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Abstract. Numerous numerical solutions have been developed over the past decades to provide
suitable solutions for several types of problems in computational fluid dynamics (CFD). The finite
volume method (FVM) is a numerical technique adopted in computational fluid dynamics to solve
partial differential equations representing conservation laws. In this article, two mathematical
models are presented: one for the linear advection equation and another for the nonlinear Burgers’
equation with diffusion, along with various schemes of the FVM. Furthermore, numerical experi-
ments will be conducted for several FVM schemes to demonstrate the most effective approach for
solving the studied problem.
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1. Introduction

Computational fluid dynamics (CFD) is the analysis of systems involving fluid flow,
heat transfer, and associated phenomena such as chemical reactions using computer-based
simulation. This powerful technique is applied across a broad spectrum of both industrial
and non-industrial fields [1].

The finite volume method (FVM) is a numerical approach that converts partial differ-
ential equations, which describe conservation laws over infinitesimal volumes, into discrete
algebraic equations for finite volumes. It has evolved to address complex situations in com-
putational fluid dynamics and has been adapted to study intricate physical phenomena,
including magneto-elastic semiconductor interactions [2], wave interactions in functionally
graded materials [3], and solitary wave solutions in plasma physics [4].

The FVM process includes a range of computational complexities, from mesh genera-
tion to the application of boundary conditions [1].
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The finite volume method has been used by researchers to solve numerous problems
related to computational fluid dynamics, as in the development of an arbitrary Lagrangian-
Fulerian formulation for compressible flows based on the multi-moment finite volume
method [5]. In addition, FVM is used to describe the Navier-Stokes equations and their
solutions [6, 7] and in incompressible flow problems which cover a wide range of physical
phenomena such as environmental and geophysical flows and the dynamics of mechanical
processes [8, 9].

In the FVM, different schemes exhibit unique characteristics, such as conservativeness,
boundedness, and transportiveness. FExamples of these schemes include upwind differ-
encing scheme, central differencing scheme, essentially nonoscillatory (ENO) scheme, and
other related schemes [10, 11].

The main purpose of this paper is to investigate the most efficient schemes in the
finite volume method to solve a one-dimensional linear advection equation and a two-
dimensional nonlinear Burgers’ equation with diffusion. The FVM will be formulated and
applied to solve these problems, and numerical experiments will be performed to compare
the approximate solutions with the exact ones.

The following is the outline of this paper: In Section 2, the central differencing scheme
is introduced, followed by Section 3, which covers the upwind differencing scheme. Section
4 presents a brief description of the Essentially Non-Oscillatory (ENO) scheme, and Section
5 details the Weighted Essentially Non-Oscillatory (WENQO) scheme. Section 6 presents
numerical experiments to assess the performance of these schemes. Section 7 discusses the
results. Finally, Section 8 concludes the paper and suggests directions for future research,
particularly focusing on extending another scheme.

2. Central differencing scheme

In this scheme, the computational domain is discretized into a finite number of control
volumes. The main concept is to approximate the fluxes at the boundaries of each control
volume using central differences, which provide second-order accuracy. In particular, the
value of the variable at the cell faces is calculated as the average of the values at the
neighboring cell centers. Mathematically, this is expressed as:

_ fi+ fiva

; 1)

fit

N |=

where
fi 41 Tepresents the value at the interface between cells ¢ and 7 + 1.
2

fi and fiy1 represent the values at the centers of cells i and ¢ + 1, respectively [1].

3. Upwind differencing scheme

This scheme relies on the principle of causality, utilizing information from the direction
of the flow to compute fluxes at the control volume boundaries. Particularly, the value at
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the cell face is determined using the value from the upstream cell, which helps to maintain
stability and reduce numerical oscillations. Mathematically, this is represented as:

{ﬁ if u >0,

fiv1 if u <O,

fi+l =

2

(2)

where

fi;1 denotes the flux at the interface between control volumes ¢ and i + 1.
2

u is the velocity of the flow.

fi represents the values at the center of cell 7 [1].

