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Abstract. Making use of the principle of subordination, we define a certain subclass of p—valently
Bazilevi¢ and non-Bazilevi¢ functions associated with the Lemniscate of Bernoulli. Also, subordi-
nation results, convolution properties, coefficients estimate and Fekete-Szegt inequalities for this
subclass are derived.
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1. Introduction

Let ‘H (U) be the class of all analytic functions in U = {{ € C: || < 1}. For x,p €
H (U), we say that x (§) is subordinate to p (§), written x < pin U or x(§) < p(&) (£ € U),
if there exists a Schwarz function w (§), which (by definition) is analytic in U with w (0) =0
and |w (§)| < 1(§ € U) such that x(§) = p(w(§)) (£ € U). In addition, if p (£) is a univalent
function in U, then we have the following equivalence (see [1] and [2]):

x(€) = p(€) (£€U) <= x(0)=p(0) and x(U) C p(U).

Also, let A, denote the subclass of H (U) consisting of functions of the form:

XEO =+ > a® (peN={1,23,.};¢e), (1)

k=p+1
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which are p-valent in U with A, = A. Sokdl and Stankiewicz [3] defined the class SL*
consisting of analytic functions x € A satisfying the next inequality

| 56 B

<1,

which is equivalent to

X e = vite

where the function
¢§)=v1+¢ (£ (2)
maps U into the domain O = {w € C: R{w} > 0, |w? — 1| < 1} and its boundary 9O is
the right-half of the lemniscate of Bernoulli (:E2 + y2)2 -2 (3:2 - yQ) = (. Several geometric
properties of SL* were studied by many authors (see, for example, [4-7]).
Using the principle of differential subordination and the function ¢ (£) = /1 + £ of the

Bernoulli domain of lemniscate, we now define a new subclass BN, (), a, 8) of Bazilevi¢
and non-Bazilevi¢ functions as follows:

Definition 1. A function x € A, is said to be the subclass BN}, (A, o, ) when it satisfies
the next subordination condition:

() PP v e

all the powers are principal values and throughout the paper unless otherwise mentioned
the real parameters \, «, B are constrained as o # 3, p € N and £ € U.

We note that

() B, (0, a,0) = B, (h,0) = {x € 4, (1)) (Xg,?)a + 28X (@)a < VIFE}
(see [8]);

~

x(

» \P / » \B
() BAG (,0.8) =4, 0 = {x e A (140 (55) - A8 (%) < v e}

(i) BA1(0,a,0) = B(ha) = {xed:(1-x) (22)" + 120 (x0)" 2 15}
(see [8]);

B / B
(iv) BN1(),0,8) =N (A, B) = {X eA:(1+A) (%) — Al (%) < VI +§};

(v) BN, (A, 1,0) = By (\) = {X €Ayt (1-0) X8 42X < \ﬁug} and B (\) =

BO) = {xeA: (1-0)X2 42 (€) < VIFE] (see [8))
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(vi) BNpu,o,l):N(A):{xeA (1) g ~ A < VIFE and M () =
N ={xed: 1+1) 5 - 238 < vTHe)s

(vii) BNp (1,,0) = By (o) = {XGA i é)

{x eA: f:&) (%)a < \/ﬁ} (see [8
A,

<x€(§)>a < VITE} and By (o) = B(a) =

(1) B, (-1.0) =49 - {XG S8 () < VIFE  ad i (5) =N (5) =

(ix) BN, (1,0,0) = SL = {x €Ay X8 < T g} and SL} = SL* = { €A &l o
In order to establish our main results, we need the following lemmas.

Lemma 1. [9] Let h (§) be univalent and convex the function in U with h (0) = 1. Suppose
also that p (&) given by

p() =1+ ci&+ e+ ... (4)
is analytic in U. If
©+LE he @200 £uceD), )

then .
p(€) < q(€) :7@/0 B0 dt < h(€),

and q (§) is the best dominant.

Lemma 2. [10] For real or complex numbers a,b,c(c #0,—1,-2,...) and £ € U,

/Olt“u—tf“u t€)~dt = " 501 (a, b ¢;6) (R(e) > R(b) > 0); (6)

o (a,b;c;€) = (1 —&) % oYy <a,c— b; ¢; ¢ f 1> : (7)

Lemma 3. [11] Let x (&) = 3. 0k be analytic in U and p (&) = 3. br€¥ be analytic and
k=1

convex in U. If x < p, then
ok <|b1] (K €N).

