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Abstract. The concepts of supra soft somewhere dense closure, also known as SS-sd-closure, are first
applied in this study to the problem of connectedness in supra soft topological spaces, or SSTSs. To
be more specific, we use the concepts of SS-sd-components to describe a novel method of connectedness
via SS-sd-sets, which we refer to as SSL-sd-connectedness, or supra soft locally sd-connectedness. SS-
sd-hyperconnectedness, a different kind of connection via SS-sd-sets in SSTSs, is shown. We investigate
the master characteristics of different kinds of connectedness. We found out that, SS-sd-hyperconnected
spaces are equivalent to SS-sd-connected spaces, which distinguishes our concepts from their counterparts.
Furthermore, we present two new forms of compactness, called SS-sd-compactness and SS-sd-Lindel6fness,
which are based on the concepts of super soft sd-sets in the context of SSTSs. We get into a lot of detail
about their primary features. In particular, we demonstrate that an SS-sd-compact (Lindelof) soft set
is the soft intersection of an SS-sc-set and an SS-sd-compact (Lindelof) soft set. Furthermore, an SS-
sd-compact (Lindel6f) SSTS with the soft finite (countable) intersection property also known as SFIP
(SCIP) has been demonstrated in terms of its behaviour. Finally, we compare our novel soft versions of
connectedness and compactness using SS-sd-sets with earlier research and add two topological charts to
Figures 1 and 2 to illustrate the main ideas of this study. Concrete examples and counterexamples have
verified that the arrows in these charts are non-reversible.
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1. Introduction

The approach of supra topological spaces [1] was defined by Mashhour et al., in 1983. Nu-
merous applications of this study have been proposed. in [2-4]. Novel rough sets models inspired
by these spaces have been explored in [5].
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A crucial alternative tool to fuzzy, crisp, and rough set theories all of which struggle with
handling uncertainties the soft set theory [6]. Maji et al. [7] improved the soft set theory by
defining new operations. Several concrete applications on soft sets have been introduced in
rough set models [8], medical sciences [9], and decision making problems [10].

In 2011, the soft topological spaces (or STSs) [11-13] were introduced as a parameterized
collections of crisp topological spaces. In the same year, the notions of soft continuity were
introduced by Ahmad and Kharal [14]. After that, some classes of soft functions [15, 16] have
been presented. Later, more investigations of soft continuity were disused [17, 18].

Several studies related to generalized soft open sets and generalized soft continuity, named
soft b-open sets and soft b-continuous functions [19], soft semi-open sets and soft semi irresolute
soft functions [20, 21], several kinds of soft continuity[22], soft sd-sets [23], and nearly soft (-
open sets [24] have been presented. Al-Shami et al. [25] applied these notions in compactness
and connectedness

In 2014, the soft ideal notion was introduced by Kandil et al. [26]. They used the soft local
functions to define the class of soft ideal topological spaces. These notions have been generalized
by using the approach of soft semi-open sets [27, 28]. Novel soft ideal rough topological spaces
and application in Diabetes mellitus [29] have been explored by Abd El-latif in 2018. After that,
many researchers used the soft ideal notions to generalize several weaker classes of soft open sets
[30-32] and soft separation axioms [33, 34].

Since connectedness has a vital role in discriminating among different STSs, Weijian and Lin
[35] presented the notions of connectedness in STSs in 2013. More investigations for this new
approach have been discussed later in [36, 37]. An application of soft connectedness in decision
making problems has been introduced in [38]. Kandil et al. [39] used the soft ideal notions to
define a new class of soft connectedness, named soft I-connectedness. Abd El-latif [40] used the
notions of soft B-open sets to present a new generalization to this notion. In 2023, Al-Ghour and
Al-Saadi [41] defined a new approach of connectedness in STS, named soft weakly connected
sets.

Aygiinoglu and Aygiin [42] in 2013, defined the notions of soft compactness. A stronger
notions of soft compactness [43] were introduced, in 2014, which generalized by using using the
soft ideal notion in [44]. Recently, Al-Shami et al. [45] used the notion of soft sd-sets to define
six types of compactness in STS in 2021.

The SS-operators are not only important in accuracy measures [46] , but also tools to in-
troduce many topological properties SSTSs like, generating supra soft topologies via soft set
operators [47], continuity [48], connectedness [49], compactness [50],......etc. This encouraged
El-Sheikh and Abd El-latif [51], in 2014, to define the notions of SSTSs as a parameterized
collections of crisp supra topological spaces. They also defined several types of SS-operators. In
addition, they defined different types of SS-continuity.

