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Abstract. In this article, we use generalized (k, s)-Riemann-Liouville fractional integral operator
(GRLFIO) to explore the reverse forms of Minkowskis, Holder and Hermite-Hadamard-Fejer type
inequalities within an interval-valued (z.v) (X3! U) class of convexity. We comprise various ex-
isting definitions and propose the novel concept of an 2.v (X*T1,U) convexity. Our findings show
the remarkable adaptability by adjusting parameter bounds for (k, s)-GRLFIO within structure of
an 7.v (X**1,U) convexity presenting broader generalization and new perspective advancements to
Hermite-Hadamard-Fejer and Pachpatte-type inequalities. In order to facilitate their applications,
we examine the further consequences, constructed specific inequalities and illustrate them through
graphical representations. Additionally, we validate the results using tables for various fractional
orders. This study establishes the foundation for future research into the mathematical inequali-
ties by emphasizing the importance of fractional integral operators and the expanded concept of
convexity.
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1. Introduction

Abel was the first scientist in the history of fractional calculus to use it to solve the
Tautochrone problem [1]. To further improve the field, researchers have published their
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work [2, 3]. These studies have made a significant impact on the applications and ac-
complishments of fractional calculus in mathematical modeling and applied analysis [4, 5].
Without a non-singular kernel, Caputo et al. introduced the well-known Caputo deriva-
tive in [6]. Still, there are a number of important research gaps in the idea. Several
academics have created their own fractional operators with non-singular kernels to fill in
these gaps [7-10]. Non-linear and non-singular extensions of fractional operators and their
symmetric features were established by Wu et al. in [11]. A non-linear and non-singular
fractional derivative was also introduced by Samraiz et al. in [12], who also examined
its uses in applied analysis. In [13, 14], additional advancements in fractional operators
using different kinds of kernel functions were introduced. The reader is referred to [15] for
further information and applications concerning fractional operators. Convex analysis is
based on the idea of convex functions (¢f) and sets with convex epigraphs. Convexity is
important in many areas of mathematics such as optimization, fixed point theory, topolog-
ical spaces and advanced analysis. A positive second-order derivative indicates concavity,
and derivatives can be used to assess the convexity of functions. Known for its real-world
applications, the theory of inequalities encompasses several branches of mathematical anal-
ysis. Error limitations for numerical quadrature methods, including the trapezoidal rule,
midpoint rule, Ostrowski’s rule, and Simpson’s rules, are notably refined by integral in-
equalities, especially when cf and their generalizations are applied. Additionally, these
bounds show links between special functions, probability theory, information theory, and
other fields. The notion of convexity can be used to generate a number of basic and
Hermite-Hadamard-Fejer inequality. Let a function @ : [r;,72] C R — R be continuous,

SO
T2
o ritre < 1 / @(.ﬁ(})d{ﬂ < M
2 Tog — T 2

T1

One could consider this inequality to be an extra standard for ¢f. Additional information
can be found in [16, 17]. Wu redpresented the unified form of convexity, explained as
follows.

Definition 1. [18] If a function X : ® — R be monotonic continuous-(mc) function, then
® C R is considered to be N-convex set based on N if:

NI =X (2) + 0N () € ®,
for allx,y € ® and 6 € [0, 1].
We, now resume the class x-cf.

Definition 2. A function @ : ® — R is stated to be -cf with respect to (w.r.t) strictly
mec function N if:

FONTHAL =) N (2) + 0N (1)) < (1 - 0)2(x) +02(y),

for all x,y € ® and 6 € [0, 1].
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In order to investigate the several relevant scientific domains, numerous authors have
combined fractional calculus with 2.v concepts. Working along these lines, Breckner de-
veloped the idea of set-valued cf, as seen below.

Definition 3. [19] A function @ : [r1,r2] — R} is stated to be 1.v cf, if:
F((1=0)r1 +6ra) 2 (1 —0)2(r1) +02(r2),0 € [0, 1].

The first person to apply inequalities to set-valued functions was Sadowska [20]. He
investigated the Hermite-Hadamard-Fejer inequality in the context of set-valued cf. If
function @ : [r1,72] — R be an w.v cf, so

®<r1 +T2) 5 1 /T2 5(0)d6 > a(r1) +@(T2)_

2 T rg—11 - 2

T1

If B([r1,72]) is a collection of all divisions of [rq, 73] and B(p1, [r1,72]) be the family of all
divisions P in a way that meshP < p1, then @ : [r1,72] — R is referred to as .v Riemann
integrable on [ry, o], if there exist —€ R, and for each € > 0 there exist p > 0 such that:

d(S(Q7P7p)7®> <,

where S(@, P, p) specifies the Riemann sum of Phi for any P € B(p,[r1,r2]). The above
expression represents that ® is the (IR)-integral of @ such that:

® = (IR) / " 5(0)d6

For the sake of brevity, we specify the space of Riemann integrable functions and 2.v
Riemann integration on[ry, o] and by Ry, ., and IRy, ,,) respectively.

Theorem 1. [21] If a function &(0) : [r1,r2] = R be an w.v continuous, then

2(0) = [2.(0),2"(0)],2(0) € IR}, ) & D4(0),2%(0) € IR,

ra>
and
(IR) / f@(e)de): [(R) / j2 .(0)d0, (R) / :2 @*(e)de].

The Lebesgue integrable function (LI9) space is defined by L[r, r2]. Now, we retrieve
the Riemann-Liouville fractional operator, which are provided below.

Definition 4. [22] Let @(0) € [r1,72], then

3f;r®(7"2> = F(l,B) /T2 @(9)(7“2 — 9)’8_1d9,7“1 <rge,8>0.

Similarly, the right side of the Riemann-Liouville fractional operator is given below

Bf;,@(m) = F(lﬁ) / @(0)(0 —r1)°db, 1 < 19, 8 > 0.
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We, now replicated the .0 Riemann-Liouville fractional integral operator.

