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Abstract. In this paper, we introduce a new labeling namely ‘edge k-product cordial labeling’ as
follows: For a graph G = (V(G), E(G)) having no isolated vertex, an edge labeling f : E(G) —
{0,1,....,k — 1}, where k > 1 is an integer, is said to be an edge k-product cordial labeling if it
induces a vertex labeling f*: V(G) — {0,1,...,k — 1} defined by f*(v) = [[,,ep(q) f(wv)(mod k)
satisfies |ef (i) —ef(j)] < 1 and |vps (i) —vp«(j)] < 1 for 4,5 € {0,1,...,k — 1}, where e;(¢) and
vy« (i) denote the number of edges and vertices respectively having a label i (¢ = 0,1,...,k — 1).
Further, we study the edge k-product cordial behavior of star, bistar, shadow and splitting graph
of star, path union of star, bistar and cycle graphs.
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1. Introduction

In mathematics, the field of graph theory revolves around the examination of graphs,
which are the fundamental objects within discrete mathematics. Over the past six decades,
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one particular aspect of graph theory called graph labeling, has gained significant popu-
larity due to its diverse applications. Labeling involves assigning real numbers, typically
positive integers, to the elements of a graph. In 1967, Rosa [10] published an influential
paper that laid the groundwork for various graph labeling problems. Since then, numer-
ous authors have delved into researching various graph labeling techniques and a detailed
survey is available in [4]. Among these labeling techniques, ‘cordial labeling’ by Cahit [3]
stands out as a less stringent version compared to graceful and harmonious labeling. Of
these, graceful labeling is more popular since it has various practical applications. Cordial
labeling has potential applications in areas such as network design, error-correcting codes,
and cryptography. In particular, cordial labeling could be useful in designing efficient
communication protocols where balancing two types of nodes (positive and negative) is
essential. In the subsequent years, several variants of cordial labeling, such as, ‘product
cordial labeling’, ‘k-product cordial labeling’, ‘edge product cordial labeling’ and more
are introduced. In ‘edge product cordial labeling’ [11], the roles of vertices and edges in
product cordial labeling [6] are swapped. Building on this notion, several results have
been established. See [2, 5, 9, 12-19]. Researchers have also explored the applications of
specific graph labeling techniques, for instance, use of ‘mean cordial labeling’ in digraph
representations of blood circulation in the human body [1] and the 3-total edge product
cordial labeling (another variant of cordial labeling) in carbon nanotube network [7].
Motivated by the concept of ‘edge product cordial labeling’, and the several results
established on this concept, we take a step further and introduce a new labeling namely
‘Edge k-product cordial labeling’ as follows: For a graph G = (V(G), E(G)) having no
isolated vertex, an edge labeling f : E(G) — {0,1, ...,k — 1}, where k > 1 is an integer, is
said to be an edge k-product cordial labeling if it induces a vertex labeling f* : V(G) —
{0,1,....,k — 1} defined by f*(v) = [[,pep () f(uv)(mod k) satisfies |es (i) — ef(j)| < 1 and
[vpx(i) —vps(j)| < 1fori,j € {0,1,...,k — 1}, where ef(i) and vy« (i) denote the number
of edges and vertices respectively having a label i (i = 0,1,...,k—1). A graph that admits
an edge k-product cordial labeling is called edge k-product cordial graph. In this study,
we explore the edge k-product cordial behavior of some standard graphs. We present our
study as follows: Followed by the introduction, the edge k-product cordial behavior of star,
bistar, complete graph and complete bipartite graph are investigated in the second section.
In the third section, we focus on the edge k-product cordial behavior of the shadow and
splitting graph of star. In the fourth section, we investigate the edge k-product cordial
behavior of the path union of graphs. The definitions of the following graph structures
are also useful for the present study.
Definition 1 [4]. Let G be a graph and G’ be a copy of G. Let v/ be the vertex in G’
corresponding to the vertex v of G. The shadow graph of a graph G, denoted as Dy(G) is
a graph obtained by the following operation: Join each vertex v in G to the neighbors of
the vertex v" in G’ which corresponds to v.
Definition 2 [4]. The splitting graph of a graph G, denoted as S’'(G) is the graph ob-
tained from G by taking a new vertex u’ for each u € V(G) and joining u’ to all vertices
of GG adjacent to wu.
Definition 3 [8]. Let G1,Go,....,Gp, n > 2, be n copies of a graph G. Let v; €
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V(Gy),i = 1,2,...,n be the vertex corresponding to the vertex v € V(G) in the i*" copy
of G;. We denoted by P(n.G") the graph obtained by adding the edge v;v;+1 to G; and
Git1, 1 <i<n-—1, and we call P(n.G") the path union of n copies of the graph G.

2. Edge k-Product Cordial Labeling of Star, Bistar, Complete Graph
and Complete Bipartite Graph

In this section, first we establish that the star graph K, and the bistar graph B, ,
admit an edge k-product cordial labeling for n > k. In the next two theorems, we give the
necessary condition for the complete graph K, and the complete bipartite graph K, , to
admit an edge k-product cordial labeling.

Theorem 1. For n > k, the star K1, admits an edge k-product cordial labeling.
Proof. Let the vertex set and edge set of K1, be V(Ki,) = {u,u;;1 < i < n} and
E(Ki,) = {uui; 1 < i < n} respectively.

Let n=7r (mod k) ; 0<r<k-—1.
Define f : E(Ki,) — {0,1,2, ...,k — 1} for n > k as follows:

[ (uwy) =0; 1<i<[7],

COTIRES S S et § vt i R LSS
From this labeling we get,

ez (i) ={ %H ;?Z;;,“Sk_l

Clearly, |ef(i) —er(j)] < 1 and |vp«(i) —vp«(j)] < 1 for 4,5 € {0,1,2,...,k — 1}. Hence,
K1, is an edge k-product cordial graph for n > k.