Later, many generalized SS-operators via SS-b-open sets [52], SS-d;-open sets [53, 54], SS-sw-
open sets [55], and SS-sd-sets [56] have been studied. Abd El-latif and Algahtani [57] introduced
different types of SS-continuous functions inspired by SS-sd-sets and SS-sd-operators. Abd El-
latif [58] presented different kinds of connectedness in SSTSs based on SS-b-open sets. He also
defined different kinds of compactness [59] in SSTSs. Al-shami and El-Shafei [60] extended these
ideas by using the notions of SS-pre-open set. El-Shafei and Al-Shami [61] defined the SS-sd-
connectedness, as a generalization to many famous studies. Abd El-latif et al. [62] defined the
notions of SS-sd-connectedness in the frame of SSTSs.

This paper is arranged as follows: In Preliminaries, we provide the approaches and termi-
nologies which shall needed in the sequels.

In Section 3: We investigate more characterizations of the notions of SS-sd-connectedness.
In special, we define the concept of SS-sd-component, and use it to define a new type of con-
nectedness in SSTS, named SSL-sd-connectedness. Another type of connectedness in SSTSs,
named SS-sd-hyperconnectedness has been defined. We show that it is equivalent to the no-
tions of SS-sd-connectedness [62]. Moreover, the relationships among them, in addition to the
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relationships with previous studies, have been provided. Furthermore, we present a topological
chart to declare the key concepts presented in Figure 1. Also, we provide counterexamples to
elucidate that the arrows in this chart are non-reversible.

In Section 4: We introduce two different types of compactness in SSTSs, named SS-sd-
compactness and SS-sd-Lindel6fness. We study several of their essential properties. Moreover,
we discuss the relationships between supra soft-sd-compact (Lindel6f) SSTS and their parametric
supra topological spaces, which are defined on any universal set and finite set of parameters.
Finally, a topological chart to illustrate the key concepts are presented in Figure 2, and confirmed
by concrete counterexamples.

2. Preliminaries

The concepts and terms that will be used in this manuscript are introduced in this section;
for further information, see [11, 51, 56, 57].

Definition 1. [6] A soft set is a pair (K,A); represented by Ka, over the initial universe U
and the set of parameters A. It is characterized by Kn = {K(y) : v € A, K : A — P(U)}.
If for all v € A, K(v) = ¢ (respectively, K(v) = U), then (K,A) is referred to as a null (or
absolute) soft set, and it is represented by ¢ (or U, respectively). From now on, we will use
S(U)a to represent the class of all soft sets.

Definition 2. [11] If the collection T C S(U)a comprises U, @, and is closed under arbitrary
soft union and finite soft intersection, then it is referred to as a soft topology on U. Over U, the
triplet (U, T, A) is referred to as an STS.

Definition 3. [11] Assume that (K,A) € S(U)a and (U,7,A) are STS. The intersection of
all soft closed supersets of (K,A) is the soft closure of (K,A); it is represented by cl(K,A).
Additionally, the union of all soft open subsets of (G, A) is the soft interior of (G,A); this is
represented as int(G, A).

Definition 4. [11, 20] The soft set (G,A) € S(U)a is referred to as a soft point in U; it is
represented as r~, provided that r € U and v € A exist such that G(v) = {r} and G(v') = ¢ for
every v € A —{v}. Moreover, s,€(F,A), if G(y) C F(v) for the element v € A.

Theorem 1. [1}] For the soft map v¥sq : (U, 7,A) — (V,0,A), the following statements hold.
(1) 9o (T%A) = (¢ (T, A)°V (T, A) € S(V)a.

(2) Ysa() (T, A)C(T,A) ¥ (T,A) € S(V)a. In the event that 1sq is surjective, we obtain
equality.

(3) (M, A)Cy )} (Ysa(M,A)) YV (M,A) € S(U)a. In the event that vsq is injective, we obtain
equality.

(4) V.q(U)CV. In the event that 1sq is surjective, we obtain equality.

Definition 5. [51] An SSTS on U is defined as the collection y C S(U)a if u contains U,,
and is closed under an arbitrary soft union.

Also, the SS-interior of a soft subset (T, A), is indicated by int*(T,A), which is the soft union
of all SS-open subsets of (T, A).

Additionally, SS-closure of (T, A) is represented as cl*(T,A), which is the soft intersection of
all supra closed soft supersets of (T, A).

Moreover, (T, A) is referred to as an SS-open set if (T, A) € p, and its soft complement (T, A)
is referred to as an SS-closed set.