Definition 5. [23] Let @(x) be 1.v function such that @1(x), Do(x) € L[r1,ro], then

e
37 5(r) = / 5(0)(rs — 0)°~Ld0, 3 < 7,

I'(B)
and
35,®(7‘1) = I\(lﬂ)/y@(g)(e — Tl)ﬁ_ldQ,Tl <y,

with 6 > 0, obviously

30, 8(rs) = |30, 21(r2), 37, @2(r2) |,

and

357@(7"1): 3§7®1(7”1)7357@2(7”1) :

In recent years, 2.v functions based on different partial and total ordered relations
have been used to refine and generalize a number of integral inequalities. These works
provided the groundwork for subsequent developments especially in mathematical inequal-
ities pertaining to set-valued functions and represented the first attempts to improve the
practical applications of inequalities. We will derive several fractional variations of re-
verse Minkowski inequality, Holders inequality, Hermite-Hadamard inequality, its weighted
form known as Fejer-Hermite-Hadamard inequality and some inequalities for the prod-
uct of functions that are known to be Pachpatee’s type inclusions as applications of
this class. Since the generic class of convexity and its implications in inequalities is a
broader space of functions that contains redcf and non-redcf classes, it is the novel as-
pect of the current proceeding. Our developed results allow for the characterization of
large classes of functions. Our findings will also be useful tools for calculating different
bounds for the 2.v fractional operators. There are a few simulations for numerical ex-
amples provided to verify the accuracy of the suggested findings. With this work, we
intend to demonstrate further inequalities and related optimization issues to interested
readers. Now, we introduce the idea of v.v-(X\5*1,U) redcf, it indicates how several new
generalizations of convexity and the numerous classes of convexity that now exist can
be produced as special instances. For our convenient the family of 7.v-(Z\*T1, U) redcf,
1.0-(N*11 U) concave function, (X**1,U) redcf and (X*1, ) concave functions are rep-
resented as SIGX ([r1,79], R), SIGV ([r1,72], Rf), SGX ([r1,72], R) and SGV ([r1,72], R)

respectively.

Definition 6. Let s € R/{—1}, X be an increasing function and @ : [r1,r2] — R} be an
1.0-(NTH U) function fulfill the condition @(z) = [@.(x), @*(x)] and U : [0,1] — R be a
positive function, so

a( NTE((1 = 0) XL () + o T (r2))s%1) DU(1-60)a(r1) + B(0)2(r2),

for all x € [r1,r2] and 6 € [0, 1].



A. Mehmood et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 5871 5 of 26

Remark 1. (i) If we choose s = 0 and N(6) = 0 in (6), then we obtain the following
definition presented in [24).

a( N1 =) XN (r1) + 0N (r2))) 2 O(1 — 0)@(r1) + B(0)2(r2),

(ii) For the choice of s =0, and N(0) = U(0) = 6 in (6) we acquire N-1.v cf:
(N (LT =) N (1) +0X(r2)) 2 (1 —0)@(r1) + 02(r2).
(iti) If we choose s = 0, N(0) = U(0) = 0 and X\(z) = L in (6), then we acquire the 1.v
he function define in [25].

172

@(m) D (1—-0)2(r1) + 02(ra).

(iv) If we choose s =0, N(6) = U(0) =0 and N(x) = zP in (6) then we obtain the 1.v-p
cf define in [26].

@ (1= 0)rf + 0rD)r) 2 (1 — 0)2(r1) + 02(r2).
(v) By selecting s = 0, X(0) = 0 and N(z) = x in (6), we retrieve the definition of 1.v
cf presented in [24).

Definition 7. If we fir s =0, X(0) = 0 and U(0) = 6° in (6), we retrieve the (N, s)-1.v
cf

@( NTEOXN () + (1= 60) N (rg))) 2(1=0)°a(r1) +0°3(ra).

Remark 2. The main definitional deductions will now be presented for Definition 7,
presented in [24).

(i) Choosing N(z) = 1, we retrieve the 1.v harmonically s — cf, that is

172

@(m) D(1-0)°a(r1) + 6°2(r2).

(ii) Choosing N(x) = zP,p > —1, we retrieve the 1.v-p,s — cf, which are as follows:

B =

F(((1=0)ry +0r5)r) D (1 —0)°a(r1) + 0°2(r2).

The authors in [27] used 2.v cf and postquantum calculus to investigate novel repre-
sentations of well-known results. In [28], different forms of trapezoid-type inequalities for
non-cf linked sets on fuzzy domains were introduced. A generic convexity framework was
used by Cortez et al. [29] to expand Jensen’s and Hermite-Hadamard inequalities. In-
spired by these investigations, we provide 2.0 (X1, U)-cf, defined by weighted arithmetic
means, which have a strictly monotone function X\ and a non-negative function U. Using
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suitable replacements for X\ and O, this framework creates new classes and unifies cur-
rent convexity notions. In addition to inequalities for function products of the Pachpatte
type, we derive several inequalities, such as Minkowski, Holder’s, Hermite-Hadamard, and
Hermite-Hadamard-Fejer. The scope of convex and non-cf analysis is expanded by this
generalized convexity framework, which offers methods for bounding z.v Riemann-Liouville
fractional operators. Our results are supported by numerical examples and simulations,
providing a basis for more inequality proofs and optimization problems.

Theorem 2. [2/] Let @ : [r1,r3] — R} be w.v function such that @(r1) = (@, 2"
with @« < @* then, @ € SIGX([r1,r2), RY), this implies @. € SGX([r1,72],R) and
og* € SGV([Tl,TQ],R).

Theorem 3. [2/] Let @ € SIGX ([r1,72], R}), then
g Xt ii@?\(%) 2 zn:U(ﬁ)@(xi)
Wn i B - Wn
for x; € [r1,ra] and wy, = Y"1 b;;.