Example 1. An edge 4-product cordial labeling of K1 g is given in Figure 1.

Figure 1: Edge 4-product cordial labeling of K7 g
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Theorem 2. For n > k, the bistar B,,, admits an edge k-product cordial labeling.

Proof. Let the vertex set and edge set of By, ,, be V(B ) = {u,v,u,v;;1 < i < n}
and E(By, ) = {uv, uu;, vv;; 1 < i < n} respectively.
Let n=r (mod k) ; 0<r<k-1.
Define f : E(Bnn) — {0,1,2,....,k — 1} for n > k as follows:

) =0,
£ (uuy) =0; 1<i< |2,

q ;i=q (mod (k—1)),1<q¢<k—-2 i<y _|n
f(uul%ﬂ {k—l ;1=0 (mod (k—1)) l<i<n—|3),
f (o) =0;1<i< 7] -1,

0 in=1,2(mod3), k=3; n#0,1(mod k), k>3

1 in=0(modk), k>3

k—2 ;k=2;n=1(modk), k>3,

k— ;iEqud% 1)),1<q<k-2 : n

1<i<n—|n
L1+) {1 i =0 (mod (k — 1)) tsisn=lil)
From this labeling we obtam
o ={ % a2y = 0 (mod k)
ef(i) = g L in=0(mod k),
. 2( 7] =0, k>3;:2<i<k-3
= n= >
es (@) { 2|41 si=Lk-1Lk-2;i=0, k=3 n=1(modk), k=3,
N 2[5/ +1 ;i=0 o
ef(i) —{ 2|42 i1<i<h-1 in=k—1 (mod k),
208 41 ;i=01;2<i<r<k—i

ef(i) = ck—i<r<i inZ0,1,k—1 (mod k) , k>3,
2L%J+2 i<r, k—i<r
e +1 5i=0
vr () = er(i) T 1<i<k-—1.
Clearly, |ef(i) —er(j)] < 1 and |vg (i) —vgx ()] < 1 for 4,5 € {0,1,...,k — 1}. Therefore,
B, is an edge k-product cordial graph if n > k.

Example 2. An edge 4-product cordial labeling of By g is given in Figure 2.
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Figure 2: Edge 4-product cordial labeling of By g

Theo(renr; 3. A complete graph K, does not admit edge k-product cordial labeling if 3 <
< Ml

Proof. Let 3 <k < @, then L%;l)j > 1.
Let f be an edge k-product cordial labeling of K, then ey (i) = Ln(glzl)J or Ln(glzl)J +1.
We have the following two cases.

Case (i): For n < k, we have vp«(i) = 0 or 1. If ef(0) = Ln(glzl)J, then vs«(0) >
L"(glzl)J +1 > 1. Therefore, [vs«(0) — vy (j)| > 1 for some j = 1,2,...,k — 1, which is a
contradiction.

Case (ii): For n > k, we have vp(i) = |2] or [2] +1. If ¢;(0) = |22 | then
vy (0) > L"(" 1)J +1> [ 2] +1. Therefore, [vs+(0) —vp=(j)| > 1 for some j =1,2,....k—1,
which is a contradiction.

Hence, K, is not an edge k-product cordial graph if 3 < k <

n(n 1)

Theorem 4. A complete bipartite graph Ky, ,, with m =ry (mod k) and n = ry (mod k)
does not admit edge k-product cordial labeling if r1 + 19 < k < riro.

Proof. Let m = ry (mod k) and n = ry (mod k). Then |V (Ky,n)| = k(|7
r1+ 72 and |E(Kma)l = k(kLE 5] +r2lg] +rilg]) +rire.
Let f be an edge k-product cordial labeling of K,,,. Then es(i) = k
rilg) + [P or KL ) +rel ] 7]+ P2 ) + L and vp-(4) = |
or ]+ [%]+ L“JFTQJ + 1.
Since 71 4+ 1o < k < 7179, we have |12 | < |2 | Now, ef(0) = k|| [ 2] + 2| 7] +
ril ) + [H52] implies vy (0) > K[| 7] + 7o ] + 1% |+ (B2 +1> 7+ 1R+
LT1+T2J + 1, which is a contradiction. Hence, Km n 18 mot an edge k-product cordial graph
ifri4+ro <k <rirg.

?T‘
[
+
J—
>3
[
~—
_I_
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3. Edge k-Product Cordial Behavior of Shadow and Splitting Graph of
Star

In order to prove the edge k-product cordial behavior of shadow and splitting graph
of star, we prove the following general result.

Theorem 5. A graph G with k < |V| < |E| does not admit an edge k-product cordial
labeling if |V | = 0(mod k).

Proof. Let G be a graph with k < |V| < |E| and |V| =tk (¢t > 1). Then |E| =tk + j,
where 0 < j < Ltk(t#j Let f be an edge k-product cordial labeling of G. Thep, ef(i)
is either ¢ + LEJ ort+ ] +1land vp(i) =t (1 =0,1,....,k —1). If ef(0) =t + [ £], then
v (0) >t + L%J +1 > t, which is not possible. Hence, e¢(0) =t + L%J + 1, which implies
vp<(0) >t + L] +2 > t. Then we get, [vp+(0) — vp«(5)| > 1 for some j = 1,2,....k — 1,
that is a contradiction. Therefore, G is not an edge k-product cordial graph.

3.1. Shadow Graph of Star

In this subsection, we establish that the shadow graph of a star graph Dy (K7 ,,) does
not admit the edge k-product cordial labeling for £ < n. In addition, we investigate the
edge k-product cordial behavior Dy(Ky ) for k = 3,4, 5.

Theorem 6. The graph Da(K,) does not admit an edge k-product cordial labeling for
k <n.