Definition 6. [51] Consider the STS (U, 7,A) and the SSTS (U, pu, A). If T C p, then p is an
SSTS associated with T.
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Definition 7. [51] A soft map ¥sq: (U,7,A) — (V,0,A) with p an associated SSTS with T is
claimed to be SS-continuous if 1, (G, A) € uV (G, A) € 0.

Definition 8. [56] Given a soft set (W,A) € S(U)a. If int*(cl*(W,A))eqp, then (W, A) is
called an SS-sd-set. Additionally, (W€, A) is also known as SS-sc-set. Furthermore, SD(U)a
(or SC(U)a, respectively) will be used to represent the category of all SS-sd-sets (or SS-sc-sets).
Moreover, (W, A) is referred to as SS-nowhere dense if it is not SS-sd-set. Finally, if (W, A) is
both SS-sd-set and SS-sc-set, then it is called SS-sdc-set.

Corollary 1. [56] Any SS-sc-set (SS-sd-set) has a soft subset (superset) that is also SS-sc-set
(SS-sd-set).

Definition 9. [56] The greatest SS-sd-subsets of (T, A) are represented by int?,(T, A), which is
the SS-sd-interior of a non-null soft subset (T, A) of an SSTS (U, u, A). Additionally, cl5,(T,A),
the smallest SS-sc-superset of (T, A), represents the SS-sd-closure of (T, A).

Theorem 2. [56] Given a soft set (T, A) € S(U)a, we have that
(1) e, (T¢ A) = [int2 (T, A))¢ and ints, (T, A) = [cl3,(T, A))°.
(2) cl3,(T, A)Cel*(T, A).

(8) int*(T,A)Cints (T, A).

Definition 10. [62/Given (G,A) # ¢ and (H,A) # ¢. If (G,A)Ncl,(H,A) = ¢ and
cls,(G,A)N((H,A)) = ¢, then (G,A), (H,A) are called SS-sd-separated.

Definition 11. [62/Given (G,A) # ¢ and (H,A) # ¢ are SS-sd-separated sets. If (G, A) and
(H,A) cannot be expressed as a soft union of U, then the SSTS (U, u, A) is considered as an
SS-sd-connected. If not, (U, u, A) is considered as an SS-sd-disconnected. Additionally, if Y is
SS-sd-connected subspace of U, then it is SS-sd-connected.

Definition 12. [57] Given p,pu* as associated SSTSs with 1,0, respectively, a soft map sq :
(U,1,A) — (V,0,A) is stated to be:

(1) SS-sd-continuous if and only if either o} (T, A) = ¢ or ¢ (T, A) € SD(U)a, V(T,A) € 0.
(2) SS-sd-irresolute if either Y (T, A) = @ or ¥} (T,A) € SD(U)a, Y(T,A) € SD(V),.

Definition 13. [62/Given (G,A) # ¢ and (H,A) # ¢ are SS-sd-separated sets. If (G, A) and
(H,A) cannot be expressed as a soft union of U, then the SSTS (U, u, A) is considered as an
SS-sd-connected. If not, (U, u, A) is considered as an SS-sd-disconnected. Additionally, if Y is
SS-sd-connected subspace of U, then it is SS-sd-connected.

Theorem 3. [62] The following characteristics are equivalent for any SSTS (U, p, A):
(1) U is SS-sd-connected.

(2) The soft union of any two disjoint SS-sd-sets cannot be expressed as U.

(3) The soft union of any two disjoint SS-sc-sets cannot be expressed as U.

(4) There isn’t a proper SS-sdc-subset of U.

(5) The soft union of any two non-null SS-sd-separated sets cannot be expressed as U.
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3. Novel generalized connectedness types derived from the supra soft
sd-closure operator

Here, we continue studying the properties of connectedness via SS-sd-sets in SSTS [62]. We
define the concept of SS-sd-component. We demonstrate that an SS-sd-component’s image under
a bijective SS*-sd-open map is an SS-sd-component. Additionally, we prove that the category
of all SS-sd-components of an SSTS (U, u, A) forms a partition to it. Moreover, we apply it to
define a new approach of connectedness via SS-sd-sets, named SSL-sd-connectedness. We prove
that the property of SSL-sd-connectedness is hereditary w.r.t SS-sd-subspaces. Also, we define
the concept of SS-sd-hyperconnectedness. We discovered that, SS-sd-hyperconnected spaces are
identical to SS-sd-connected spaces, which distinguishes our notions from their counterparts.
Finally, we provide a topological chart to declare the key concepts presented in this section
in Figure 1. The arrows in this chart are non-reversible, as has been confirmed by concrete
counterexamples.