Definition 8. [30] If a function @ is continuous on [a,b], s € R/{—1} and k > 0, then
the (k, s)-Riemann-Liouville fractional integral operator for order > 0 can be stated as
(s + 1)\ 7k
kTx(8)

Now we are going to present generalized form of fractional operator (1).

mi
B_
23§+®(m1) = / (msTh — st Eni @ (ng)dn,. (1)
(03

+

Definition 9. If a function @ is continuous on [a,b], s € R/{—1}, k > 0 and X be an
increasing function then the (k,s)-GRLFIO for order 8 > 0 can be stated as

(s + 1) %

kl1(B)

Definition 10. [31] If a function & is continuous on [a,b], s € R/{—1}, k > 0 and X
be an increasing function then left and right sided (k,s)-GRLFIO for order 5 > 0 can be
stated as

1300 (m)) = / PO ) = N ) BTN () N ()@ )dnr. (2)

(s+1)\"F

s2B8 _
0 20m) = T )

/le(>\8+1(m1) — >\s+1(n1))%71 X* (n1) N (n1)@(n1)dny, mq >a™
(3)

and

>

S 1= <
$3(-2(m) = (kj;kl()ﬁ)/ O () = X () ETN () N (m)@(m)dny, g < G

" (4)
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Now we discuss some applications of defined operators which we used later.

Proposition 1. If a function @ is continuous on [a,b], s € R/{—1}, k > 0, X be an in-
creasing function and C be a constant function then for left and right sided (k,s)-GRLFIO
of order B > 0, we have the following results holds:

_ (8 + 1)1—% <>\s+1 (T’1>(>\S+1 (?"2) _ >\s+1 (T1>)€> <>\8+1(T2) _ >\s+1(rl))§+1
( Bs+1) Ps+1)(2 +1)
i) B (>\s+1(7’2) _ >\s+1(7,1))§+1
(F+1)

_B
2357 NSt (r) = w ( nstl (rQ)(>\s+1(r2) N (r1))

2. A Class of Some Results

In this session, we will examine the reverse forms of Minkowski, Holder and Hermite-
Hadamard-Fejer type inequalities via an 2.v cf involving (k, s)-GRLFIO under the frame-
work of convexity. In this result, we want to explore the Minkowski’s inequality.

Theorem 4. Let s € R/{—1}, k >0, also @,¢ : [r1,72] — R be 1.v functions such that
5(x) = 2., 2°] and 6(x) = [60,0"], (13%2"(x)) < o0 and (135 (X)) < oo, then the
expression (5) holds.

L+92+p) 1+p@+9) |[rs48 ,
L+ 9)(1+p) (14+9)(1 +M)} [[kf"r;(@(x) +o(x))"]

(
2 [Z3fl+®p(x)]% + [Z3f1+¢p(x)]%, (5)

3=

—

D+ (X
where, 0 < ¥ < e

S,uand0<19§i:((§)) < u for x € [r1,72], p > 1 with > 0.

©-

Proof. Since i: ((;()) < p, this implies

(n+ )PP (x) < pP (2" (x) + " (X))*-

84

_B
After multiplying by (S,:Ejlk)(lﬁ)k (XNH (r9) = X5FL (X)) X (x) X' (x) and applying the

integration w.r.t ”x” over [ri1,rs], we obtain the following expression.

Ealie

1— 72
p(s+1) / (N (r2) = 2 (0) N ()X ()27 (X)dx

WV G L
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B

S 1—= r9 8
Y ;fr,j()m / (N1 (r2) =1 00) E 7 (0

ko

’

<P

)[@*(x) + " (X)Pdx.  (6)

By comparing the expressions (3) and (6), we have

3 =
—
~
S~—

(3007 0)7 < (3012700 + 6" )]

w41
x)

D x .
S Gy Ve can write

P[2(x) + ¢ ()" < (1 +9)P(2.(x))"-

?r\m

B_ /
Again multiplying by & H) N (1) — X)) T R (x) N (%) and applying the
L' (B)

” ”

integration over [r1,rs] w.r.t ”x”, we have

1—% 9 ,
P [ O ) ) N 00N (e 00 + 0P
17% ro ,
<@+ 1P 70 ) ) N 0N et ()

Again by comparing the expressions (3) and (8), we have

)

T (3% [2.00 + 6.0 < [130,2200] (©)

From the expressions (7) and (9)red, we have

332001 = (3722001, 3, 270

1 M+1 1
~ [y 163 800 + 0oP). (10)
@ (x)

Continuing the same procedure for ¢ < 00 then we have

33007 00]7 < 57713012700 + 6" (0] (1)
Also for i:&‘; < u, we have
1371200 + 0. 00F]7 < [13%200] (12)

u—i—l
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From the expressions (11) and (12), we have

13 0"(x )r = [[ L 0200]7, [13%. 67 ()]

= [M 312000 + 0001 4 3 700 + 67 0]
~ [ gl (3 200 + 6001 13

Hence by adding (10) and (13) we get the required result (5).

In this result, redwe are going to present the fractional reverse Holder’s inequality
involving (k, s)-GRLFIO.

Theorem 5. Let s € R/{—1}, k >0, also @,¢ : [r1,72] — R be 1.v functions such that
F(x) = [Ds, @*] and ¢(x) = [¢x, 0], (237@@?()()) < o0 and (235}(1513(@) < 00, then the
expression (14) holds.

v i K é s9B8 1 1 s2p Lis 1
(2)7(5) |3 e oot 00 2 135 o 3% 0001, 9
where, 0 < ¥ < i:((;()) <pand 0 <9< i*((;()) < for x € [r1,m2], p > 1 and%—k%:l
with B > 0.
Proof. Since i:&)) < u, implies

8 s ,
Multiplying by & +1) NS (rg) = X5t ( N X)X (x) and applying the integration
L' (B)

over [ry,ra] w.r. t ”x’red, so we have

132 2° ()7 < prip3%][27F (06" (%)) 7. (15)

Analogously for Z:&‘)) > 1, we have
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1 1 1 1
= [v70, p7] [337, (27 (007 ()7 (17)

1
We can retrieve the following confinement for [235 Lo(x)] .
1

> | 30t (06 (0] - 637110 006 )
ra Y ra 1

= [ ] [13% 127 (08 (0]1] (18)
4P 9 ra

Adding expressions (17) and (18) we get our required relation (14).