Proof. Let k < n. We consider the following two cases.
Case (i): For n =tk + k — 1, we have |V| = 2tk + 2k and |E| = 4tk + 4(k — 1). Clearly,
V] =0 (mod k) and k < |V| < |E|. By Theorem 5, D(K] ;) is not an edge k-product
cordial graph.

Case (ii): Forn =tk +r; t > 1,0 <r <k —2, we have |V| = 2tk + 2(r + 1) and
|E| = 4tk + 4r. If f is an edge k-product cordial labeling of Dy(K ,,), then

. 4t r=20
W“):{ A+ 3] o dt+ |40 41 1<r<k-2
2t + 1 =0, k=2
v (1) = 2t or 2t + 1 ;r=0, k>3

20+ 22| or 2t 4 22| +1 ;1<r<k-2
For the case where r = 0, ef(0) = 4t implies v« (0) > 4t 4+ 1 > 2t + 1 for t > 1. Therefore,
|vp«(0) —vyp«(j)| > 1 for some j = 1,2, ..., k—1, which is a contradiction. In the other cases,
if ef(0) =4t + | 4], then vp«(0) > 4t + | 2] + 1. Since |4] > [2E2] for 1 <r <k —2,
we get vp«(0) > 2t 4+ |ZH2] + 1 for t > 1. Therefore, |vs«(0) — vy« (j)| > 1 for some
j =1,2,...,k — 1, which is a contradiction. Hence, Dy(K} ;) is not an edge k-product
cordial graph for k <n.
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Theorem 7. The graph D2(K1 ) admits an edge 3-product cordial labeling if and only if
n=1.

Proof. Let the vertex set and edge set of Da(K1 ) be V(D2(K1y)) = {u, v, ui,v;;1 <
i <n}and E(Dy(K1y)) = {uu;, vv;, uwv;, vu;; 1 < i < n} respectively.
Define the edge labeling f : E(D2(K71)) — {0,1,2} as follows:
fluur) =0, f(vvr) = f(uvy) =1, f(vu) = 2.
From this labeling we get, ef(0) = ef(1) =1 = €¢(2) = 1 and v4-(0) — 1 = vy«(1) =
v+(2) = 1. Hence, Do(K7,1) is an edge 3-product cordial graph.

For n = 2, |[V| = 6 and |E| = 8. By Theorem 5, Dy(Kj ) is not an edge 3-product
cordial graph. Also, by Theorem 6, D2(K7,); n > 3 is not an edge 3-product cordial
graph.

Theorem 8. The graph Dy(K) ) does not admit an edge 4-product cordial labeling.

Proof. Let the vertex set and edge set of Dy(K7 ) be V(D2(K1 ) = {u, v, u;,vi;1 <
i <n}and E(Da(K1y)) = {uu;, vv;, uv;, vu;; 1 < i < n} respectively.
Forn =1, |V| =4 and |E| = 4. For n = 3, |V| = 8 and |E| = 12. By Theorem 5,
Dy(K1,1) and Do(Ky3) are not edge 4-product cordial graphs.
Let f be an edge 4-product cordial labeling of Do(K2). Then, ef(i) = 2 and vy«(i) = 1
or 2. If ef(0) = 2, then vy« (0) > 3. Therefore, |v+(0) — v« (j)| > 1 for some j = 1,2, 3,
which is a contradiction. Hence, Dy(K 2) is not an edge 4-product cordial graph. Clearly,
by Theorem 6, Da(K7 ) is not an edge 4-product cordial graph if n > 4.

Theorem 9. The graph Dy(K1 ) admits an edge 5-product cordial labeling if and only if
n=2.

Proof. Let the vertex set and edge set of Dy(K7 ) be V(D2(K1 ) = {u, v, ui,vi;1 <
i <n}and E(Dy(K1y)) = {uu;, vv;, uwv;, vu;; 1 < i < n} respectively.
Define the edge labeling f : E(Da(Ki32)) — {0,1,2,3,4} as f(uui) = 4, f(uug) =
1, fuvr) =3, f(uve) =0, f(vur) =2, f(vug) =1, f(vv1) =4, f(vva) = 3.
From this labeling we get, ef(0) + 1 = ef(1) = €ef(2) +1 = ef(3) = ef(4) = 2 and
v+ (0) =1 =vpe (1) = v+ (2) = v+ (3) = vy« (4) = 1.
Hence, Dy(K 2) is an edge 5-product cordial graph.

Forn =1, |V| = |E| = 4. If f is an edge 5-product cordial labeling of Dy(K7 1), then ef(7)
and vy« (i) are either 0 or 1 for i = 0,1,2,3,4. Clearly, ef(0) = 0 otherwise v-(0) = 2.
So, ef(i) = vp«(i) = 1 (i = 1,2,3,4). In order to get the vertex label 1, there must be
two adjacent edges, say uwu; and uv; with labels 2 and 3 respectively. To get the vertex
label 2, we must have f(vui) =1 and f(vvi) = 4, which results in vy«(2) = 2, which is a
contradiction. Hence, Dy(K7 1) is not an edge 5-product cordial graph.

Forn =3, |V|=8and |E| = 12. Let f be an edge 3-product cordial labeling of Dy (K7 3).
Then ef(i) =2 or 3 (i =0,1,2,3,4) and vy« (i) =1 or 2 (i =0,1,2,3,4). Now, es(0) =2
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implies v« (0) > 3 > 2. Therefore |vs+(0) — v« (j)| > 1 for some j = 1,2,3,4, which is a
contradiction. Hence, Do(K 3) is not an edge 5-product cordial graph.

For n =4, |V| = 10 and |E| = 16. By Theorem 5, Dy(K74) is not an edge 5-product
cordial graph. Also, by Theorem 6, D2(Ki,); n > 5 is not an edge 5-product cordial
graph.

3.2. Splitting Graph of Star

In this subsection, we show that the splitting graph of a star graph S’(K ) does not
admit the edge k-product cordial labeling for k < n. Also, we study the edge k-product
cordial behavior of S'(K7 ) for k = 3,4, 5.