Definition 14. Let (U, u, A) be an SSTS and (A, A)CU with s,€U, then the SS-sd-component
of (A, A) related to s is the finer SS-sd-connected subset of (A, A) containing s, and will denoted
by Cssd(Asw A).

Example 1. Let U = {z,y,2}, A = {v1,7} and p = {U,$, (0;,A),i =1,2,,...,5} be an SSTS
over N, where:

)
Os(m) ={z}, Ou(1r)=U.
Os(m) ={z,y}, Os

(
Then, U = (01,A)0(02,A) whereas (O1,A),(02,A) € SD(U)a which are disjoint. It fol-
= Coalym) = Coylzy,) = (O1,4) and

Cig(@r) = Cy(na) = Ciy(25) = (02, A).

Lemma 1. Let (U, u, A) be an SSTS , then

(1) U is SS-sd-connected if and only if it is SS-sd-component.

(2) If U is SS-sd-connected, then U is the only SS-sd-component of each of its soft points.
Proof. Obvious from Definition 14.

Proposition 1. [62] If an SSTS (U, u, A) has a soft subset (G, A) which is SS-sd-connected,
then cl$,(G,A) is also.

Lemma 2. Let (U, u, A) be an SSTS , then
(1) Every SS-sd-component subset of U is the finer SS-sd-connected subset of U.
(2) Every SS-sd-component subset of U is an SS-sc-set.

Proof. Obvious from Definition 14 and Proposition 1.

Theorem 4. For each soft point s, in an SSTS (U, u, A), there is only one SS-sd-component
subset of U which contains s .

Proof. Consider the class Q = {(K,A)CU : 5,&(K,A), (K,A) is an SS — sd— connected}.
Since s,€(K, A) for each (K,A) € Q, Q # ¢. It follows that, the soft set
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(G, A) = J{(K,A)CU : sy€(K,A), (K,A)is an SS — sd — connected}

has a non-null soft intersection and SS-sd-connected subset of U containing sy. Hence, (G, A)
is the SS-sd-component C%,(Us.,A) of U w.r.t s,.

Now, if C25(Us,,A) is another SS-sd-component containing s,, then C25(Us. ,A) is SS-sd-
connected subset of U containing s,.
However,

C2,(Us,, A) is an SS-sd-component, and so
C(Us,, A)CC3,(Us, , A).
By a similar argument we can get
C3, (U, A)CC (U, , A).
Thus, s, is contained in one SS-sd-component subset of U only.

Proposition 2. (1) Any two SS-sd-components related to two distinct soft points are either
identical or disjoint.

(2) The class of all 8S-sd-components of an SSTS (U, u, A) forms a partition to U.
Proof.
(1) Clear from Definition 14.

(2) Consider the class {C’jd(USV,A) : 5,€U} of all SS-sd-components of an SSTS (U, u, A).
Then, (J{ ~§d(US’Y7 A):5,&U} = U. Assume that s.,7y are any two distinct soft points in
U. From (1), C%,(Us.,A), CS,(Uy,, A) are either identical or disjoint. If C%,(Us. , A), C,(Uy,, A)

Sy 9 Sy 9
are identical, then it contradicts the U is the finer SS-sd-connected set containing s,y
from Lemma 2. Hence, C2,;(Us,, A), C5;(Uy,, A) are disjoint, and so we get the proof.

Theorem 5. Every non-null SS-sd-connected subset of an SSTS (U, p, A) in which is SS-sdc-set
s SS-sd-component.

Proof. Let (T, A) is SS-sd-connected and SS-sdc-set. Assume that there is an arbitrary
SS-sd-connected superset (S, A) of (T, A). Since

Clid(T’ A)ﬁ[(Téa A)ﬁ(5> A)] =,
(T, A)Nel3,[(T¢, A)N(S, A)C(T, A)Nels,(T¢, A) = ¢ and
(S, A) = (T, A)O[(T?, A)A(S, A)].

Therefore, (T, A) and [(T¢, A)N(S, A)] form an SS-sd-disconnection of (S, A), which runs counter
to our hypothesis. Thus, (7, A) is an SS-sd-component.

Definition 15. Let 15 : (U, 7,A) — (V,0,A) be a soft mapping with p, u* as associated SSTSs
with 7,0, respectively. Then, Vsq is called SS*-sd-open if

Ysa(G,A) € SD(V)p for each ¢ # (G,A) € SD(U)A.