Theorem 6. Let s € R/{—1}, k > 0 and @ € SIGX([r1,72], R}"), then for B > 0 the
following redinequality hold

(s+1)°% (T ) A X () \
U(é)/ﬁrkw)@(x < 2 > )
1
D 37 @(rs) + 553 1)
(XSFL (rp) — >\S+1(T1))% [k ’ (1}
B

2 [@(r1) + 2(r2)] (m()ﬁ)k /0 gr—1 [5(0) + U(1 — 0)]dh, Y,y € [r1,ra].

Proof. Since @ is 1.0-(X\**1,U) ¢f and for § = %, we have

Qj(x_l <xs+l<x>;xs+1<y>>8“> > u(3)[e() + 2 (). (19)

By substituting r=XN"1OXTF () (1 —0) N5t (rg))ﬁ andy = X" H(1—0) X5t (ry) +
8

OXN5FL (rg)) 54T ST in above inequality 19red. Also by multiplying both sides by (SH)(B)k gr-1

also taking the integration over [0, 1] w.r.t ”6”red, we have

(s+1) f/ g1y ( s~ N () + X5 () = &0
kT (5 2

/105 1@( LN () + (1 — ) X511 (rz))si1>d0
0

/-\ M\’—‘

"/lef 1@< ((1—9)>\5+1(r1)+9>\8+1(r2))511>d9. (20)
0
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Now we are proceeding with the left part of the inclusion (20).
1

(s+1) -2 / i1y ( _ <>\8+1(7’1) +>\S+1(r2)>3+1>d9
kT (5 2
B [ (s+ 1)t S ( <>\S+1(r1) +>\S+1(r2)>sl>d9

8_q
[
ka o 2

[ o (e

—Fz;tﬂf@*@ (e ) )

k

e (o () ]
_(;;;;fg<>fl(xw%h);Xleﬂ)Jd>' (21)

For the right part of the inclusion (20).

/9— < ex8+1(7«1>+(1—9)x8+1(m))sil)de

s—|—1 %

kT (B

1
1) 95—%z< —O) X (1) + 0N (rg)) 4 >d6
ka ) 0

-2
0

/3
(Z?:(?e)k [ ot ( A= )X () 4 00 (1)) ),

(S—Fl)_% 1 %*1 * -1 s+1 r _ s+1 T S-%l
kmﬂﬂtéa g(x (O (1) + (1= ) X (r2)) )w

_B
(Sk;::()ﬁ)k /0 g1 ( ML= )X (1) + O “"2””1)(”} |

By substituting X5t (x) = 0 X5t (r1) + (1 — 6) X*F! (ry)red, we have
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This implies

- ¢ 135200 +137, 2 (22)
( s+l (7“2) _ >\s+l(r1)) k 1 2

We get first half of our relation from the inclusions (21) and (22) for the second half
employing 2.v-(X**1, U) convexity of function &, we have

@<X‘1 <9 N (1) + (1 - ) x ! (m)) > 2 B(0)2(r1) +T(1 = 0)2 (). (23)

and

a(x (A=t ot () ) 280 - 0)a(n) + BOR0. (2

Adding (23) and (24) inclusions and multiplying both sides by (24121)( ) HE*I also taking

the integration over [0, 1] w.r.t 76”red, then we acquired our required relation.

Corollary 1. If we fir 5(0) = 0 in Theorem 6, we possess

B
E

S o( ()

1
(X5 (rg) — 2+ (1))
(s+ 1)‘2
BTk(B)

Example 1. If we choose @(r) = [4 — X5T1(r), 8 + X*FTL(r)] and X(r) = r in (25) and
using proposition 1, we have

U

B [257’?@(7“2) + 23;82— ®(T1)}

2

[@(r1) + D(r2)]. (25)

2(s + 1)_§ (4 B SH + TSH

s+1 _|_ 7’§+1
BT4(5) St >

2 2

(S + 1) kﬁ s+1 s+1 s+1 s+1
D ﬁrk() <8—( +7r37), 164+ (riT 415 )>
(s+ 1)_% p$tL 4 gt sl | s+l
2 gy B T A6+ 0T 4 r5T).

Example 2. For graphical representation if we choose @(r) = [4 — X5T1(r), 8 + XsT1(r)],
U(r) = g and X(r) =sinr in (25) and using the proposition 1, we have

8(s + 1)_% <4 sin®*1(ry) 4 sin®*1(rg) g+ sin®*1(ry) + sins+1(r2)>

2 ’ 2
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(s+1)F
D —— <8 — (sin®T1(ry) + sin®T1(rg)), 16 + (sin* (1) + sin”l(rg)))
BTk(B)
(s+1)°%
D) (STl s o541 1 sos+1 sa5+1 .
2 1 5T() (8 = (sin®"'(r1) +sin®*(r2)), 16 + (sin®** (ry) + sin®* (r9)))

0.6 08 10 12 14 16

Figure 1: Graphical representation of Theorem 6 corresponding to the choice of parameters r1 = 0.6, r1 <
ra< %, k=1 s=3and 3=038.

Also for tabular form we have

79 (a1,b1) (ag, bs) (as, b3)
0.610000 | (11.037156,22.964070) | (2.759289,5.741017) | (0.6898221.435254)
0.802159 | (10.811418,23.189807) | (2.702855,5.797452) | (0.675714,1.449363)
0.994319 | (10.489794,23.511432) | (2.622448,5.877858) | (0.655612,1.469465)
1.186478 | (10.143322,23.857903) | (2.535831,5.964476) | (0.633958,1.491119)
1.378637 | (9.874478,24.126747) | (2.468620,6.031687) | (0.617155,1.507922)
1.570796 | (9.773019, 24.228207) | (2.443255, 6.057052) | (0.610814, 1.514263)

Table 1: Interval bounds of Theorem 6 corresponding to the choice of parameters r1 = 0.6, 11 < 12 <

k=1,s=3and 8 =0.8

Corollary 2. If we fit s =0, k =1, X(r) = r and U(0) = 6 in Theorem 6, we possess

Hermite-Hadamard-Fejer inequality for 1.v-(N**1, O) cf that is provided in [23].