Theorem 10. The graph S'(K1,) dos not admit an edge k-product cordial labeling for
k <n.

Proof. Let k < n. We consider the following two cases.
Case (i): For n =tk + k — 1, we have |V| = 2tk + 2k and |E| = 3tk + 3(k — 1). Clearly,
V]| =0 (mod k) and k < |V| < |E|. By Theorem 5, S’(K,,) is not an edge k-product
cordial graph.
Case (ii): Forn =tk +r; t >1and 0 <r < k — 2, we have |V| = 2tk + 2(r + 1) and
|E| = 3tk + 3r. If f is an edge k-product cordial labeling of S’(K} ), then

3t ;r=20
. 3t+1 sr=1, k=3 .

es(i) = 3tor3t+1 sr=1,k>4 1€ 40,1,k =1},
3t—|—L3%Jor3t+L3%J+1 1 2<r<k-2,
2t+1 ;r=0, k=2 e {0,1,.., k—1}.
2t+1 or 2t 4 2 sr=1, k=3

v (1) = 2t +1 sr=1, k=4
2t or 2t + 1 ir=0,k>3;r=1,k>5

[ 26+ 22 or 2t + 22 +1 ;2<r<k-2

For the case where 0 < r <1, ef(0) = 3t implies vy« (0) > 3t +1 > 2t + 1 for t > 1. Also,
ef(0) = 3t + 1 implies vy« (0) > 3t +2 > 2t + 2 for t > 1. Therefore, |v«(0) —vp«(j)| > 1
for some j = 1,2, ...,k —1, which is a contradiction. In the other cases, if ef(0) = 3t+ L%J,
then vp-(0) > 3t + [3°] + 1. Since |30] > 2282 for 2 < r < k — 2, we have vy« (0) >
2t+ [ 2522] +1 for ¢t > 1. Therefore, v+ (0) — vy« (j)| > 1 for some j = 1,2, ..,k — 1, which
is a contradiction. Hence, S'(K7 ;) is not an edge k-product cordial graph if k < n.

Theorem 11. The graph S'(K1,) admits an edge 3-product cordial labeling if and only if
n=1.

Proof. Let Let the vertex set and edge set of S’(K1 ,,) be V(S'(K1,)) = {u, uj, v,0;;1 <
i <n} and E(S(K1y)) = {uu, vui, uvi; 1 < @ < n} respectively.
Define an edge labeling f : E(S'(K1,1)) — {0,1,2} as follows:
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fluur) =0, flour) =1, fuvy) = 2.
From this labeling we get, ef(0) = ef(1) = ef(2) = land vy« (0) =1 = vy (1) = vp=(2) = 1.
Hence, S’(K7,1) is an edge 3-product cordial graph.

For n = 2, |[V| = |E| = 6. By Theorem 5, S’(Kj2) is not an edge 3-product cordial
graph. Also, by Theorem 10, S’(K1,); n > 3 is not an edge 3-product cordial graph.

Theorem 12. The graph S'(K1,) admits an edge 4-product cordial labeling if and only if
n =2.

Proof. Let the vertex set and edge set of S'(K1,,) be V(S'(K1,)) = {u,ui,v,v;1 <
i <n} and E(S"(Kiz)) = {uu, vui, uvi; 1 <@ < n} respectively.
Define an edge labeling f : E(S'(K12)) — {0,1,2,3} as follows:
fluur) =0, f(uuz) =1, f(vur) = 3, f(vuz) =1, f(uvy) =2, f(uve) = 2.
From this labeling we get, ef(0) = ef(1) —1 =e€4(2) =1 =€f(3) =1 and vy(0) — 1 =
v(1) =vpe(2) — 1 =05+ (3) = 1. Hence, S'(K2) is an edge 4-product cordial graph.

Forn=1, |V| =4and |E| = 3. If f is an edge 4-product cordial labeling of S’(K 1), then
ef(i) is either 0 or 1 for i =0,1,2,3 and vy (i) = 1 for all i = 0,1,2,3. Clearly, ef(0) =0
otherwise vy« (0) = 2. Thus, ef(i) =1 for all i = 1,2,3. But ey(2) = 1 implies vy (0) =0
and vg«(2) = 2. Therefore, |vs+(0) —vs+(2)| > 1 which is a contradiction. Hence, S'(K7 1)
is not an edge 4-product cordial graph.

For n =3, |V| =8 and |E| = 9. By Theorem 5, S'(K1 3) is not an edge 4-product cordial
graph. Also, by Theorem 10, S'(K} ;) is not an edge 4-product cordial graph if n > 4.

Theorem 13. The graph S'(K1,) admits an edge 5-product cordial labeling if and only if
n <3.

Proof. Let the vertex set and edge set of S'(Kj ) be V(S'(K1,)) = {u,ui,v,v;1 <
i <n}and E(S(Kiy)) = {uu;, vu;, uv;; 1 < @ < n} respectively. Define an edge labeling

f:S"(Kin) —{0,1,....k — 1} for n < 3 as follows:
0 ;2=1,n=2,3
f(uwy;) 1 ;¢=2,n=2,3
2 ;i=n,n=13,
1 5¢i=1,n=3;i=n=
fvuy) 3 j;i=n=
4 ;i=1,n=12;1=2, n=23,
1 ;i=n=
Fluwy) 2 ;i=1,n=2,3
3 ;1=2,n=2,3
4 ;1=n=3.

Clearly, lef(i) —ef(j)| < 1 and |vp«(i) —vp-(j)| < 1fori,j € {0,1,2,3,4}. Hence, S'(K1 )
is an edge 5-product cordial graph if n < 3.
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For n = 4, |V] = 10 and |E| = 12. By Theorem 5, S’(Kj 4) is not an edge 5-product
cordial graph. Also, by Theorem 10, S’(Kj,) is not an edge 5-product cordial graph if
n > 5.