4. Essentially Non-Oscillatory (ENO) scheme

Essentially Non-Oscillatory (ENO) schemes started with the classic paper of Harten,
Engquist, Osher, and Chakravarthy [12]. The ENO schemes are high-order accurate and
effectively capture shocks with sharp, visually monotonic transitions. The schemes of
ENO are well-suited for problems containing both shocks and complicated smooth flow
structures.

Additionally, ENO schemes depending on point values and TVD Runge-Kutta time
discretization, which can reduce computational costs significantly for multi-space dimen-
sions, although ENO schemes choose the smoothest stencil to capture discontinuities from
a set of candidate approximation stencils [13, 14].

5. Weighted Essentially Non-Oscillatory (WENO) scheme

The key advantage of Weighted Essentially Non-Oscillatory (WENO) schemes is their
ability to present high accuracy while avoiding spurious oscillations near discontinuities,
such as shocks or contact discontinuities. Furthermore, WENO schemes are capable of
achieving high-order accuracy (third, fifth, or even higher) in smooth regions, making
them highly attractive for problems requiring high precision. These features make WENO
schemes ideal for simulating fluid dynamics, wave propagation, and other problems involv-
ing discontinuities.

WENO schemes have gained more attention than Essentially Non-Oscillatory (ENO)
schemes, both in algorithm development and applications. Unlike ENO, which is based on
a single interpolation or reconstruction using one selected stencil, WENO employs a convex
combination of interpolations from multiple candidate stencils. The weights in WENO
schemes are specifically designed to retain the ENO property for capturing discontinuities
while restoring the background linear scheme in smooth regions of the solution. This dual
feature ensures accuracy and stability, making WENO schemes particularly effective for
addressing the discontinuities present in many complex problems [13-15].

In the paper, two classifications of the method will be discussed:

(i) The 3'¢ -order Weighted Essentially Non-Oscillatory (WENO3).
(ii) The 5'" -order Weighted Essentially Non-Oscillatory (WENOS5).
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5.1. WENO methodology in FVM framework

A general system of hyperbolic conservation laws:
du D
Fn + ; aTCZfz(u) =0, (3)

is considered where d is the space dimension, u is the solution vector, and f;(u) is the
physical flux in the i-th direction.
The computational domain in space is defined as Q = [mL,xR], which is divided
into N cells represented by I; such as I; = [azF 1, T, 1 } Following that, the grid size
2 2

within the domain is given by Az; = =, 1 —x,_ 1 and the cell centers are located at

+

T; = % <a:i_; +:ci+;> where i = 1,2,..., N.
2 2

For simplicity, considering the one-dimensional scalar hyperbolic conservation law:

ou 0

54—87: (u) =0, (4)

with the initial condition: u(z,0) = ug(x)
Applying the finite volume method to Equation (4) and integrating over the cell I; =
T 1 IL‘H_%:|, the conservation law becomes:
d [T+
S w0+ | St o), ~ ), | =0, )
xZ.

1 it -4
i3

Where f(u) is the physical flux, which may be approximated by its numerical counterpart
f (referred to as the numerical flux), and @;(¢) be the average value of the solution u(z, )
over the cell I; for all 7 :

s(t) = ﬁ / e e, (6)

x.
i—

where Az is the width of the cell.
Substituting this cell-averaged value into the finite volume formulation, the semi-
discrete form of the conservation law becomes:

)= [ oy )~ ()] "

Where Az = z; 1 — z;,_1 approximating Equation (7) using the following conservative
2 2

scheme, yields a system of ordinary differential equations (ODEs), leading to the semi-
discrete finite volume scheme:

Conlt) =~ (s —Fis). ®)
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The numerical flux fiil /2 1s given by the following expression:

fisrpp =h (%‘i;’%‘i;) ; (9)
to obtain the semi-discrete finite volume scheme
d_ 1 - + - +
ﬁui(t)—i—ﬂ [h (ui+;,ui+é) —h(ui_é,ui_é>] =0, (10)

When the values u™* ;and ui , were reconstructed by WENO method and using the Runge-

3
Kutta method to solve the reQSulting of ODEs in (8).
The function h(a,b) in expression (9) is a monotone numerical flux that meets spe-
cific conditions, there are some examples of monotone fluxes include the Godunov flux,
Engquist-Osher flux, and Lax-Friedrichs flux [13, 16].

