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Abstract. Multigroup theory is the application of multisets to the theory of groups. Many group’s
theoretic notions have been studied in multigroup theory, however, the ideas of maximal normal
subgroup, simple group, normal series, composition series, and the Jordan-Holder Theorem are
yet to be investigated in multiset context. In this article, we define simple multigroup, maximal
normal submultigroup, normal series for multigroup, and composition series for multigroup with
examples. With these concepts, we establish the Jordan-Holder Theorem in multigroup theory.
It is shown that every finite multigroup defined over a finite group has a composition series. In
addition, it is established that every finite multigroup defined over a finite group has at least two
composition series which are equivalent.
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One constraint of set theory is the refusal to allow repeated elements in a collection,
which is admissible in real-world applications. The word ”"multiset” refers to an extensional
set where an element can be repeated in a collection [1]. According to DeBruijin [2], the
concept of multiset was introduced to D. E. Knuth by N. G. de Bruijn in a private message,
and since then, the word has been used to depict a set with repeated elements/members.
The relevance of multiset has led to many studies and applications in a number of fields
[3-9]. By relaxing the condition of definite collection in set, Zadeh [10] introduced fuzzy
sets, which was applied to group theory by proposing fuzzy group theory [11]. Some
properties of the fuzzy group theory were discussed [12-16]. Nazmul et al. [17] utilized
multisets in group theory to introduce the theory of multigroups.

*Corresponding author.

DOI: https://doi.org/10.29020/nybg.ejpam.v18i2.5889

Email addresses: ejegwa.augustine@uam.edu.ng (P. A. Ejegwa), nasreen.kausar@balikesir.edu.tr
(N. Kausar), adekubash@gmail.com (M. A. Ibrahim), tonguc.cagin@aum.edu.kw (T. Cagin)

https://www.ejpam.com 1 Copyright: (©) 2025 The Author(s). (CC BY-NC 4.0)



P. A. Ejegwa et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 5889 2 of 13

A comprehensive research on multigroup theory was conducted in [18] and some re-
sults in multigroup theory were discussed [19, 20]. The concepts of highly invariant
submultigroups, characteristic submultigroups, normal submultigroups, and Frattini sub-
multigroups were investigated in multigroup settings, yielding some relevant results [21—
24]. In addition, the order of multigroups, cyclic multigroups, comultisets, and factor
multigroups were established [25-28]. The studies in [29-34] examined various notions in
multigroup contexts, such as direct products and actions. Some algebraic systems have
been examined using the idea of multisets [35-38]. Finally, the idea of soluble multigroups
was introduced and many of its properties were studied in [39].

Although many group theoretic concepts have been addressed under multiset context,
the notions of maximal normal subgroup, simple group, normal series, composition series,
and the Jordan-Holder Theorem are yet to be studied in multiset domain. Hence, it
is appropriate to investigate simple multigroup, maximal normal submultigroup, normal
series for multigroup, composition series for multigroup, and the Jordan-Hélder Theorem
for multigroups because the necessary concepts needed for the establishment of these
concepts have been studied in multigroup theory. Thus, this article establishes simple
multigroup, maximal normal submultigroup, normal series for multigroup, composition
series for multigroup, and the Jordan-Holder Theorem for multigroups, respectively. The
remainder of the article is organized as follows: Section 2 presents the preliminaries for
the study, Section 3 covers the main results of the articles, and Section 4 concludes and
makes suggestions for further research.

1. Preliminaries
Let S and G represent a non-empty set and a group, respectively.
Definition 1 ([10]). A fuzzy subset § of S is presented as:

5= {<Sagm(3)> ‘ s € S}? (1)
where §p,: S — [0, 1] is the membership degree of s € S.
Definition 2 ([11]). A fuzzy subset § of G is a fuzzy subgroup of G if