4. Edge k-Product Cordial Labeling of Path Union of Graphs

In this section, we explore the edge k-product cordial behavior of the path union of
star, bistar and cycle graphs. In the following general result, we show that the path union
of an edge k-product cordial graph with multiple of k£ edges also admits an edge k-product
cordial labeling.

Theorem 14. Let G be an edge k-product cordial graph with multiple of k edges. Then
P(n.G"), where v is a vertex of G such that at least one of its incident edges is labeled
with 0 admits an edge k-product cordial labeling.

Proof. Let the vertex and edge set of P(n.G") be V(P(n.G")) = U;<;<, V(G;i) and
E(P(n.G)) = Ujcic, E(Gi)U{ei 1 €i =vivig1, v; € V(G), 1 <i < n—1} respectively.
Let g be an edge k-product cordial labeling of G. Since G has kt edges, e, (i) = t for all
i=0,1,....k—1and |vg(i) — vg(j)| < 1 for i,j € {0,1,.... k — 1}.

Define an edge labeling f : E(P(n.G")) — {0,1,..,k—1} forn =7 (mod k) ; 0 <r < k-1
as follows:

fle)=gle); e€ E(Gi), 1<i<mn,
0 p1<i< [
R b
2 2127 +1 < < 3[ 2

fle) =4 !

B=1 5 (k= D" ] +1<i <k,
ﬂ%P%H»:j;iEj@wd@,1§i§n—1—kﬂ%j
From this labeling we obtain,
[ neg(i) + [F i
¢s(@) _{ neg(i) + %1 +1 ;i<
o+ (1) = vy (i):
Clearly, |ef(i) —ef(j)] < 1 and |vp«(i) — vp=(j)| < 1 for i, € {0,1,2..,k — 1}. Hence,
P(n.G") is an edge k-product cordial graph.

4.1. Path Union of Star

In this subsection, we prove that the path union of a star graph P(n.K ﬂm), where v
is a root vertex of K1 ,, admits an edge k-product cordial labeling for n = 0,1 (mod k).
Also, we show that the graph P(n.K7,,) admits an edge k-product cordial labeling for
n=k—1(modk)if m=0,k—1 (mod k).
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Theorem 15. The path union of star graph P(n.Kim), where v is a root vertex of K1
admits an edge k-product cordial labeling if n = 0,1 (mod k).

Proof. Let the vertex and edge set of P(n.KY,,) be V(P(n.KY,,)) = {vi,v] 1 <
i <n,1<j<m}and E(P(n.KY,,)) = {viviﬂ,vwg,vnv% 1<i<n—-1,1<j<m}
respectively.
If m =0 (mod k), by Theorems 1 and 14, P(n.K7,,) is an edge k-product cordial graph.
Define f : E(P(n.KY{,,)) = {0,1,2,...,k—1} forn = 0,1 (mod k) and m = r (mod k) ; 1 <
r < k —1 as follows:
f(vivi“) =0 3 1 §z’§n—1,
We consider the following two cases.

Case(i): If n =0 (mod k), then

0 P 1<i <P, 1<j<k[B|-(k-1)+r
1 ;1§§§§,j:kLﬁj—(k:—1)+r+1;§n+1§z'.§%§n
2 P 1<i<? j=k|2—(k—1)4+r+2; L£+1<i< 0

flow]) =

k—1 ;1<4<
From this labeling we get,

GRS i<

=3

er(i) = n|P]+EL+r)—1 ;i=0
f n|2)+2(1+r) ;1<i<k-—1,
vpe(i) =nl )+ (A +7); 0<i<k—1

Case (ii): If n =1 (mod k), then
floiv]); 1<i<n-—1,1<j<masin Case (i),

/

funvn) = . Sk =7 ¥

E—1 5 (k=17 +1<j<Ek[7],
fan Y =1 <
From this labeling we have,
er(i) = L2 +n2] +r 7] ci=0;i>7r
d L]+l +r[R]+1 51<i<r,
oy~ BElHalZl+rlE] i
f 2] +n[2]+r[R]+1 ;0<i<r
Clearly, lef(i) —er(j)| < 1 and |vp«(2) —vp=(j)| < 1 for 4,5 € {0,1,...,k — 1}. Hence,
P(n.K?7,,) is an edge k-product cordial graph if n = 0,1 (mod k).

Example 3. An edge 4-product cordial labeling of P(4.KY ;) is shown in Figure 3.



N. M. NourEldeen et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 5887 12 of 21

0 0 0 0
0 0 0
00 5
L 9 L7/ 1) 1\1 2/2/ 5| 9\ 2 3/ 3 3
0 0 1 2 31 1 1 1 1 2 9 2 9 2 3 3 3 3 3

Figure 3: Edge 4-product cordial labeling of P(4.K7 5)

Theorem 16. The path union star graph P(n.Kim), where v s a root vertex of Kim,
admits an edge k-product cordial labeling if n =k — 1 (mod k) and m =0,k — 1 (mod k).

Proof. Let the vertex and edge set of P(n.KY,,) be V(P(n.K7},,)) = {vi,v] : 1 <
i <n,1<j<m}and E(P(n.KY{,)) = {v,vzﬂ,vlvf,vnvn 1<i<n—1,1<j5<m}
respectively.
If m = 0 (mod k), then by Theorems 1 and 14, P(n.KY,,) is an edge k-product cordial
graph.
Define f : E(P(n.KY,,)) = {0,1,2,...,k—1} forn = k-1 (mod k) and m = k—1 (mod k)
as follows:
flow]) for 1 <i<n—k+1,1<j<masin Case (i) of Theorem 15,
flovip1)=0; 1 <i<n-—1,

0 ;n—k+2§i§n,l§j§L%J

1 in—k+2<i<n, [B]+1<5<2(F]
i=n—k+2, m—k+2<53<m

2 in—k+2<i<n, 2|2 +1<5 <37

foiv]) = si=n—k+3,m—k+2<j<m

E=1 sn—k+2<i<n, (k=17 +1<j<k[7]

i=n,m—k+2<75<m.