VIFE}.
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Lemma 4. [12] Let p(§) = 1 + Z etk e P, , let p be analytic in U and satisfy
R{p (&)} >0 for £ € U, then the followmg sharp estimate holds
lco —vef| < 2max {1,20— 1|}  for all v € C. (8)
The result is sharp for the functions given by
1+¢ 1+4¢

Lemma 5. [12] Ifp(§) =1+ E etk € P, then
=1
—Av+2  if v<o,
o —vef| <4 2 if 0<v<l, 9)
v — 2 if v>1,

when v < 0 or v > 1, the equality holds if and only if p(§) = (1 +&)/(1 — &) or one of its

rotations. If 0 < v < 1, then the equality holds if and only if p(£) = (1 4+ €2)/(1 — &£2) or
one of its rotations. If v = 0, the equality holds if and only if

(1A 1+E (1-A\1-¢
p@)( 5 >1_£+< 5 >1+£ (0<A<1)

or one of its rotations. If v =1, the equality holds if and only if p is the reciprocal of one
of the functions such that equality holds in the case of v = 0.
Also the above upper bound is sharp, and it can be improved as follows when 0 < v < 1:

1
}CQ—I/C%‘+1/]61]2§2 <0§V§2)

and )
|02—yc%‘+(1—u)\cl\2§2 <2§y§1).

In some literature, we found many works related to the subclasses of Bazilevi ¢ or
non-Bazilevi¢ analytic functions which are sometimes defined by linear operators. For
example, we can see those subclasses in the papers in [13-22]. The novelty in our paper
is that we have combined Bazilevi¢ and non-Bazilevi¢ analytic functions in one subclass
BN, (A, a, B) to study some geometric properties such as subordination properties, inclu-
sion relationship, convolution result, coefficients estimate and Fekete—Szegd inequalities.

2. Geometric Properties for BN, (\, a, )

Theorem 1. If x € BN, (A, a, 8) with 6 > 0, then

X (&1 Lo (L pperd) ¢
[gp} <QE)=(1+¢) <2,1, s +1,1+£><\/1+5, (10)

where the function Q (€) is the best dominant.
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Proof. Let

a—p
=2 e (1)

Then the function p(£) is of the form (4), analytic in U and p(0) = 1. By taking the
derivatives in the both sides of (11), we get

(-2 ] e 8 o

Since x € BN, (A, o, 3), we have

Ap' (€)
p(€)+p7(a+ﬁ) <V1+¢.

platp)
py

Now, by applying Lemma 1 for v = , we derive that

x (§) af _p(OmLﬁ) —p(atp) € plath) 1
[ & } ‘<Q(f)—ff /Ot (1+1t)2 dt
- D [ gt
0
= (1487 o0 (—;,1;p(o‘j D 1i5) , (13)

where we have made a change of variables followed by the use of identities in Lemma 2
with a = —%, b= % and ¢ = b+ 1. This finishes the proof of Theorem 1.

Taking S = 0 in Theorem 1, we get
Corollary 1. If x € B, (A, ) with % > 0, then
x () 1. pa 3
(o T (P PR iy P (]
|: §p 2441 < 27 ) )\ + 3 1 +§ = +£7

where Q2 (&) is the best dominant.

[N

rwz(s):ms)

Taking a = 0 in Theorem 1, we get

Corollary 2. If x € N, (A, ) with % > 0, then

SIS

e 1°
[x@)] Q) =(1+9)

where Q3 (§) is the best dominant.

2{l <—;,1;p//\8 +1;€> < V1+¢,

1+¢
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For a function x € A, given by (1), the generalized Bernardi-Libera-Livingston integral
operator Ly, : A, = Ay, with 1 > —p, is defined by (see [23-26])

3

+p _

L@ =" [0 xwat (n> ). (14
0

It is easy to verify that for all x € A, we have

E(Lp,ux(€)) = (1 + p)x(&) — pLpux(E). (15)

Theorem 2. If the function x € A, satisfies the next subordination condition

() [229] raee [P v w

with %‘Fﬁ > 0 and Ly, is the integral operator defined by (14), then

[Lf’gf(f)r_ﬁ SK(E) = (1462 o0 (—;,1; (O‘JFB)A(]”“) +1; 1i£> <VI+E,
where the function K is the best dominant of (16).
Proof. Let
p(€) = [L’”gf@]ﬁ (€eu), (a7

then p is analytic function in U. Differentiating (17) with respect to £ and using (16) in
the resulting relation, we get

_a-p Lp,ux@)r—ﬁ a—B, x(© [Lp,ux@r‘ﬂ
(1 a+6A>[ & T B L@ | e

B AP (§)
=P G VTS

Using the same method we used to prove Theorem 1, the remaining part of this theorem
can be derived in a similar way.