() Fnley) > min {Fn(@),5m(y) } ¥ 2.9 € G,
(il) Tz 1) = Fmlz) Vo € G.
In addition, Fm(e) = Fm(zz~1) > min {3m(x),gm(x)} = Fm(z) ¥ 2 € G, where e is the
unit element of G.
Definition 3 ([6]). A multiset © of S is a pair (S, Cip), where
Cp:8—N={1,2..]} 2)

is a function, such that for s € S implies D(s) = Cp(s) > 0 and Cp(s) is the multiplicity
of sin®. If Cy(s) =0, then s ¢ S.
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Definition 4 ([8]). Suppose © and € are multisets of S, then
(i) D=€ <= Cp(s) =C¢(s) VseS,
(i) D C € < Cp((s) < Ce(s) VseS,
(iii) DN E = Cone(s) =min{Cop(s),Ce(s)} Vs €S,
(iv) DU E = Cpue(s) = max{Cp(s),Ce(s)} Vs e S,
(V) D® € = Coge(s) =Cop(s)®Ce(s) Vseb.
Definition 5 ([17]). A multiset ® of G is called a multigroup of G if:
(i) Co(zy) > min{Co(z),Co(y)} ¥V 2,y € G,
(ii) Cp(z™1) = Cp(z) V z € G.
It is worthy to note that, Cp(e) > Cop(x) V x € X since
Co(e) = Co(zz™) > min{Cop(z),Co(z)} = Co(z) V2 € G.
In addition, ®, defined by ©, = {z € G | Cp(x) > 0} is a subgroup of G.

Definition 6 (][26]). If ©® is a multigroup of G, then the order of ® is the sum of the
multiplicities for each of the elements in ®. It is mathematically presented as:

n
D= Col(wi) Va; € G. (3)
i=1
Definition 7 ([31]). A multigroup © of G is commutative if Cp(zy) = Co(yx) ¥V z,y € G.
If G is commutative, then a multigroup © of G is a commutative multigroup.

Definition 8 ([31]). Suppose © and € are multigroups of G, then © is a submultigroup
of € if ® C ¢&. Again, ® is a proper submultigroup of € if ® C & and © # €.

Definition 9 ([22]). Suppose © is a submultigroup of a multigroup € of G, then © is
normal in & denoted by ® < & if Cp(zy) = Cp(yz) <= Co(y) = Co(z lyz) V 2,y € G.
Certainly, any normal submultigroup is commutative and self-normal.

Definition 10 ([28]). Let © be a submultigroup of a multigroup € of G. Then, the
submultiset y® of € for y € G defined by Cyp(z) = Cp(y~'2) V 2 € G is a left comultiset
of ®. Similarly, Dy of € such that Cpy(z) = Co(zy™') V = € G is a right comultiset of
.

Definition 11 ([18]). Suppose ® and € are multigroups of G. Then, the product © o &
is a multiset of GG defined as follows:

Cone () = { Viey, min{Cs(y), Ce(2)}, if3y,z € Gwherez = yz

0, otherwise.
Definition 12 ([28]). Suppose € is a multigroup of G and © a normal submultigroup in €.
Then, the set of right/left comultisets of ® such that Cypoyn(2) = Cpyn(2) V 2,y,2 € G
is a factor/quotient multigroup of € by D, represented as &/D.

(4)
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2. Main Results

Before the introduction of normal series, composition series, and Jordan-Holder therorem
under multigroups, we first reiterate solvable multigroups as established in [39] as follows:

Definition 13. For every finite multigroup ® of a finite G, there is a chain of consecutive
submultigroups of ©:
DoCD1C--CD, =79, (5)

where (Dg)x = (D1)s =+ = (Dpn)sx = Ds.
The chain of the consecutive submultigroups is also presented as:
Coy(7) < Cp,(2) <--- < Cp,(7) = Co(x), V2 € G (6)
such that (Dg)x = (D1)s =+ = (Dp)x = D

Definition 14. If ® is a multigroup of GG, then ® is solvable if it has a chain of consecutive
submultigroups:
DoCHD1C---CD, =9 (7)

such that (Dg)s = (D1)s =+ = (Dn)x = Dy, where D;_1 14D, and D;/D;_1 is commuta-
tive V1<i<n.

The finite chain of consecutive submultigroups of © is a solvable series for ® denoted
by ©;. In fact, the solvable series for ®© is presented as:

@04@14"'4971:@. (8)

Next, we shall define the concepts of maximal normal submultigroup of a multigroup
and simple multigroup. From the concept of normal submultigroup in Definition 9, we
define a maximal normal submultigroup of a multigroup as follows:

Definition 15. Let € and ® be multigroups of GG such that € «®. Then

(i) €is a maximal non-trivial normal submultigroup if it is the largest proper non-trivial
normal submultigroup of ®.