From this labeling we have,

e+ (i) _{ Bl U]+ kL) + (k- )(HL%J) ;i=0

/ EL2JL2] 4+ k2] + (k- 1)1+ [2]) 1<i<k-—1,
vpe (i) = k22 E[E] 4 (k= 1)1+ [2]); 0<i<k— 1.

Clearly, |ef(i) —ef(j)] < 1 and |vp=(3) — vf*f( 7)

§ 1 for i,5 € {0,1,....,k — 1}. Hence,
k—1 (mod k) and m = 0,k—1 (mod k).

P(n.KY ) is an edge k-product cordial graph i
Example 4. An edge 5-product cordial labeling of P(4.Kf75) is shown in Figure 4.
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0 0
2 3 4
2/ 2| 9\ 2 3/ 3] 3\ 3 4/ 4| 4
2 9 2 2 3 3 g3 3 4 4 4 4 4

0
1/ 1\ 1

Figure 4: Edge 5-product cordial labeling of P(4.K7 5)

4.2. Path Union of Bistar

In this subsection, we prove that the path union of a bistar graph P(n.By, ,,), where
v is a root vertex of By, ,,, admits an edge k-product cordial labeling for n = 0,1 (mod k).
Also, we show that the graph P(n.By, ) admits an edge k-product cordial labeling for
n=k—1(modk)if m=0,k—1 (mod k).

Theorem 17. The path union of bistar graph P(n.B};Lm), where v is a root vertex of
By, m admits an edge k-product cordial labeling if n = 0,1 (mod k).

Proof. Let the vertex and edge set of P(n.By, ,,,) be V(P(n.By, ,,,)) = {vi,ui,vf,ug :
1 <i<n1<j<m}and E(P(n.By,,,)) = {viviﬂ,viui,vivf,uiug,vnun,vnv%,unufl :
1<i<n-—1,1<j<m} respectively.
Define f : E(P(n.By, ,,)) — {0,1,2,....;k—1} forn = 0,1 (mod k) and m = r (mod k) ; 0 <
r < k —1 as follows:
f(viviﬂ) :0; 1 §i§n—1,
floju;)) =03 1<i<nmn,
We have the following two cases.
Case (i): If n =0 (mod k), then
flow!)=0;1<i<n, 1<j<|[2] -1,

1 ;e g < < g2
2 . (r+2)n . _ (r+3)n
f(’l)zful\-kJ) _ 2 ’T_’_lSZST;m?—ék—l(mOdk),
k—r—1 ,(k_kl)nglgn
flo; *777) = ;1§Z<n’1<1<(k_1)L%Ja
k—1 ;7=0 (modk—1)
ol k—q ;j=q(modk—1),1<q<k-2
oy = 1<i<® o 1<j<r
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f(uiug):f(vwg);lgign,lgjgm.

From this labeling we have,

(i) _{ 2”+2anJ—|—2rf—1 1i=0

f 24 op|m| 4 opn 1<i<k-—1,
vf*(i):%”—FQanJ—l—%k,OSigk‘—l.

Case (ii): If n =1 (mod k), then

f(viv; ) 1<i<n—-1,1<j<masin Case (i),

fluu]) ;1 <i<n—-1,1<j<masin Case (i),
f(vnv) 0; 1§j§LmJ,
flunuh) =05 1< j <[] -1,
Lel+iy _ si=q(modk—1), 1<q<k-2 . _._  'n
f(onvn )_{ k—=1 ;:5=0 (modk—1) L<j<m=1%],
0 ;mEl,Q(modB),sz;m;éO,l(modk),k‘>3
f(unuk J) = 1 ;m=0 (mod k), k>3
k—2 ;k=2; m=1(modk), k>3,
L)+ k—q ;j=q(modk—1), 1<q<k-2 , m
1<ji<m-—|m
[ (unun® )= 1 . 5=0 (mod k —1) ;1<j<m LkJ
From this labeling we have,
N 2R 4 i=0;2<i<k—-1
ef(Z) _{ 2L J+2mn+1 ;izl 7m:0(m0dk)a
2( 2] +2n| 2] + 2|2 ;1=0,k>3;2<i<k-3
ef(i) = ;m=1(mod k), k>3,
202|420 m| 42|12 +1 ;i=1k—1,k=2;i=0, k=3
: 2[5+ 2[R +2(k = D|E]+1 ;i=0
er(?) = I ~ I . s m=k—1 (mod k),
0 ={ S Lol Sk Dl 12 1< i<k (mad k)
212 +2n[ 2] +2r| 2]+ 1 1—01 ;2<i<r<k—i;k—-i<r<i
ef(i) = s r#£0,1,k—1, k>3,
L%J+2n[%J+2rL%j+2 si<r, k—i<r
: ef(i)+1 ;i=0
v i) = e() 1<i<k-—1.

Clearly, |ef(i) — er(j)] < 1 and |vg«(i) —vp(j)] < 1 for 4,5 € {0,1,....,k — 1}. Hence,
P(n.BY, ) is an edge k-product cordial graph if n = 0,1 (mod k).

m,m

Example 5. An edge 4-product cordial labeling of P(4.B§75) is shown in Figure 5.
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Figure 5: Edge 4-product cordial labeling of P(4.Bg75)

Theorem 18. The path union of bistar graph P(n.By, ,,,), where v is a root vertex of By, m
admits an edge k-product cordial labeling if n =k —1 (mod k) and m =0,k — 1 (mod k).

