover, we used the SS-sw-closure (interior) operators to present several equivalent con-
ditions for our new approaches.

We plan to extend the previously mentioned concepts by basing them on the soft ideal [32].
Furthermore, by employing the aforementioned methods, additional topological character-
istics like separation axioms, compactness and connectedness will be presented, and this
will be the focus of our upcoming work. Lastly, using the presented generalizations, the
enhancement of the accuracy measures for subsets in information systems will be taken
into consideration.
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