(ii) ® is simple if it has no proper non-trivial normal submultigroup.
Remark 1. A submultigroup 8 of a multigroup ® of G is trivial if:

(i) B is the identity element or the identity element with multiplicity,

(ii) 9B is a subgroup of G or G itself,

(iii) B is the same as D.
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Example 1. Suppose G = {1,d,d? d*} where d* = 1, d~! = d3, (d*>)"' = d?, and
(d®)~! = d. Then, a multigroup of G is:

D =1{1,1,1,1,d,d,d* d* d* d* d°}.
Certainly, ® is commutative. The submultigroups of ® can be presented in terms of:

(i) the properties of G without multiplicity (since every subgroup is a submultigroup of
trivial multiplicity),

(ii) ®, with multiplicity,
(iii) the properties of G and multiplicity.
By Case (i), the submultigroups of © are as follows:
Do = {1},D; = {1,d*}, Dy =D, = {1,d,d* d*}.

In this case, ® is not included as a submultigroup of itself because it contains multiplicity.
Clearly, {1,d,d?} is not a submultigroup of ® because d.d, d>.d®> ¢ {1,d,d®}. Since Dy,
D1, and D9 are trivial submultigroups of ® (because their multiplicity is 1), © has neither
proper non-trivial normal submultigroup nor a maximal non-trivial normal submultigroup
and hence, ® is a simple multigroup.

Using Case (ii), the submultigroups of © are in Table 1:

Table 1: Submultigroups of ® based on Case (ii)

Submultigroups and their structures
D1 =D = {1,d,d* d*}, Dz = {1,1,d,d% d%},
D3 ={1,1,d,d,d* d* d° d°},
Dy = {1, 1,1,d, d2 d3}

95 = {1,1,1,d,d,d?, d?, d3, d*},

¢ = {1,1 ,1,d,d,d2,d2,d2,d3,d3},
©7 ={1,1,1,1,d,d2,d*},
= {1 1,1,1,d,d,d? d? d3,d},

@ =9 ={1 ,1,1,1,d,d,d2,d2,d2,d3,d3}

Among the list, D, and Dy are trivial submultigroups because D, =D, and Dy is a
submultigroup of itself, Dy-Dy are proper non-trivial normal submultigroups of ®, and
Dy is the maximal non-trivial normal submultigroup of ®. Hence, ® is not simple.

By Case (iii), the submultigroups of © are in Table 2:
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Table 2: Submultigroups of ® based on Case (iii)

Submultigroups and their structures
Do = {1}, D1 = {1,d?}, Dy = D1 = {1,d,d? d*},
Dy ={1,1,d,d%, d}, 3 = {1,1,d,d,d? d?, d*, d3},

D4 ={1,1,1,d,d? d}, D5 = {1,1,1,d,d,d?,d?,d3, d3},
D6 ={1,1,1,d,d,d? d2, d2,d*, d*}, D7 = {1,1,1,1,d,d2, d*},
D ={1,1,1,1,d,d,d?, d? d?, d3},

Do =D ={1,1,1,1,d,d,&? d* d* d° d°},

D1 ={1,1}, Do = {1,1,1}, D3 = {1,1,1,1}, D4 = {1,1,d%},
D5 = {11, d?,d?}, Dg = {1,1,1,d2} D7 ={1,1,1,d2,d*},
Dg = {1,1,1,d2, d? d2} Dy ={1,1,1,1,d%},

D10 = {1,1,1, 1,d2,d2}, D1 ={1,1,1,1,d2,d? d?}

Among the list, CDO 332, ’}31 @3, and 339 are trivial submultigroups of ®. Submulti-
groups Dy @8 and D491, are proper non-trivial normal submultigroups of ®, and @8 is
the maximal non-trivial normal submultigroups of ®. Again, ® is not a simple multigroup.