Theorem 3. x € BN}, (\, o, ) if and only if

X197 (1-](+ 5 e (14 Ve 426t [0 (141/17e) +1] €2
9] ( o ), 40 ay)
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Proof. For any function x € A,, we can confrim that

TP o
and
SPElTop T

First, in order to prove that (18) holds, we will write (3) by using the principle of
subordination, that is,

(155 P9 e Y] - v

where w (§) is a Schwarz function, hence

(552 [ S e

for all € € U and 0 < 6§ < 27. From (19) and (20), the relation (21) may be written as

[x@qaﬁ*{lVT+€”(l)‘2¢T+ew)qu*(¢%1 Lo

X (§) p(a+B)
& (1—-¢)°

which is equivalent to

WO, [t (o) e oyl
[ 1% } * (1-¢) 70,

that is (18).
Reversely, let x € A, satisfy the condition (18). Like it was previously shown, the
assumption (18) is equivalent to (20), that is,

(1_a—ﬁA> [x(é)rﬁjLoz—ﬁAfx’(é) {x@)rﬁ#m EcU). (@

atb e RN GENT
Denoting
_ a—0 . ’ a—p
o= (S D PT -

the relation (22) could be written as ¢(U) N (0U) = (). Therefore, the simply connected
domain ¢(U) is included in a connected component of C \ 1(9U). From this fact, using
that ¢(0) = 1(0) = 1 together with the univalence of the function 1, it follows that

p(€) < (E), that is x € BNp (A, o, B).

Taking 8 = 0 in Theorem 1, we get
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Corollary 3. x € By, (A, a) if and only if

&P (1-¢)°

Taking a = 0 in Theorem 1, we get

Corollary 4. x € N, (A, B) if and only if

X (€) (1-9)°
Theorem 4. If x (§) given by (1) belongs to BN}, (A, o, B), then

2]oc = Bllp(a+B) + Al

Proof. Combining (1) and (3), we obtain

() P s e

(a=B)[p(a+B) + A
pla+p)
An application of Lemma 3 to (24) yields

(a—=B)[p(a+B)+ A
p(a+pB)

Thus, from (25), we easily obtain (23) asserted by Theorem 4.

=1+

<1
5"

Qp+1

Taking 8 = 0 in Theorem 1, we get
Corollary 5. If x (€) given by (1) belongs to B, (X, «), then

p
< — .
|QP+1| = 2‘p0(+)\|

Taking o = 0 in Theorem 1, we get
Corollary 6. If x (§) given by (1) belongs to N, (A, B), then

p
Op+1| < 57—~

(X (O)a . (1—{(14-17)&)519 (1+ 1+e“’)+2]£+ [e*ié) <1+ 1+6i6)+1]£2> 0.

( ¢ >5* (1_{(1_};\&)6_“0(14- Lei?) +2)e+ e (14 1+ei9)+1]£2> 40,

1 1
Qp+1§+....-<\/1+£:1+§§—§§2+....

8 of 14

(23)

(24)

(25)
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3. Fekete-Szegd Problem for BN, (\, «, ()

In this section we study the Fekete-Szegd inequalities for the class BN (A, o, ). It
is worth noting that many authors have been investigated the Fekete-Szegd problem for
several subclasses of analytic functions (see, for instance [27-32]).

Theorem 5. If x given by (1) belongs to the class BN (A, o, 8), then

pla+4] 1 p(a+8)[p(a+B8)+2)] (a—f+2u—1)
|ep+2 =~ i | < gagfiptaramon max{1’4 1+ pletibeiless, ‘} (26)

Proof. If x € BN (X, @, 3), then there is a Schwarz function w in U such that

(1 _« —%) {x@)r—ﬁ o= f &X' (©) [x@r‘ﬁ _
a+f &p a+B px(&) [ &
Define the function g (§) by

1+w(§), (27)

1+w(§)
1-w()

Since w (£) is a Schwarz function, we see that g € P with g (0) = 1. Therefore,

29 (£)
g€ +1

g(&) = =14 c€+ct®+.... (28)

1 1 5
1+w(§) =1+ chf + <4 3261> &+ .. (29)
Now by substituting (29) in (27), we have

(1_04—@) [x(f)]“‘ﬁJra—ﬂAﬁx’(f) [X@)r_ﬁzuclu(@—5‘3%)&....

a+p &p a+f px(§) | € 4 4 32
Equating the coefficients of ¢ and &2 we obtain
p(a+p)

DT L a=B)platB) +A"

_ p(e+B) 1 petBe-B-Dplath) 2]\ ,
T L a—B)plat )+ 2N [2 8<5+ (= B) [p(a+B)+ A > 1].
Therefore,
2 p(Oé-f-ﬁ 2

Qp+2—,u0p+1—4(a_ﬁ)[p(a+ﬂ o {eg —vei}, (30)
where

1 pla+B)[pla+pB)+2N(a—B+2p—1)

H & (@B p(ath) T AP | oy

Our result now follows by an application of Lemma 4. This completes the proof of Theorem
5.