Theorem 6. Under an injective SS*-sd-open map, the pre-image of an SS-sd-connected set is
SS-sd-connected.
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Proof. Let ¢s : (U,7,A) — (V,0,A) is an injective SS*-sd-open map with u,u* as
associated SSTSs with 7,0, respectively, and (W, A) is SS-sd-connected subset of V. Assume
conversely 1/1;7[1( (W, A) be an SS-sd-disconnected subset of U, then there are two disjoint SS-sd-
subsets (A, A), (B,A) of U such that

Ui (W A) = (4,4)0(B,A).
Since g is SS*-sd-open, ¥44(A, A) and 9s4(B, A) are disjoint SS-sd-subsets of V. Hence,

(W,A) = wsd(ws_dl((W, A)) = Ysa(A, A)Uhgq(B, A), 1sq is surjective, which is a contradiction
to our hypothesis.

Therefore, ' (W, A) is an SS-sd-connected subset of U.

Theorem 7. Under a bijective SS*-sd-open map, the image of an SS-sd-component is SS-sd-
component.

Proof. Let 9sq : (U,1,A) — (V,0,A) is a bijective SS*-sd-open map with u,pu* as
associated SSTSs with 7,0, respectively, such that (G,A) is SS-sd-component subsets of U.
Assume instead that, ¥s4(G, A) is not SS-sd-component subsets of V. Hence, there is an SS-sd-
connected subset (H,A) of V such that

Vsq(G, A)C(H, A) which follows
(G, D) (Vsa(G, A)) S (H, M), thgq is surjective.

Since 154 is injective SS*-sd-open, 1/}5211(H, A) is an SS-sd-connected subset of U, from The-
orem 6, it conflicts with that (G,A) is an SS-sd-component. Therefore, ¥54(G, A) is an SS-sd-
component subset of V.

Definition 16. [58] Given the soft point s, in an SSTS (U, u, A). Then U is stated to be an
SSL-connected at sy if each SS-neighbourhood (A,A) of s, there is (G, A)C(A,A), which is
SS-connected and containing s.. If U is SSL-connected at all of its soft points, then it is stated
to be an SSL-connected.

Definition 17. An SSTS (U, p, A) is said to be SSL-sd-connected at a soft point s+ if every
SS-sd-neighbourhood (A, A) of s there is an SS-sd-connected subset (G, A) of (A, A) containing
5. If U is SSL-sd-connected at all of its soft points, then it is stated to be an SSL-sd-connected.

Proposition 3. (1) Every SS-sd-connected is SSL-sd-connected.
(2) Every SSL-sd-connected is SSL-connected.
Proof.

(1) Let sVéU such that U~ is SS5-sd-connected. Consequently, U does not have a proper SS-sdc-
set. Hence, s,€UCU. Therefore, U is an SSL-sd-connected at the arbitrary soft point s,
and hence it is an SSL-sd-connected.

(2) Follows from (1).

Remark 1. In general, the opposite of Proposition 3 is not satisfied, as demonstrated by the
example that follows.
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Example 2. Let U = {f1, fo, f3}, A = {y1,72} and p = {U, @, (X;,A),i = 1,2,3,4} be an
SSTS on U, where:
Xi(n) ={fi}, Xilr)=e¢.
Xo(m) ={fi}, Xa(r2) ={A}.
Xs(m) ={f1, o}, Xs(r)={f, fs}
Xam) ={f2}, Xaly2) ={f1, f3}-
For the soft sets (G,A), (H,A), where:

G(n) ={fa f3}, G(r)={f,fs}

H(m) ={fi}, H(y)=1{f}

It’s simple to verify that U is an SSL-sd-connected. However, we have U = (G,A)U(H, A),
whereas (G, A), (H,A) are SS-sd-separated sets. Therefore, (U, u, A) is an SS-sd-disconnected.

Theorem 8. The SS-sd-component of an SSL-sd-connected SSTS is a SS-sd-set.

Proof. Let (U, u, A) be an SSL-connected SSTS and ifd(Usv, A) is SS-sd-component related

to Syéﬁ . Since U is SSL-sd-connected, every SS- sd-neighbourhood of s, contains an SS-sd-
connected neighbourhood (G,A) of s,. However, C5,(Us ,A) is the largest SS-sd-connected
neighbourhood of s.,. Therefore, s,€(G, A)Qéjd(Usv,A) which follows C’jd(USV,A) is an SS-
sd-neighbourhood of s,. Hence, C,;(Us,,A) is an SS-sd-neighbourhood of each its soft points.
Thus, C%,(Us. , A) is SS-sd-set.