Example 2. In a symmetry group S, forn =3 (i.e., S = {1,2,3}), As = {po, p1,p2} C S
is a simple group (,0;1 = p2, Py 1 = p1, and py is the identity element). Using Az, a
multigroup defined over As is:

¢ = {p07 P05 P0, P1, P1, p27/02}'

Certainly, Aj is a trivial multigroup. Since p1.p2 = p2.p1 = po, € is commutative.
By Case (i), the submultigroups of € are as follows:

€ = {po}, €1 = A3z = &, = {po, p1,p2}

Because &j and & are trivial, then € is a simple multigroup (because it has no proper non-
trivial normal submultigroup and hence, no maximal non-trivial normal submultigroup).
By Case (ii), the submultigroups of € are in Table 3:

Table 3: Submultigroups of & based on Case (ii)

Submultigroups and their Structures
€, = €1 = {po, p1, p2}, €2 = {po, po, p1, P2},
& = {po, po, p1, p1, P2, P2}, €1 = {po, po, po, p1, P2},
€5 = € = {po, po, 0, P1, 1, P2, P2}

Here, it is observed that ¢, and é5 are trivial, and ¢y, are proper non-trivial normal
submultigroups of € without a maximal non-trivial normal submultigroup of ® since either
@3 Q @4 or @4 Q Qfg Hence, € is not simple.

By Case (iii), the submultigroups of & are in Table 4:
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Table 4: Submultigroups of € based on Case (iii)

Submultigroups and their structures
€ ={po}, € =& = {po, p1, p2}, €2 = {po, po, 1, p2},
€3 = {po, po; p1, P1, P2, P2}, €1 = {po, po po, P1, P2},

éE) =¢= {PO»POzPOanPhP%m}» Q':'1 = {p()apO}v
&2 = {po, po, po}

Here, €&, @1, éfl, @, and (335 are trivial, and ¢y ¢, are proper non-trivial normal
submultigroups of € without a maximal non-trivial normal submultigroup of € since either
(G SI &, or &y g_ €&3. Hence, € is not a simple multigroup.

Example 3. Let G = {1, a,a?, a,b,ab, a®b, a®b} be a group of order 8 with two generators
a and b, which satisfy the relations:

(i) a* = b?> =1 and ba = a3b = a~'b, which is a group recognize as Dj.

(i) a* =1, a® = b%, and ba = a®b, which is a group of unit quaternions.

Indeed, a=! = a3, (a®)™! = a, (a®)™! = a? b! = b, (ab)~! = @b, (a®b)~! = a?b, and
(a®b)~! = ab. Certainly, G is non-abelian since b(ab) # (ab)b because b(ab) = (ba)b =
a®b? = a® and (ab)b = ab® = a.

Using G, a multigroup defined over G is:

F=1{1,1,1,a,a,d? a? a? a3 a®,b,b,ab,ab, a’b, a®b, a>b, a>b},

which is also non-commutative.
The following structures in Table 5 are the submultigroups of §:

Table 5: Submultigroups of §

Submultigroups and their structures
Jo={1}, &1 ={1,1}, §2 = {1,1,1}, §3 = {1,a,a°,a’},
Sa=1{1,1,a,a% a3}, 35 = {1,1,a,a,a%,a% a3, a’},
6 = {1,1,1,a,a%,a%}, §7 = {1,1,1,a,a,a?,a?,a3, a3},
s =1{1,1,1,a,a,a? a? a2 a3 a3}, o = {1,a°},

3'1(] = {1, 1,(12,(12}, 311 = {1, 1, 1,a2,a2,a2}, &2 = {1,b},
F13 ={1,1,b}, F14 = {1,1,b,b}, F15 = {1,1,1,b,b},
S16 = {1,a,a?,a3,b, ab, a®b, a®b},

S17 = {1,1,a,a?,a3,b, ab, a®b, a®b},

18 = {1,1,a,a,a%,a% a3, a>,b,b,ab, ab, a®b, a’b, ab, a>b},
T10 = {1,1,1,a,a?,a3,b, ab, a®b, a®b},

T20 = {1,1,1,a,a,a?,a%, a3 a3, b,b,ab, ab, a®b, a®b, a>b, ab},
§=1{1,1,1,a,a,a% a? a? a® a3 b,b,ab, ab,a’b, a®b, a®b, a®b}
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Here, $0—53, J9, S12, and § are trivial. The submultigroups §4—3§s, S10, S11, and
$13—520 are proper non-trivial normal submultigroups of §. Hence, § is not a simple
multigroup. Again, the maximal non-trivial normal submultigroup of § is Fog-

Remark 2. Every multigroup whose submultigroups are trivial is a simple multigroup.