Putting 6 = 0 in Theorem 5, we obtain the following.
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Corollary 7. If x given by (1) belongs to the class By (A, ), then

1 2A 2u—1
/LQ2+1|SLmaX 1= 1+P[P04+ ](OH‘ZM ) '
P 2|pa + 2 4 (pa+ A)

|Qp+2 -

Putting a = 0 in Theorem 5, we obtain the following.

Corollary 8. If x given by (1) belongs to the class N, (A, B), then

2 p p(pB+2X\) (B—2n+1)
Op+2 — MO Smax{l;‘l—}— .
lors2 = eyl < 3575y 1 0B+ A)°

Theorem 6. Let

1 5e=Bpe+s)+N
T 2<1 7 p(a+5)£p(a+ﬂ)+2A]>’
(s 3=A et +N
T 2<1 +ﬁ+p(a+5)[p(a+ﬁ)+2ﬂ>’

s (a=B et )+
T 2<l w7 p(a+5)[p(a+,@>+2A}>'

If x given by (1) belongs to the class BN (A, v, 8), then

platB) 1 _ platp)(a—p+2u—1)
8(a—pB) [ ﬁ[’p(a+,3)+2,\] (a—B) (a4 B)+ 2 } (n < oq)
|r+2 = ppia| < (a ﬁ?[(po@r)ﬁ)ﬁk] (o1 < p <o)
+8) 1 p(a+B)(a—p+2p—1)
Sa-9) [WWH?M T 0B plet B+ ] (= 02)

Further, if o1 < p < o3, then

1
2 5(a—B)[p(a+B)+A atf
|op+2 = popi1 | + 5 [pgawgggawgwl} o= B2 1} ler1l” < astasmremy

If o5 < p < o9, then

1 2

2 3(a=B)[p(a+B)+A] 2 (a+p)

|op+2 = HGpar| + 5 el ot 8- 2u+ 1] lepnl® < sy
Proof. Applying Lemma 5 to (30) and (31), we can get our results of Theorem 6.
Putting 6 = 0 in Theorem 6, we obtain the following.
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1
>7U5:2<1—a+

Corollary 9. Let

04

06

5 (pa+ \)?
p(pa+ 2X)

(pa + A)°
p(pa+2X)

) |

If x given by (1) belongs to the class By, (X, a), then

|opr2 — popia| <

Further, if o4 < p < 0g, then

1
|op+2 — nop| + 5

Ifos < p < o5, then

1
’Qp+2 - MQ;27+1’ + B

Putting @ = 0 in Theorem 6, we obtain the following result.

<1+ﬁ—

Corollary 10. Let

1 5(pB+N)? 1
= —(1 S\EET A S
o 2( T ESV) R
1 (pB+ N’
= - |1+8+—FF== -
7 2( ot B2
If x given by (1) belongs to the class By, (X, B), then
P { 1 p(ﬁ—2u+1)}
8 LPAT2A T (pB+2)?
|op2 = nop| <4 ~apaTEn
) [ 1 p(B—2p+1)
8 [pA+22 T (pB+n)?
Further, if o7 < u < 09, then
1] 5(p8+))° ]
2
—~ to S Bt 2u -1
‘QP+2 :u‘Qp—i-l‘ 9 i p(p6+2)\) B 1% ]
If o9 < p < 03, then
1] 3(p8+2)? ]
|op12 = peja| + 5 | - ( LR

p [ 1 plat+2p—1)
8 | pa+2X (pat-A)?

2pa T2N)

p 1 _|_ p(a+2l1’_1):|

8 | pa+2A (pa+)\)2
(5 (pa + \)? _
—— 4 a+2u-—-1
p (pa+ 2)) H
_ ) i
Bt A 91
p (pa+ 2))

p(pB+2))

’Qp-i—l’

3 (pa+ \)?
p (pa+ 2X)

2

3(pB + \)?
p(pB+2X)

)

)

} (u > o8)

2(pB+2))

2(pB+2))
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4. Conclusion

In this presentation, we have defined the subclass of multivalently Bazilevi¢ and Non-
Bazilevi¢ functions that are subordinate to the function of the Bernoulli domain lemnis-
cate BN}, (A, a, 3). We have investigated some interesting properties such as subordina-
tion results, convolution properties, coeflicients estimate and Fekete-Szeg6 inequalities for
functions belonging to this subclass. This paper provides significant contributions to the
study of some geometric properties of the Bazilevi¢c and Non-Bazilevi¢ functions. It also
highlights the potential for future research to explore important geometric properties for
similar subclasses of analytic functions involving linear operators.
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