BT(B)

1
e R
> L 1a(m) + a(ra)].

~ AL(B)

1
®<T1+T2>
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Theorem 7. Let s € R/{-1}, k > 0, & € SIGX([r1,72], R), and © : [r1,72] — R be
symmetric w.r.t %, then for B > 0 the following inclusions holds.

1 S5+ N 1
0 @<x ( )t (r2)>+>[2351+D(r2)+23f29(7“1)

[ +337 D@(n)]
(

B

0 / BE L B(0) + B(1— )] [PONTHONT (1) + (1 — ) X (1))
CkTR(B) \ Jo

x [@(r) + @(Tg)]d@).

| U

s+1 )]

Proof. Since @ is 1.v-(NT1,U) ¢f and for § = %, we have

®<>\—1 <>\s+1(m);>\s+1(y)>si1> . U(%)[@(w) 4 o).

By substituting x = X"HOXTL (r1) + (1 —0) X5F! (T‘Q))ﬁ andy = >\ Ha—o)y>sTt(r)+
IR (?"2))S+1 in above expression. Multiplying both sides by (SH)( B (%‘1 OO (ORT
(r1) + (1 — ) X5+1 (TQ))S+1)] and taking the integration over [0,1] w.r.t 70", we have

@

1 (s+1)7% [! 2 ~1(g S5+ (p B S+ (o)) 521
(%) kTW() /09 POTHONT (r1) + (1 = ) n*H (r2)) 77)]

X @( ol <>\S+1(T1) -2F >\S+1(T2)>5“)d0

,ﬁ
> Sk;kl /9 HONT (1) + (1 — 0) X1 (r2)) 1))

x @( NTLOXTT (1) 4 (1 — ) X! (rg))sil)de

_% 1 1
(Sk;:()ﬁ) /O OE DN ONT (1) + (1 — ) X7 (1)) 1)
X @<x—1 (1= 0) XL (ry) + O 0T (TQ))sil)de. (26)

Taking benefit of the fact O(ON"H(OXNSTL (1) + (1 — ) X HL (Tz))?ll) =o(TH(1— @) no Tt
(r1) + O Xstt (T‘Q))ﬁ) for the left part of (26).

1

/01 0T DONTHONTY (1) + (1= 0) X*T (rg)) 5+

(s+1)"F

kL1 (B) )
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x @( ol <>\S+1(7‘1) -2F >\5+1(7‘2))5“>d0

B
k

1 (s+1)"
_2[ kT (B)

1
(>\ . (>\s+1 >\s+1 2)>s+1>d0

/01 OE T DONTHONT (1) + (1 — 0) N*F! (r2))751)]

B
* (Sk;:kl()ﬁ)k /0 05 PO = )N (r1) + O (r)) )]
o (e ey |

By substituting X*T(x) = 0 XL (r1) + (1 — 0) X*TL (ro)red, we have

- 1 ®<>\1 <>\S+1(T1) +>\5+1(r2))si1>

2(n5 1 (rg) — X5t (ry)) % 2
s 1% 72 ,
g [( le:/j()ﬁ) / (N (r2) = XL 00) F N ()N (02 () dx
1-8 .
(s+1) & ,

For the right part of (26)7’ed we have

(s+1)”
kaﬁ

NTEOXET (r) + (1 —0) 2ot (rg))lerl>d9

0" (OXF1 (1) + (1 — ) X*F! (r)) 1)

(54‘1)_% ! 5 -1 s+l () B s+ (0 V)5iT
+ oL /09 POTHONTL (1) + (1= 0) X5F1 (r2))77)]

X @< XNTE((1 =) XL () + O 0T (TQ))sil)de,

Substituting N (x) = 0 XL (r1) + (1 — 0) X1 (ry) red, we have

- 1 A [ZBE}D@(TQ) + ZBZD@(TI)] . (28)

(NP ra) = X1 (m)
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We achieve our first desired inclusion from (27) and (28). In this way for the other
inclusion employing 1.v-(N**t1,0) convexity of function &, we have

@< ! (9 N () + (1= ) 1 <r2>> 20(0)2(n) +0(1-0)a(r2),  (29)

and

@< T <(1 — 0) XL (1) 4 O RS T! (r2)> 2 0(1=0)a(r) +U(0)a(r2).  (30)

Adding (29) and (30) inclusions and multiplying both sides by (SH)( )k fr- BN

(r1) + (1 — 6) »sHt (TQ))S+1 )] also taking the integration over [0,1] w.r.t "6 red, then we
acquired our required relation.

Corollary 3. If we fir 5(0) = 0 in Theorem 7, we possess

s+1 s+1 ﬁ
@( o1 (>\ (r1) ;— PN (7"2)) ) [237{?9(7«2) + 2352,9(7"1)

> [z3fl+a@(r2) +23f2_9®(r1)]

> [o(rn) + 2(ra)][£3], 202+ £37, 20| (31)

Example 3. If we choose @(r) = [4 — XT1(r),8 + X*TL(r)] and N(r) = r and O(r) =
n (31) and utilizing proposition 1, we have

_B 5+1 s+1 s+1 s+1
Bs +1) k<4— I syt )(ri“—ri“)i
Brk(B) 2 2
(s+1)7%
D) rs-i-l r5+1 <8 s+1 +r8+1 16 + s+1 _|_T8+1 )
= Brk(ﬁ) ( 2 1 ) ( ) ( )
(s + 1)_% 8
» ] — s+1 + ,r_erl 16 + s+1 + rs+l 7nerl ,r_s+1 k.
25Fk(6) ( ( ) ( ))( 2 1 )