To see this, given a multigroup € = {py, po, p1, p2} defined over As = {pg, p1, p2}.
Then, the submultigroups of € are:

QEO = {P0}7
61 = {PO:P17P2}7
€ = {po, po; p1, p2} = €.

Among these submultigroups of &, we notice that all of them are trivial. Thus, € is
simple.

Definition 16. Let G be a finite group and ® be a multigroup of G with a finite multi-
plicity. Then, ® has a normal series if there exist:

Coy(2) < Up,(7) <--- < Cp,(z) = Op(2) Yz € G, (9)
such that (Dg)x = (D1)s == Dp)s =Dy and ©;9D;1 1 V0 <i<n-—1.

Example 4. Using the submultigroups of © in Example 1, we observe that normal series
only exists for Case (ii) and Case (iii). It does not exist for Case (i) because (Dg). #
Dy, (D1)s # Dy, and (Da),x # D,. The normal series for Case (ii) is identical to Case
(iii) because all the submultigroups in Case (ii) are in Case (iii), and the rest of the
submultigroups in Case (iii) do not share the same elements as G. Thus, the normal series
for © are:

S_ﬁ)
N
lg}
N
@l
iy
N
5}
IN
g)
N
g}
I

D

no
N 1N

D

N 1N
o

9
N N
9 D
N N
L L
N N
oL
N N
B

Il

I
SRS)

Certainly, @Z N ©i+1 Vo<i<n-—1.

Example 5. Using the submultigroups of € in Example 2, we have the following normal
series:

& G
hK

H
& &

[N}
& G
N 1N

S
ot
Il
c &

& &

N 1N
ot
Il

N 1N

where éi<@¢+1v0§i§n—1.

Closely related to normal series is the concept of composition series.
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Definition 17. Let G be a finite group and ® be a multigroup of G with a finite multiplic-
ity. Then, ® has a composition series if there exist a chain of consecutive submultigroups:

Co,(r) < Cp,(z) <--- < COp, () = Co(z) V2 € G, (10)
such that (Dg)« = (D1)x = -+ = (D)« = D with the properties
(1) ;9D 1 VO<i<n-—1,
(ii)) Di11/D; is simple VO <i<n—1.

For Example 1, the composition series for ® are:

Certainly, ”}ADZ <135i+1 VO0<i<n-—1and @i+1/@i issimple V0 <7<n-—1.
For Example 2, we have the following normal series:

¢ C ¢ C &3 C ¢

¢,
€ CeECECE=2C

Since éiz for ¢ = 1,2,3,4,5 are normal, then éfl q éi+1 VO0<7<n-—1and éi+1/éi is
simple V0 <i<n-—1.

Example 6. Let ¢ = {0,0,0,1,1,2,2,3,3,4,4,5,5} be a multigroup of Zg. Then, the
non-trivial submultigroups of € which share the same elements as G are:

¢ ={0,1,2,3,4,5},
¢y ={0,0,1,2,3,4,5},
& ={0,0,1,1,2,2,3,3,4,4,5,5},
¢4 ={0,0,0,1,2,3,4,5},
¢ ={0,0,0,1,1,2,2,3,3,4,4,5,5} = €.

Then, the composition series are:

Because @l ¢ fori=1,2,3,4, then @Z N QAZiH VO0<i<n-—1and éiJrl/é:i is simple V
0<i<n-—1

Theorem 1. Every finite multigroup defined over a finite group has a composition series.
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Proof. Let © be a finite multigroup over a finite G. We establish the proof by the
principle of induction. Suppose every finite multigroup of order less than |©| has a compo-
sition series. Now, if © is simple, then there is no composition series since no non-trivial
proper normal submultigroup exist. On the other hand, if ® is not simple, then there
must be a non-trivial proper normal submultigroup. Since ® is finite, there is a maximal
non-trivial normal submultigroup in ®, which we denote as 8. Certainly, |B| < |9D|.