The goal of WENO reconstruction is to compute the interface values ui ;and u:*r_ , by
2 2
(r)

forming a convex combination of all candidate reconstructions « This involves com-

ikl
bining k£ candidate stencils S, each stencil provides sets of neighboring cell values
S,«(’L) = {-’I}i—raxi—r—&-lv'--7-1'7,'77'+k71}7 7“:0,...,]{— 1. (11)

For each stencil, generate k different reconstructions for the solution values at the cell
boundaries x;, 1, These reconstructions are computed as:
2

o
—
T
A

r _
i+3

U erai—r—i-j’ U, 'y = erai—r—&—p (12)
2 °

<
Il
o

<
Il
o

where C,; and C‘Tj are the reconstructed value at the cell boundary x, +1 and x,_ 1 respec-
tively.

The key to the success of WENO would be the choice of the weights w,, each stencil
is assigned a nonlinear weight w,., which is computed based on the smoothness indicators
as follows:

(a7 ~ Qy
Wr = k-1 0 Wr T See1 . o (13)
Zgzé Qg 25:(% s
with ~
d, d;
S A Y (o
(5“‘57“) (€+BT)

where the nonlinear weights satisfy: w, > 0, Zf;ol wr = 1, and € is a small number
which must satisfy: € > 0.

Each stencil is assigned a smoothness indicator 3, that is used to measure the smooth-
ness of stencil polynomials, it is used in the calculation of weights, and it constructs weights
such that the discontinuity is avoided inside the stencil, and it’s given as following:

k_ xI.
—§1 w3 pgaet (Opr(@) 2d Vr=0.... k-1 15
By = T “oal z, Vr=0,...,k—1. (15)

I=1"%-}
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The right-hand side of Equation (15) represents the sum of the squares of scaled L?
norms for all the derivatives of the interpolation polynomial p,(x) evaluated over the
specified interval I; on the stencil S,.(i). The factor Az?~! is introduced to remove any
Ax dependency in the derivatives.

If the function u(z) is smooth in all the candidate stencils there are constants d, such
that

s — k-1 dru%(':-)% =u (:UH%) + 0 (Ax2k—1) ’ (16)
r=0
U 1= i:: JTUEZ)% =u (:U%%) + 0 (Aka—l) , (17)

where d,. is always positive and Zf;é d, = 1, and by symmetry Jr = dp_1—,. In this
smooth case, to keep the order of accuracy (2k — 1), then w, should be

wT:dr—i—O(AQ:k*l), r=0,...,k—1. (18)

which would imply order of accuracy (2k — 1)'" order of accuracy

u;% = kilwrug?% =u (xH%) +0 <Ax2k—1) : (19)
r=0
u:r_% = iz::;@?«ul(,i); =u (x%%) +0 <A:c2k_1> , (20)

here, w, and w,, defined in (13), are constructed based on the smoothness indicators
[13, 15-18].

5.2. Time discretization for WENO scheme

After the spatial derivative is discretized with the WENO scheme, a set of ordinary
differential equations (ODESs) is obtained as:

du
dat = L(u)v (21)

where L denotes the spatial discretization operator represented in (8). The general m-stage
Runge-Kutta (RK) method is written as:

i—1

u® = Z (aiku(k) + AtB L (u(k))) , i=1,...,m.
k=0

_ ) ym) )
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The set of ODEs in this paper can be discretized by a 3" -order by total variation
diminishing (TVD) Runge-Kutta method as follows [13, 19]:

MU:MM+AMQMU,

3 1 1
2 2,0 . Z,,0) 4 = (1)
u i + "k + 4AtL (u ), (23)
1 2 2
(n+1) — Z,(n) o 2,2 L 2 2
u 3u + 3u + 3AtL (u ) .