Example 4. For graphical representation if we choose @(r) = [4 — X5T1(r), 8 + X1 (r)],
U(r) = & and X(r) =sinr and O(r) = 1 in (31) and utilizing proposition 1, we have

B
k

B . I . s i 8
Mo U (1 ) ) g SR RO (i 1) — it )

=B
2 (/Brk()ﬂ)k (Sins+1(7'2) - Sin5+1 (7’1))% <8 — (Sinerl(rl) + sins+1(r2)), 16 + (Sins+1(7’1) + SinSJrl (Tg)))

- (45Fk() B) (8 — (i (ry) + sin**(r2)), 16 + (sin+ (1) + sin* (r2))) (sin+ (1) — sin™* (1)) .

w\m
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Graphical Representation of Terms

d
ind
nd
ind
-=- Term3 Lower Bound
++++ Term3 Upper Bound

]

17 of 26

Figure 2: Graphical representation of Theorem 7 corresponding to the choice of parameters 11 = 0.6, 1 <
re< 5, k=1s=3and 3=038.

9 (al, bl) (CLQ, bz) (ag, bg)
0.6100 | (0.0928,0.1930) | (0.0464,0.0965) | (0.0116,0.0241)
0.8022 | (1.2813,2.7484) | (0.6407,1.3742) | (0.1602,0.3435)
0.9943 | (2.4816,5.5622) | (1.2408,2.7811) | (0.3102,0.6953)
1.1865 | (3.5355,8.3157) | (1.7677,4.1578) | (0.4419,1.0395)
1.3786 | (4.2401,10.3601) | (2.1201,5.1800) | (0.5300, 1.2950)
1.5708 | (4.4849,11.1186) | (2.2425,5.5593) | (0.5606, 1.3898)

Table 2: Interval bounds of Theorem 7 corresponding to the choice of parameters r1 = 0.6, 11 < r2 < 7,

™

k=1 s=3and g =0.8.

For tabular form we have

Corollary 4. If we fit s =0, k=1, X(r) =7 and G(0) = 0 in Theorem 7, we possess

@(m ;m) [3,0(r2) +3_2(r1)]
> [3fl+a®<r2) + BfQDQ(rl)}
2 [@(r1) + D(ra)] [3%9(7‘2) + 3?2,9(7“1)].

Theorem 8. Let s € R/{—1}, @,0 € SIGX([r1,r2), R) and k > 0, then for B > 0 the
following redinequality fulfilled

1 598 r s Sr
(Nt (rg) — >\5+1(r1))§ [k3rl+® (r2) +k3r;® ( 1)]
—8
2 P(ri,r2) (Sk;:()g) /O 0% ~L[01()5(0) + U1 (1 — 0)Us(1 — 0)]d0
B
Q) sk—lt:()ﬁ) /0 05 1[0, (0)0a(1 — 0) + U1 (1 — 0)0a(0)]d6,

where, P(r1,r2) = &(r1)0(r1) + @(r2)0(r2), Q(r1,r2) = &(r1)0(r2) + I(r2)0(r1).
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Proof. Since @,0 € SIGX ([r1,72], R"), then

@( PN (0 P (r1)+(1-0) N (rg))ﬁ) DU1(0)a(r1) + O1(1 — 0)a(r9)
D(NTE (O (1) + (1= ) NHL (1)) 551 2 Ba(0)D(r1) + Ba(1 — 0)D(ra).
By multiplying, we have

1

G(NTHONT () + (1= 0) X (rp))3 il)D( NTHORNT (r) + (1= 0) X () 4T
2 U1(0)02(0)2(r1)0(r1) + U1(0)02(1 — 0)2(r1)0(r2)
o)

+ 011 = 0)B2(0)2(r2)0(r1) + O1(1 — 0)02(1 — 0)2(r2)0(r2). (32)
Similarly,

BN (L= 0) XN (1) + OXF (1)) F)D (N (L= ) XH (1) + O X (r2))541)
D U1(1— )Us(1 — 0)2(r1)D(r1) + Ba(1 — 0)B2(0) (r1)D (r2)

+ 61(9)62(1 — 9)@(7”2)9(7“1) + U1(0)UQ(6)®(’F2)D(T2). (33)

w\m

Adding (32) and (33) inclusions and multiplying both sides by (SH)(B) 951 also taking

the integration over [0, 1] w.r.t ”60” red, then we have

! -
(Sk;:()ﬁ) /0 OF Lo (N O (m) + (1= 0) N () 7H)

K D(XNTE(O RN (1y) + (1 — 0) W5HL (r0)) 77O

1

(S"—l)_% 1 B _ —_ s S S+1
W) /09’“ P (T = )N () + O () )
K D(XNTE((1 = 0) N (ry) 4 O W (1)) 557 dO

_B

(s+1)"* i

1
= RL(5) /0 05 HOL(0)02(0) + T1(1 = 0)Ta2(1 = 0)][@(r1)O(r1) + D(r2)D(r2)]db

* (S/;rr o / 0% B1(8)Va(1 — 6) + U1 (1 — 0)02(0)][@(r1)D (r2) + (r2)D(r1)]d6.
k(B
Substituting >\$+1(X) = 02T (ry) 4+ (1 — 0) X*F! (ro)red, then we have
_ 1 s2pB s=2B
O () = e () [’f3rr®9<’"2) i3, 29(n)
B
2 P(ry, TQ)(SI;:()B)/O 0%~V [51(0)02(0) + By (1 — 0)Ta(1 — 6)]d6
_B
+Q(r1,72) (sk}rk k / 9“ [51(0)U2(1 — 0) 4+ U1 (1 — 6)U2(0)]d6.

This complete our required relation.
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Corollary 5. If we fir 5(0) = 0 in Theorem 8, we possess

1 s .

(N5 (rg) — >\5+1(T1))§ [k3rl+®D(r2) + k3r; @E)(m)]
[CE R PR R R e

. Mm@)[P(“2%§+2x§+1ﬂ£Y+Q(“2%£+2x£+1j’

where, P(r1,r2) = @(r1)0(r1) + D(r2)0(r2), Q(r1,m2) = @(r1)0(r2) + I(r2)0(r1).