By induction, |B| has a composition series:

Cp, () < Cp,(z) <--- < Cgy,(z) = Cy(x) Vo € G.
But then, B <® since B is maximal in ©, and so
Cp, () < Cp,(z) <--- < Cgy,(z) = Cy(x) < Cp(x) Vx € G,

which is the composition series for ®.

Theorem 2 (The Jordan-Hélder Theorem). Every finite multigroup defined over a finite
group has at least two composition series which are equivalent.

Proof. Let ® be a finite multigroup over a finite group G. Suppose we have two
composition series for ©:

< Co, (¢) = Cola) ¥z € G,
.- < Oy, (x) = Co(z) Yz € G,

such that ©; <D;41 with D;41/D; simple V 0 < i <n —1 and B; <B4 with B;1/B;
simple V0 < j < m—1. We need to prove that n = m and (91/D9,D2/D1, -+ ,Dn/Dn—_1)
is a rearrangement (denoted as ~) of (B1/Bo, Ba2/B1, -+, Bu/Bm—1)-

We prove by induction on |®|. For |®| = 1, the result is trivial. Assume ®,,_1 = B,,—1,
the result follows by induction. Then, assume ©p,_1 # B,,_1. Set D =, 1, ¥V =B,,_1,
and Q = ® N V¥, where (2 is a maximal submultigroup of ©,_1 and B,,_1.

Now, Q has a composition series, Cq,(x) < Cq,(z) < --- < Cq,(x) = Cq(z) Vx € G.
Then,

Cop,(x) < Cp,(x) <--- < Cyp, ,(x) =Cs(z)Vz € G and
Coy(z) < Cq,(z) <--- < Cq,(z) =Ca(x) <Cp(z)Vz € G

are both composition series for ®. By induction, we have n —1=t+1=n—2 =1, and
(D1/D0,D2/D1,- -+, Dp-1/Dp—2) ~ (21/Q0, 2/, -+, Q /U1, 2/Q).  (11)
Similarly,

Cyp,(z) < Cp,(z) <--- < Cgp,, ,(z) =Cy(x) Vo € G and
Co,(z) < Cq,(z) <--- < Cq,(z) = Cqlx) < Cy(z) Vx € G
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are both composition series for ¥. Thus, m —1=t+1 = m—2=1¢, and
(B1/Bo, Ba/ B, , Brm—1/Bm—2) ~ (Q/Q0, Qo+, Qe/Q1, ¥ /Q). (12)

Fromm —1=t+1and n—1=1¢+1, we have n = m. By appending ©/® to both
sides of (11), we have

(@1/@0, e 7©n71/©n727 Q/anl) ~ (91/907 e 7Qt/Qt71> ¢/91 @/(I)) (13)
Similarly, appending © /W to both sides of (12), we have
(B1/Bo, » Bm-1/Bm-2,9/Br-1) ~ (/0 , Q% /Q_1,¥/Q,D/T). (14)

The right hand side of (13) and (14) are identical except (®/Q,D/®) and (¥/Q,D/V).
Hence, (¢/Q,9/®) ~ (¥/Q,D/¥) and so

(D1/D0,- ,Dn/Dp-1) ~ (B1/Bo, -, By /DBm—1)-

3. Conclusion

In this paper, the notions of simple multigroup, maximal normal submultigroup, nor-
mal series for multigroup, and composition series for multigroup were defined as algebraic
structures in multiset context and characterized with examples and some results. In addi-
tion, it was proven that every finite multigroup defined over a finite group has a compo-
sition series. Finally, the Jordan-Holder Theorem was presented in multiset context, and
it was established that every finite multigroup defined over a finite group has at least two
composition series which are equivalent. The multigroup structures can be applicable in
cryptography for the security of data, molecular symmetry and molecular behavior during
chemical reactions, quantum mechanics and particle physics, algorithms in areas related
to coding theory and data structure, robotics and computer graphics, etc. For further
investigation, the concept of nilpotency in multigroup setting could be considered.
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