6. Numerical experiments

In this section, two numerical experiments will be carried out to solve linear advection
of multiple waves and two-dimensional Burgers’ equation with diffusion for comparison
purposes and to verify the results.

6.1. Linear advection of multiple waves

Considering the one-dimensional linear advection equation:

ou Ou_

ou  ou _ 24
o Tax O (24)

With the initial condition:

%[G(az -1,68,z—0)+G(x—1,8,z+0) +4G(x — 1,8,2)], if0.2 <z <04,
1, if0.6 <z < 0.8,
u(z,0) =< 1—[10(x — 1.1)|, it1.0 <z <1.2,
%[F(m— Laya—0)+ F(z—1,a,a+0)+4F(x — 1,a,a)], if 1.4 <z < 1.6,
0, otherwise,
(25)
where:
G(z,B,2) = e P2’ F(z,a,a) = /max (1 — a2(z — a)2,0). (26)
with parameters:
log(2)
a=05 z=-07, 6=0.005 «oa=10, (= 3602 (27)

The initial condition consists of a Gaussian pulse, a square wave, a sharp triangle wave,
and a half ellipse arranged from the left to the right in the computational domain z € [0, 2].
The exact solution, representing the theoretical solution for the linear advection equation
with a constant propagation speed c, is:

u(z,t) = uo(x — ct). (28)
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Figure 1: One-dimensional linear advection of multiple waves in showing the exact solution vs. the numerical
solution, along with the u distributions obtained from the central differencing scheme at simulation time ¢t = 0.5.
The spatial discretization is performed on 200 uniform grid points with a Courant number of CFL = 0.5.

Upwind differencing scheme - on N, = 200
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Figure 2: One-dimensional linear advection of multiple waves in showing the exact solution vs. the numerical
solution, along with the u distributions obtained from the upwind differencing scheme at simulation time ¢ = 0.5.
The spatial discretization is performed on 200 uniform grid points with a Courant number of CFL = 0.5.
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WENO3 - on N, = 200
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Figure 3: One-dimensional linear advection of multiple waves in showing the exact solution vs. the numerical
solution, along with the u distributions obtained from the WENO3 scheme at simulation time ¢ = 0.5. The
spatial discretization is performed on 200 uniform grid points with a Courant number of CFL = 0.5.

WENOS5 - on N, = 200
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Figure 4: One-dimensional linear advection of multiple waves in showing the exact solution vs. the numerical
solution, along with the wu distributions obtained from the WENO5 scheme at simulation time ¢ = 0.5. The
spatial discretization is performed on 200 uniform grid points with a Courant number of CFL = 0.5.
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Table 1: Error analysis for central differencing scheme in FVM framework at CF L = 0.5.

N scheme Central differencing scheme
x
L, error 0.65607
25 Lo error 0.59542
L, error 0.94175
L, error 0.48812
50 L4 error 0.44254
L, error 0.68826
Lq error 0.4083
100 L4 error 0.39903
L, error 0.93897
L, error 0.39833
200 L4 error 0.43939
L, error 1.1754

Table 2: Error analysis for upwind differencing scheme in FVM framework at CF'L = 0.5.