Example 5. If we choose @(r) = [4 — X*TL(r),8 + X3 (7)] and X\(r) = r, O(r) = 1,
0(9) = i in Theorem 8 and utilizing proposition 1, we have

>

-8
N
(Chad <8 — (T st 16+ (5T r§+1)>

BTw(B)
5 (s+1)"
= 86Tk(B)

Example 6. For graphical representation if we choose @(r) = [4 — X5T1(r), 8 + X5T1(r)]
L in Theorem 8 and utilizing proposition 1, we have

and N(r) =sinr, O(r) =1, B(0) = 3

>

(8= ™+ 057,16 4 (1371 + 15 H)).

ﬂ _ Sins+1 r Sins—i—l r Sins+1 P Sins+1 r

BL4(B) (8 ( (r1) + (r2)),16 + ( (r1) + ( 2)))
(s+1)—% s s s -

= 3287405 (8 — (sin () +sin®t(ry)), 16 + (sin®T1(rq) + sin +1(r2))),

Graphical Representation of Interval Bounds

Bounds

Figure 3: Graphical representation of Theorem 8 corresponding to the choice of parameters r1 = 0.6, r1 <

re <3, k=1s=3and §=038.

For tabular form we have
Corollary 6. If we fit s =0, k=1, X(0) =0, and U(0) = 0 in Theorem 8, we possess

b 158 ooy 2 38 o
(r2 —r1)P [37"1*@9( 2) + 3, 20(n)
1
T8 [P(Tl’ SR CESVI:

B2+B+1 9
ATy



A. Mehmood et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 5871 20 of 26
2 (a1,b1) (ag, ba)
0.6100 | (2.7593,5.7410) | (0.0862,0.1794)
0.8022 | (2.7029,5.7975) | (0.0845,0.1812)
0.9943 | (2.6224,5.8779) | (0.0820,0.1837)
1.1865 | (2.5358,5.9645) | (0.0792,0.1864)
1.3786 | (2.4686,6.0317) | (0.0771,0.1885)
1.5708 | (2.4433,6.0571) | (0.0764,0.1893)

Table 3: Interval bounds of Theorem 8 corresponding to the choice of parameters r1 = 0.6, 11 < r2 < 7,
k=1 s=3and g =0.8.

Corollary 7. If we fit N(0) =6 and s+ 1 > 0 in Theorem 8, we possess

1 s+1 s+1
(7«5“—8“) [kBWHﬁ o(r3* )+k3( s+1) _@o(rs™h)
8
> Pl S [0 100006 + 5101~ 0)05201 — )
5
QUi S [0 51005501 - 0) + 511 - 000 a0
Corollary 8. If we fit N(0) =6, s+ 1 >0 and U() = 0 in Theorem 8, we possess
1 5 s 1 ﬁ s 1
(S+1)£{ %—I—%—I—l 92 ]
D I ——
2Tmae ("YE e o T e e

Theorem 9. Let s € R/{—1}, @,0 € SIGX([r1,72], Rl") and k > 0, then for B > 0 the
following redinequality fulfill

W@( o <>\S+1(T1) ;r >\S+1(T2)> i1)9( 1 <>\S+1(r1) J2r >\S+1(rz)>si1)

(%)52( ) 528 o (r) 4 538 Z0(r
> () — e >>‘z[’f3ﬁ®a( 2)+137, 2900
_% 1
+O1(5 )62(1)< (ﬁﬁ2)%/o 0% [01(0)Us(1 — 0) + Ty (1 — 0)Ba(6)]d0
_B
+ Q1) ka '“/ 05 1[0,(0 (9)+Ul(1—9)62(1—9)]d6>,

where, P(r1,r2) = @(r1)0(r1) + @(r2)0(r2), Q(r1,r2) =
Proof. Since @,0 € SIGX ([r1,72]), RT), then

R*
i < = <xs+1(7~1) + xsﬂ(m)) +> a< = <>\5+1(7“1) + xsﬂ(m)) +>

@(T’1>D(T2) + @(TQ)D(Tl).

2 2
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2 Ul(%)Uz(%)
G(NTLONTL () 4+ (1= 0) XL (1)) T1)D (N (07 (19) + (1 — 0) X (rg))557)

1 1

i @( sl (6 SStL (r1) + (1 —0) pax’ (Tz))ﬁ)a( St ((1-9) pan’ (r1)+0 N (TQ))ﬁ)
+ BN = )N () + O (1)) FT)D (N (B(ry) + (1= 0)ra) )

1

+ (N A=) X (1) + 00X (1)) )OO (NTH (1= 0) X (1) + O X (7«2));1)] :

-

;r\m

Multiplying preceding inclusion b (S'H) 9%~ and taking the integration on |0,1] w.r.t
plying p 9 Y T

70" red, we have

Sk_ltkl i/ Siiy < <>\s+1( )2>\s+1(7’2)>3i1>9<>\—1 <>\s+1(r1)—;—>\s+1(r2)>s+11>d9

S 7% 1 1
361(2)62(2)[(,;:()5) /0 BF (N (O () + (1 0) W (1))
x D(X! (9 N (ry) (1 — 0) X5 (rg)) 557 dO

Sk—rl‘-kl ) / 9,_ 9 >\s+1 (7"1) + (1 o 9) >\s+1 ( 2))%)

X DN (1= ) X*F (1) + OXST ) 1) d

(s+1) % B_ - s+1 st1 L

2D oo SO (1) + 00 () 7HT)
x D(X! (9 N (ry) (1 — 0) X5 (rg)) 557 dO

Sk;: / 0 (N (L= ) N () + 68 (1)) 7H7)

x O(XNTH((L = 0) X (1) + O X5 (rz))sil)de] .