Sy

Theorem 9. The property of SSL-sd-connectedness is hereditary w.r.t SS-sd-subspaces.
Proof. Assume that (U, uy, A) be an SS-sd-subspace of an SSL-sd-connected SSTS (U, u, A)

and s,€U. Since U is SSL-sd-connected, there is an SS-sd-connected neighbourhood (G, A) of

sy such that s, € (G,A)CU. Since (G,A) € SD(U)a, (G,A)NU € SD(U)a and (G,A)NU is

SS-sd-connected subset of U. Hence, U is an SSL-sd-connected for each s,€U. Therefore, U is

an SSL-sd-connected.

Proposition 4. The SS-sd-components of every SS-sd-subspace of an SSL-sd-connected SSTS
are SS-sd-set.

Proof. Direct result of Theorems 8 and 9.

Theorem 10. [62] An SS-sd-connected set is represented by its image under an SS-sd-irresolute
map.

Theorem 11. If 54 : (U, 7,A) — (V,0,A) is a surjective SS-sd-irresolute map with p,p* as
associated SSTSs with T, 0, respectively, and U is SSL-sd-connected, then also V.

Proof. Let ¢sq : (U,7,A) — (V,0,A) is a surjective SSL-sd-irresolute map with u, p*
as associated SSTSs with 7,0, respectively, and U is an SSL-sd-connected. Let (H,A) is an
SS-sd-neighbourhood of s)€V. It follows that,

Y (H,A) is SS-sd-neighbourhood of ws_dl(s,\)éf].

Since U is SSL-sd-connected, there is an SS-sd-connected subset (G, A) of Yo (H,A) con-
taining ¢ (s)) which follows

Yea(G, A)éwsd(lbs_dl(ﬂ, A)) = (H,A), 144 is surjective.

Since g4 is SS-sd-irresolute, 14q(G, A) is SS-sd-connected neighbourhood of w;dl(sA) from
Theorem 10. Therefore, V is an SSL-sd-connected.
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Definition 18. If for all (G,A), (H,A) € SD(U)a such that (G, A)A(H,A) # @, then U is
called an SS-sd-hyperconnected.

Definition 19. A soft subset (F, A) of an SSTS (U, p, A) is said to be SS-sd-dense if cl3y(F, A) =
U.

Theorem 12. An SSTS (U, u, A) is SS-sd-hyperconnected if and only if every SS-sd-set (G, A)
is §S-sd-dense.

Proof. Necessity: Alternatively, suppose that there is an SS-sd-subset (G, A) of an SS-sd-
hyperconnected SSTS (U, u, A) such that cl3;(F, A) # U, then there is an SS-sc-subset (H, A)
of U such that (G,A)C(H,A). From Corollary 1, (G,A) is also an SS-sc-set. Hence, (G, A)
and (G¢, A) are SS-sd-sets in which

(G, A)N(G?, A) = , which contradicts our hypothesis.

Sufficient:Suppose the contrary that U is not SS-sd-hyperconnected, then there are two SS-
sd-subsets (A, A), (B, A) of U such that (4, A)A(B,A) = ¢. Then, (A, A)C(B%,A), (B, A) is
an SS-sc-set which follows (A, A) is also an SS-sc-set; from Corollary 1, and hence cl?;(A, A) =
(A, A) # U. Hence, (A, A) is not SS-sd-dense, which goes against what we assumed. Thus, U
is an SS-sd-hyperconnected.

Corollary 2. An SSTS (U, u, A) is SS-sd-hyperconnected if and only if every SS-open set (G, A)
is §S-sd-dense.

Proof. It is evident from the fact that each SS-open set is an SS-sd-set and Theorem 12.

Note 1. The following theorem introduces a novel result that is not satisfied by its STSs and
SSTSs counterparts.

Theorem 13. An SSTS (U, u, A) is SS-sd-hyperconnected if and only if it is SS-sd-connected.

Proof. Suppose the contrary that (U, u, A) is SS-sd-disconnected. Given Theorem 3, there
is a proper SS-sdc-subset (G, A) of U. Hence,

(G,A) and (G¢, A) are SS-sd-sets in which (G, A)N(G¢, A) = 4.