N scheme Upwind differencing scheme
xr
L, error 0.50568
25 L, error 0.4245
L, error 0.60352
L, error 0.37711
50 L, error 0.33849
L, error 0.63623
L, error 0.27896
100 L, error 0.27365
L, error 0.61025
L, error 0.18559
200 L, error 0.20518
L, error 0.47363
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Table 3: Error analysis for WENO3 and WENOS5 in FVM framework at CF'L = 0.5.

scheme | v pNO3 | WENOS
N,
L, error 0.47798 0.34751
25 L, error 0.41071 0.32829
L, error 0.68641 0.6715
L, error 0.27409 0.18028
50 Lo error 0.26617 0.20625
L, error 0.58412 0.45793
L, error 0.15712 0.089675
100 Lo error 0.18883 0.13884
L, error 0.51135 0.50284
L; error 0.077098 | 0.035365
200 L, error 0.11764 0.083419
L, error 0.40532 0.36654

6.2. Burgers’ equation with diffusion

Considering the two-dimensional Burgers’ equation with diffusion:

2 2
<u2> + <“2> ] — D (g + ) = 0, (29)
x y
on the domain [0, 2]2.

when a = 1, the exact solution is provided in Equation (30), and Figure 5 represents this
solution at CF'L = 0.5 and the final time ¢ = 0.5.

U + a

cos(m(z + y)) exp (—2D7%t)

t)y=-2D :
U(!T) Y, ) 7T2 + Sin(ﬂ'(l' + y)) exp (—2D7T2t)

(30)

Exact solution u(x, y, t) at 40x40
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Figure 5: Exact solution of the two-dimensional Burgers' equation.
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Upwind differencing scheme - Numerical solution uest(x, y, t) at 40x40

Central differencing scheme - Numerical solution uest(x, y, t) at 40x40
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Figure 6: Two-dimensional Burgers' equation with diffusion, displaying the numerical solutions from various

schemes for a diffusion coefficient D = 0.0002 at CFL = 0.5. The spatial discretization of the estimated

solution wuest(z,y,t) is performed on a 40 x 40 uniform grid. The numerical solutions are shown for the central

differencing scheme (top left), upwind differencing scheme (top right

(bottom right).

WENO3 (bottom left), and WENO5

)



T. ALfawaz, A.M. Saeed / Eur. J. Pure Appl. Math, 18 (2) (2025), 5892

13 of 17

Table 4: Error analysis for central differencing scheme in FVM framework for a diffusion coefficient D = 0.0002

at CFL =0.5.

N, x N, SHEE Central differencing scheme
L4 error 8.2763e-07
20 x 20 Ls error 1.093e-06
L, error 2.051e-06
Lq error 4.2254e-07
40 x 40 L> error 7.8345e-07
L, error 2.0943e-06
L, error 2.1277e-07
80 x 80 L> error 5.575e-07
L, error 2.0943e-06
L, error 1.1087e-07
160 x 160 L, error 3.9544e-07
L, error 2.0977e-06

Table 5: Error analysis for the upwind differencing scheme in FVM framework for a diffusion coefficient D =
0.0002 at CFL = 0.5.

N, x N, scheme Upwind differencing scheme
L, error 1.3824e-06
20 x 20 L, error 1.1794e-06
L, error 2.051e-06
L, error 7.5091e-07
40 x 40 L, error 8.2257e-07
L, error 2.0943e-06
L, error 3.9118e-07
80 x 80 L, error 5.7267e-07
L, error 2.0943e-06
L, error 1.9917e-07
160 x 160 L, error 4.0102e-07
L, error 2.0977e-06
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Table 6: Error analysis for WENO3 and WENOS5 in FVM framework for a diffusion coefficient D = 0.0002 at

CFL =0.5.
scheme

N, x N, WENO3 WENO5

L, error 1.6834e-07 5.126e-08

20 x 20 L, error 2.0541 e-07 6.5106e-08
L, error 3.3108¢ — 07 | 1.3088 -07

L, error 2.2e — 07 5.3135e-08

40 x 40 L, error 2.5939e-07 6.1183e-08
L, error 4.7755e — 07 | 9.6984e — 08

L4 error 2.3917 - 07 7.1989¢-08

80 x 80 L, error 2.8305e-07 8.4092e-08
L, error 5.6877e-07 1.6397e-07

L, error 2.4296 e-07 7.4868e-08

160 x 160 L, error 2.8789e-07 8.8955e-08
L, error 5.9143e — 07 | 1.884e — 07

7. Discussion

The linear advection of multiple waves equation displays the effectiveness of different
numerical schemes in capturing the dynamics of multiple waveforms. In the first case,
the initial condition provides a comprehensive test to assess the accuracy of the numerical
methods employed.