By definition of 1.v-(N*11, U) and substituting N*t1(x) = OX3H (r1) + (1 —0) X311 (ry) red,
we have

(ﬁ;:()ﬁ)ﬁ @< = <%5+1<n> : >\S+1(T2)> >a < - <>\5+1(7‘1) : wl(m)s;)

2 Ul(%)UQ(%) 8 [kSB @0(r2) +k3ﬂ @D(m)]
(s+

- (>\s+1(7,2) _ >\S+1(7‘1))
_B

k

+Ul( )Uz( )< (r1,7r2)——=—"7— ka / 97_ [01(0)02(1 — 0) + U1(1 — 6)U2(0)]do
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(s+1) %

+ Q(r1,72) KT (6

/ 077 61(9)62(9) + Ul(l — 0)62(1 — 9)]d0>
Hence we have proved our result.
Corollary 9. If we fir 5(0) = 0 in Theorem 9, we possess

W@( N <XS+1(T1) ;L >\S+1(T2)> i1>a< 1 (xs“(m) ;L x5+1(r2)>si1>

| " .
D (s (1) — >\S+1(r1))% [k3rl+®9(r2) +k3r2®9(r1)]
LR 2 o B
kL (B (5+2)(5+1)+Q( 1, 2)(5"‘2)(54‘1)(5)]'

Example 7. If we choose @(r) = [4 — X*TL(r),8 + XsT1(r)] and X(r) = r, O(r) = 1,
U1(r) = Ua(r) = 7 in Theorem 9 and utilizing proposition 1, we have

(RSl -

(8+1)T . s+1+r§+1 - s+1+TL29+1
2 ’ 2

Example 8. For graphical representation if we choose @(r) = [4 — X5T1(r), 8 + X5T1(r)],
N(r) =sinr, O(r) = 1 and U1(r) = Us(r) = 1 in Theorem 9 and utilizing proposition 1,
we have

(s + 1)77[:i < B sin®*t1(ry) + sin®*1(rp) g4 sin®*t(ry) + sins+1(r2)>
BLk(B) 2 ’ 2

(s+ 1)_%
~ 204861 (B)

<<8 — (sin®T1(ry) + sin®*1(ry)), 16 + (sin® () + sins‘H(rg)))

+ (8 — (Sin5+1(r1) + sin5+1(r2)), 16 + (Sin5+1(r1) + sin5+1(r2)))>.

For tabular value

Corollary 10. If we fit s =0, k =1, X(r) =7 and U(0) = 6 in Theorem 9, we possess

1 r1+ 12 T+ T
51“(5)@( 2 >a< 2 >
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Graphical Representation of Interval Bounds

o — ay (First Term Lower Bound)

—— by (First Term Upper Bound)

--- a; (Second Term Lower Bound)
—— b, (Second Term Upper Bound)

o6 08 10 12 14 16

Figure 4: Graphical representation of Theorem 9 corresponding to the choice of parameters 11 = 0.6, 1 <
re< 5, k=1s=3and 3=038.

o (a1,bq) (ag, ba)
0.6100 1.3796e 4 00, 2.8705¢e + 00 2.6946¢e — 03, 5.6065¢ — 03)
0.8022 1.3514e + 00, 2.8987¢e + 00 2.6395e — 03, 5.6616e — 03
0.9943

1.3786 | (1.2343e + 00, 3.0158e + 00 2.4108e — 03,5.8903e — 03
1.5708 | (1.2216e + 00, 3.0285¢ + 00 2.3860e — 03,5.9151e — 03)

Table 4: Interval bounds of Theorem 9 corresponding to the choice of parameters r1 = 0.6, 11 < r2 < 7,
k=1 s=3and g =0.8.

( ) | (

( ) | ( 03)

(1.3112¢ + 00, 2.9389¢ + 00) | (2.5610e — 03, 5.7401e — 03)
1.1865 | (1.2679 + 00, 2.9822¢ + 00) | (2.4764¢ — 03,5.8247¢ — 03)

( ) | ( )

( ) | (

1 B o3 (r 8 »o(r
1 2 B+B+1
) [Pm’”)w e e G |

3. Conclusion

redFractional inequalities, which extend classical inequalities to fractional-order set-
tings, play a crucial role in various industrial applications by providing precise analytical
tools for optimization, stability analysis, and error estimation. In control systems and
automation, fractional inequalities help establish stability criteria for fractional-order con-
trollers, improving system robustness in robotics, aerospace and process control industries.
In signal processing and telecommunications, they aid in error bounds estimation and per-
formance analysis of fractional filters, enhancing data transmission and noise reduction.
In materials science and mechanical engineering, fractional inequalities contribute to mod-
eling stress-strain relationships in viscoelastic and complex materials, optimizing designs
in structural engineering and manufacturing. The energy sector benefits from these in-
equalities in analyzing fractional diffusion processes, optimizing heat conduction models,
and improving energy storage systems like batteries and supercapacitors. Additionally, in
biomedical engineering, they assist in developing fractional-order models for physiological
systems, ensuring accurate predictions in drug delivery and neural activity analysis. By
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refining analytical bounds and improving modeling accuracy, fractional inequalities signif-
icantly contribute to industrial advancements across multiple domains. In this study, we
introduce the novel Hermite-Hadamard-Fejer type inequalities within the structure of 7.v
(N5+1, D) class of convexity. Our analysis provides comprehensive bounds for several well-
known fractional problems. Specifically, we investigate the interplay between the classical
Hermite-Hadamard-Fejer inequality and unified forms of Minkowskis and Holder inequal-
ities within the class of convexity. We provide a versatile structure for mathematical
inequalities related to generalized fractional operators by extending and generalizing the
reverse forms of these inequalities with in the unified class of convexity. To enhance their
practical applications, we investigate the additional implications, derive specific inequali-
ties, and illustrate them through graphical representations. We also check the results by
using tables for different fractional orders. The sharpness of our inequalities is confirmed
by these graphical comparison. We urge readers to investigate more generalized fractional
operators in order to create bigger classes of inequalities for future research. Also, by
comparing recently hypothesized disparities with those that already exist, future research
could evaluate the adaptability of their findings by graphical analysis.
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