Proof. Let the vertex and edge set of P(n.By, ,,,) be V(P(n.By, ,,)) = {vl,ul,vf,uf :
1 <i<mn1<j<m}and E(P(n.By},,,)) = {viviﬂ,viui,vivg,uiug,vnun,vnv%,unu% :
1<i<n-—1,1<j<m} respectively.
Define f : E(P(n.By,,,)) — {0,1,2,...,k — 1} for n = k — 1 (mod k) and m = 0,k —
(mod k) as follows:
flow]); 1<i<m—k+1,1<j<masin Case (i) of Theorem 17,
fluul) 5 1 <z<n—k—|—1 1 <j<m asin Case (i) of Theorem 17,
(vaHl) 1<i<n-—-1,
fvuy) O, 1<i<n,
We have the following two cases.
Case (i): If m =0 (mod k), then
f(viv]-) f(uZ )—0 n—k+2<i<n,1<j<

w\s
—

fvnkﬂﬂ%zmuﬁ i;1<i<k-2

(
flonvd ) = (unun ) =0,
(

fun k+1+lnk+1+z) k—i;1<2§k 2
1 '2§+1§ j<im
2 jImii<j<im
fluiv)) = fluul) = - n—k+2<i<n.

k-1 ;8bm g <
From this labeling we have,
(i) :{ 21+ 2 41 ;i=0,1,k—1
! 2B|+2mm 42 2<i<k-2



N. M. NourEldeen et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 5887 16 of 21

vf*(i):{ 217+ 2 41 si=1k—1

22 J+2"m+2 i=0;2<i<k-2.

Case (ii): Ifm_k—l(mod k), then

flow );n—k+2<z<n 1<j<m—k+1asin Case (i),

fluu );n—k+2<z<n 1<j<m-—k+1asin Case (i),
f(U’UZ+1) ; 1<i<n-—1,

f(viug) —O 1<i<n

flow!) =0;n—k+2<i<n,m—k+2<j<m-—k+[}]+],
f(on— k+1+znk+1+l)_0 2<i<k—2,m—-k+[F]+2<i<m—-k+2[7]+1,
f(op— k+1+lvn piigs) =13 1<i<k—1, m—-k+2[7]+2<j<m,
fvn_ kﬂﬂvnkﬂﬂ) isi=1Lk—-1, m—k+2<j<m-—-k+[}]+1,

f(un k+1+4: n—k+1+l) =1;1<d,j<k—-1
From this labeling we have,
. 2n| | 4+2n—1 ;i=0
es(0) :{ 2nbﬂ+2n 1<i<k-—1,
vps (i) = 2n| ] +2n ; 0<z<l~c—1
Clearly, |ef(i ) —er(J)] < 1 and |vp(i) —vp(j)| < 1 for ¢,5 € {0,1,....,k — 1}. Hence,
P(n B, ..) is an edge k-product cordial graph if n = k — 1 (mod k) and m = 0,k —

m,m

1 (mod k:)
Example 6. An edge 3-product cordial labeling of P(5.B5 3) is given in Figure 6.

0'1{2 11 9 9 1 9 1 2 o9 1 2
q q 9 q

12 12 [2 11[2 1l 2
0 1 o\ 1 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0
0 0 0 0

1

9 1 2/1| 9 21| 2 0/1f 9

. | ! !

2 1 1 2 2 1 2 2 1 2 o 1 2

Figure 6: Edge 3-product cordial labeling of P(5.B5 ;)

4.3. Path Union of Cycle

In this subsection, we establish the necessary conditions for the path union of a cycle
graph P(n.C?,) to admit an edge k-product cordial labeling. Also, we investigate the edge
3-product and 4-product cordial behavior of P(n.C}Y,).

Let v be a vertex of a cycle Cy, ; m > 3. According to the symmetry, all P(n.CY,) are
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isomorphic. Hence, we use the notation P(n.C,,).

In order to establish the necessary condition for the path union of a cycle graph
P(n.Cy,) to admit an edge k-product cordial labeling, we prove the following general
result.

Theorem 19. Any graph G with LMJ L%J does not an admit edge k-product cordial
labeling.

Proof. Let f be an edge k-product cordial labeling of a graph G with LlV‘J < L%J
Then e (i) is either || or [ 2] 41 and v (i) is either | Y| or |41 (i = 0,1, .., k—1).
If ef(0) = L' |J then vy (0) > U?J +1> L‘Vlj + 1, which is a contradiction. Therefore,
ef(0) = LUZ‘J + 1, which results v« (0) > L‘EU +2 > L%J + 1, a contradiction again.
Hence, G is not an edge k-product cordial graph.

Theorem 20. The path union of cycle graph P(n.Cy,) does not admit an edge k-product
cordial labeling if n > k.

Proof. For the path union of cycle graph P(n.C,,), we have |V| = nm and |E| =
nm +n — 1. Let f be an edge k-product cordial labeling of P(n.Cy,) ; n > k. We have
the following two cases.

Case(i): Forn =k, we have ef(i) =morm+1 (i =0,1,2,....,k—1) and v« (i) = m (i =
0,1,2,....,k —1). If e4(0) = m, then vy« (0) > m + 1, which is a contradiction.

Case (ii): For n > k+ 1, we have |2242=1] > |2 | By Theorem 19, P(n.Cy,) is not
an edge k-product cordial graph.

Hence, P(n.Cy,) is not an edge k-product cordial graph if n > k.

Theorem 21. The path union of cycle graph P(n.Cy,) does not admit an edge k-product
cordial labeling if m is a multiple of k.

Proof. Let m = kt ; t > 1. For the path union of cycle graph P(n.C;), we have |V| =
ktn and |E| = ktn+n—1. Let f be an edge k-product cordial labeling of P(n.Cy;) ; n < k.
since n—1 < k, we have ef(i) = tnor tn+1and v (i) =tn (i = 0,1,2,...,k—=1). If e;(0) =
tn, then vy« (0) > tn+1. Therefore, |vp«(0) —vp«(i)| > 2 for some i € {1,2,...,k—1}, which
is a contradiction. Thus, f is not an edge k-product cordial labeling of P(n.Cy) ; n < k.
By Theorem 20, P(n.Cy,) ; n > k is not an edge k-product cordial graph. Hence, P(n.Ck;)
is not an edge k-product cordial graph.