Simulations confirm that the central differential scheme despite its simplicity and compu-
tational ease results in relatively high error levels particularly for the Lo and Lo, norms
as presented in Table 1. It is essential to highlight that errors are significantly reduced
when employing the upwind differencing scheme which demonstrates greater stability for
advection-dominated problems as shown in Table 2. This strategy, even so, is still less
accurate compared to the Weighted Essentially Non-Oscillatory (WENQO) scheme.

The WENO3 and WENOS schemes as presented in Table 3 show considerably lower errors
across all norms with WENOS particularly excelling in its ability to resolve steep gradi-
ents and discontinuities more effectively than lower-order methods. Visual comparisons in
Figure 1, 2, 3 and 4 support these findings.

Figure 7 presents a combined plot that compares the performance of all the schemes, high-
lighting the strengths and weaknesses of each scheme.

They confirm that WENO methods maintain the integrity of the wave shapes over time
while the central differencing scheme and upwind differencing scheme patterns reveal sig-
nificant diffusion and distortion of the wave profiles.
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Numerical Solutions and Exact Solution Using Various Schemes at N, = 200
2 T

Exact Solution

Central Numerical Solution
15F Upwind Numerical Solution | |
*  WENOS3 Numerical Solution
*  WENOS5 Numerical Solution

| kA

2057 [ t L .
, PAWEY
05 r i
-1 | . |
0 0.5 1 1.5 2

X

Figure 7: Linear advection of multiple waves using various schemes at simulation time ¢ = 0.5. The spatial
discretization is performed on 200 uniform grid points with a Courant number of CFL = 0.5.

The two-dimensional Burgers’ equation with diffusion and the numerical solutions
received from different schemes provide insights into the interplay between advection and
diffusion.

The exact solution for the diffusion coefficient D = 0.0002 as presented in Figure 5 provides
a benchmark for estimating the performance of numerical methods.

The error analysis presented in Tables 4 and 5 implies that the central differencing scheme
achieves an acceptable level of accuracy but the errors remain substantial, particularly in
the Lo norm while the upwind differencing scheme improves upon this improvement but
remains incapable of capturing the finer details of the solution.

The WENO3 and WENOb5 schemes in Table 6, continue to excel the lower-order methods
and achieve substantially lower error values.

This is particularly apparent in their ability to resolve the solution’s features as represented
in Figure 6. The high fidelity of the WENO schemes especially is essential for applications
involving sharp gradients where diffusion plays a critical role in the solution behavior.

8. Conclusion

This study rigorously examines numerical solutions to the one-dimensional linear ad-
vection equation and the two-dimensional Burgers’ equation using the Weighted Essen-
tially Non-Oscillatory (WENOb5) method. The results demonstrate significantly lower
error rates across various norms, including Ly, Lo, and Ly,. The superior performance of
WENOS?S is particularly evident when compared to lower-order schemes.

Specifically, this research establishes that WENOS outperforms other methods, such as
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WENO3, central differencing, and upwind differencing, particularly in scenarios charac-
terized by sharp gradients. This capability highlights WENOS5’s proficiency in addressing
complex fluid dynamics problems where accuracy is paramount.

Future research may focus on extending other advanced numerical schemes, such as the
Targeted Essentially Non-Oscillatory (TENO) scheme. Investigating its methodological
techniques could lead to further improvements in computational efficiency and accuracy,
potentially broadening its applicability to a diverse range of fluid dynamics challenges.
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