Thus, U is not SS-sd-hyperconnected.
On the other hand, suppose that (U, u,A) is not SS-sd-hyperconnected, then there are two
disjoint SS-sd-subsets (G, A) and (H, A) of U. It follows that, (G, A)C(H¢, A), whereas (H®, A)
is SS-sc-set. According to Corollary 1, (G, A) is SS-sd-set. This meas that, (G, A) is SS-sdc-set.
Thus, (U, u, A) is SS-sd-disconnected.

Proposition 5. If (U, u, A) is SS-sd-hyperconnected, then it is SS-hyperconnected.

Proof. Assume the contrary that (U, u, A) is not SS-hyperconnected, then there are (G, A), (H,A) €
p in which (G, A)N(H,A) = ¢. Hence, (G,A),(H,A) € SD(U)a and (G,A)N(H,A) = ¢.
Therefore, U is not SS-sd-hyperconnected.

Remark 2. The example that follows illustrates why the opposite of Theorem 5 is typically not
true.

Example 3. Let U = {s1,s2}, A = {71,72} and consider the soft sets (H;,A),i = 1,2,...5
over U, where:

Hi(y) ={s1}, Hi(y)={s1}.
Hy(m) =U, Ha(y2) = {s2}.
Hz(y1) = {s1}, Hs(y2)=U.



Abd Ellatif et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 5896 10 of 20

Hy(n)=U, Ha(y)={s1}.
Hs(m) ={s1}, Hs(y2) = {s2}.

Consider p = {U,(ﬁ, (Hi,A),t = 1,2,....,5} is an SSTS on U, then it is easy to check that
(U, i, A) is an SS-hyperconnected. Alternatively, regarding the soft sets (C,A), (D, A) where:

Cln)=¢, C(n)=U.

Dn)=U, D(y2)=¢,
we have (C,A),(D,A) € SD(U)a in which (C,A)N(D,A) = @. Therefore, U is not SS-sd-

hyperconnected.

Corollary 3. The following conclusions are valid for an SSTS (U, u, A) from propositions 3, 5,
and Theorem 13, which are not reversible.

SS-sd-hyperconnected < SS-sd-connected = SSL-sd-connected
U U U

SS-hyperconnected = SS-connected = SSL-connected

Figure 1. The relationships between different types of connectedness via SS-sd-sets in the
frame of SSTSs.

4. Compactness and Lindelofness based on supra soft sd-sets

Herein, we define novel forms of compactness related to the notions of SS-sd-sets in the
frame of SSTSs, namely SS-sd-compactness and SS-sd-Lindel6fness. We discuss their essential
properties comprehensively. Specifically, we show that the soft intersection of an SS-sd-compact
(Lindeldf) soft set and SS-sc-set is an SS-sd-compact (Lindelof). Moreover, the behaviour of an
SS-sd-compact (Lindel6f) SSTS with the SFIP (SCIP) has been presented. Also, we demonstrate
that the image (respectively, pre-image ) of each SS-sd-Lindeléf (compact) is an SS-Lindelof
(compact) under a surjective and SS-sd-continuous (respectively, an injective and SS-sd-open)
map. We discuss relationships among supra soft-sd-compact (Lindel6f) SSTS and their paramet-
ric supra topological spaces, which are defined on any universal set and finite set of parameters.
Furthermore, we study the relationships with previous studies and add a topological chart to
illustrate the key concepts presented in this section in Figure 2. The arrows in this chart are
non-reversible, as has been confirmed by concrete counterexamples.

Definition 20. A family of soft sets ¥ = {(C,A) : € € e} is claimed to be a supra soft open
cover, if all of the members of ¥ are supra open soft sets. .

Definition 21. A class of SS-sd-subsets ¥ = {(Ce,A) : € € e} of an SSTS (U, p, A) is claimed
to be an SS-sd-cover of soft subset (G,A) of U, if (G,A)CW.

Definition 22. A soft subset (G, A) of an SSTS (U, u, A) is claimed to be SS-sd-compact (Lin-
deldf), if every SS-sd-cover {(Ce,A) : € € €} of (G,A) has a finite (countable) subclass €, of €
such that

(G, A EU... (Co, A).

(A

The space (U, 1, A) is claimed to be SS-sd-compact (Lindeldf) if U is SS-sd-compact (Lindeldf)
as a soft subset.

Theorem 14. If the components of an SS-sd-compact SSTS (U, u, A) are SS-sd-sets, then they
are finite.
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Proof. Let (U, u, A) be an SS-sd-compact SSTS and assume the contrary that U has infinite
number of SS-sd-components. Then, C¢ (Us,,A) € SD(U)a for each s,€U. Hence, the class

{C: ,(Us,, D) : 5,0}
forms an SS-sd-cover for U. Since U is SS-sd-compact, there is a finite subclass ¢, such that
Ueee (G2, (U, A) : 5,E0} = T.