Theorem 22. The path union of cycle graph P(n.C,,) admits an edge 3-product cordial
labeling if and only if n =2 and m = 2 (mod 3).

Proof. Let the vertex and edge set of P(n.Cy,) be V(P(n.Cy,)) =
j <m} and E(P(n.Cy,)) = {Uz Vi1,V i f“ vnv%H vmvl ;omul o1 <
m — 1} respectively.
Define an edge labeling f : E(P(2.C342)) — {0, 1,2} for ¢t > 1 as follows:

IA A
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f(U%U:QL) - Oa
f oy =151<i<2,
fFl™) =05 1<) <2t

245 2tjtly 1 ;5=0,3 (mod 4) i
G )_{ 2 j=1,2 (modd) TSI =ETL

j+1 _ 1 ;5=0,1(mod 4) i

Fdodthy —{ 5 ;j5130mm4),1_j_3ﬁ+L

From this labeling we have,
e+ (i) :{ 204+1 ;i=0

! A+2 ;i=1,2,

. %41 :i=1,2

vp (i) = { 242 ;i=0.

Conversely, let f be an edge 3-product cordial labeling of P(2.C341) ; t > 1. Then,
ef(i) =2t +1 (i =0,1,2) and vy (i) =2t or 2t +1 (i = 0,1,2). Clearly, ef(0) =2t + 1
implies vy« (0) > 2t + 2 > 2t 4 1, which is a contradiction. Hence, P(2.C341) ; t > 1 is
not an edge 3-product cordial graph.

By Theorem 21, P(2.C3;) ; t > 1 is not an edge 3-product cordial graph. Also, by Theorem
20, P(n.Cy,) ; m > 3 is not an edge 3-product cordial graph.

Example 7. An edge 3-product cordial labeling of P(n.Cg) is shown in Figure 7.

Figure 7: Edge 3-product cordial labeling of P(n.Cy)

Theorem 23. The path union of cycle graph P(n.C,,) admits an edge 4-product cordial
labeling if and only if n =2 and m = 3,5.

Proof. Let the vertex and edge set of P(n.Cy,) be V(P(n.Cy,)) = {UZ] ;1<i<n,1<
j <m} and E(P(n.Cp)) = {v}vl,vlv]™, vhoh T vmel vmel 1 <i<n-—1,1<j<

m — 1} respectively. Define f : E(P(2.Cp,) — {0,1,2,3} for m = 3,5 as follows:
f(viv%) =2,

o 0 ;i=1,j=1
fh™y=¢ 1 ;i=1,j=2 :m =3,
3 ;i=2,1<j<2
0 ;0=1,1<7<2
, 1 :i=1,j=4:i=2,2<j<
L e R
3 ;i=2,j=1,4
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1 ;¢=2, m=3
fwml) =¢ 2 ;i=1,m=3,5

3 ;1=2, m=25.
From this labeling we have,

~ ) 20%] ;1=0
¢s(0) _{ 2™ +1 ;1<4<3,
~ o217 ;i=1,3
vp() = { 2T 41 ;i=0,2.
Hence, P(2.C3) and P(2.C5) are edge 4-product cordial graphs.

To prove the converse part, we consider the following two cases.

Case(i): If n =2 and m = 4t +r, where 1 <r <3, t>2forr =1and t > 1 for
2 <r <3, then |[V| =8t +2r and |E| =8t + 2r + 1.

Let f be an edge 4-product cordial labeling of the graph P(2.C),). Then we have,

. 2t or 2t +1 ;r=1
es(7) :{ A+1or2+2 ;r=23,
2t or 2t +1 ;r=1
v (i) = 2t +1 ;=2

2t+1or2t+2 ;r=3.
For r = 1, we must have the following conditions.
(i) es(0) = 2t,
(i) two adjacent edges cannot be labeled with 2,
(iii) 0 must be assigned consecutively
otherwise v« (0) > 2t +2. Hence, ef(i) =2t +1 (i = 1,2,3) and 2t + 1 non adjacent edges
must be labeled with 2. This implies v« (2) > 2t + 2. By similar argument, for r = 3, we
get ef(0) =2t+1, ep(i) =2t+2 (1 =1,2,3) and vy« (2) > 2t+3. Forr =2, e4(0) =2t +1
implies v« (0) > 2t + 2. Therefore in all the cases, we obtain |v«(0) — vg«(2)| > 2, which
is a contradiction.
Case(ii): If n =3 and m =4t +r, where 1 <r <3, t>1for 1 <r <2andt >0 for
r =3, then |V| = 12t + 3r and |E| = 12t + 3r + 2.
Let g be an edge 4-product cordial labeling of the graph P(3.C},). Then we have,

St+1lordt+2 ;r=1

eq(i) = 3t+2 yr =2
dt+2o0r3t+3 ;1r=3,
3tor3t+1 sr=1
vg= (1) = JSt+1lor3t+2 ;r=2

3t+2o0r3t+3 ;r=3.
For 1 <17 <2, e4(0) = 3t + r implies vg+(0) > 3t + 7+ 1. For r = 3, as in case(i) we get,
eg(0) = 3t +2, e4(i) =3t +3 (i = 1,2,3) and vy (i) = 3t + 2 (i = 1,2,3), which result
vg=(2) > 3t 4+ 3. Therefore, in all the cases, we obtain |vg=(0) — vg=(2)| > 2, which is a
contradiction.
By Theorem 21, P(n.Cy) ; t > 1is not an edge 4-product cordial graph. Also, by Theorem
20, P(n.Cy,) ; n >4 is not an edge 4-product cordial graph.
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