Therefore, the cover contains some elements with non-null soft intersections. According to
Proposition 2, this is contradictory. Thus, U has a finite number of SS-sd-components.

Corollary 4. If the components of an SS-sd-Lindelof SSTS (U, u, A) are SS-sd-sets, then they
are countable.

Proof. similarly to the method used to prove Theorem 14.
Proposition 6. [59] Every SS-compact space is SS-Lindeldf.
Proposition 7. (1) Every SS-sd-compact (Lindeldf) space is SS-compact (Lindeldf).
(2) Every SS-sd-compact space is SS-sd-Lindelof.

Proof.

(1) Assume that {(C¢,A) : € € €} be a supra soft open cover of an SS-sd-compact space
(U, pu, A), then ¥ is an SS-sd-cover of U. Since U is SS-sd-compact, there is a finite
subclass ¢, of € such that

U=U.e., (Cc,A).
Hence, U is an SS-compact.

(2) Follows from the fact that every finite class is countable.

Remark 3. The examples below will confirm that the opposite of Proposition 7 is not satisfied
i general.

Examples 1. (1) Consider any real number e € R. Let A = {71,72,73, e } oand p =
{U,0,(Y,A),(Z,A),(W,A)} be an SSTS on U, where:

(Y, A) = {(n,{e}), (2, {e}), (3, {e}), (a, {e}), v }-

(Z,A) = {(71,{e}); (72, 9), (73, {e}), (4, {€}), ervrerirs b
(W, A) = {(71,9), (v2, {e}), (3, {e}), (vas {€})s vvmvmvnninnn. 1.
We have that U is an SS-compact (Lindeldf). On the opposite side, the class
U ={(H,A): H(vi) = {e,k}, forv, € Aande,k € R}

forms an SS-sd-cover for U. However, there is no finite (countable) subclass of U which
cover R. Thus, R is not SS-sd-compact (Lindeldf).

(2) Consider any natural number ¢ € N. Let A = {y1,72,73, ceo-. yYm,m € N} and p =
{U,¢,(A,A),(B,A),(C,A)} be an SSTS on U, where:

(A7 A) = {(717 {C}), (727 {C}), (737 {C})7 (’747 {C})7 """" ) (’Ymv {C})}

(Ba A) = {('71a {C})a (72; QD), (’737 {C})v ('74a {C})a """" ) (’Yma {C})}
(07 A) = {(717 90)7 ('727 {C})v ('73» {C})a (747 {C})7 """" ’ (’Yma {C})}

Since N and A are countable, it is simple to confirm that N is an SS-sd-Lindeléf space.
On the opposite side,, the class
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U ={(H,A): H(v;) ={c,k},i=1,2,3,.....,m for v; € Aand m,c,k € N}

forms an SS-sd-cover for N. However, there is no finite subclass of ¥ which cover N.
Thus, N is not SS-sd-compact.

Proposition 8. (1) Every SSTS (U,u,A) defined on a finite (countable) universal set U is
SS-sd-compact (Lindeldf).

(2) A finite (countable) soft union of SS-sd-Lindeldf (compact) subsets of an SSTS (U, p, A) is
SS-sd-compact (Lindeldf).

Proof.
(1) Direct from Definition 22.

(2) Suppose that (J,A) and (K, A) are SS-sd-Lindeldf subsets of an SSTS (U, u, A), and ¥ =
{(Ce,A) : € € £} is SS-sd-cover for (J,A)U(K, A), then ¥ is an SS-sd-cover for (J, A) and
(K, A). According to the hypothesis, there are countable subclasses £; and &2 of £ such

that
(J.A)CU

Ci, A) and (K,A)CU, ., (Cj,A).

1€€1 ( €eo (

Hence,
(J, A)O(E, A)E (Uses, (Ci; A)0(Uj e, (Cj A)) which follows

(J,A)O(K, A [(Cs, A)U(C}, A)] = Ok,egg (Ck,A), €3 is a countable subclasses

of e.

1€€1,jEE2

Thus, (J,A)U(K,A) is SS-sd-Lindelof. When parenthesis are used, the case can be ob-
tained by a similar way.

Theorem 15. FEvery SS-sc-subset of an SS-sd-compact (Lindelof) SSTS (U, u,A) is SS-sd-
compact (Lindeldf).

Proof. Let {(Cc,A) : € € €} is SS-sd-cover for an SS-sc-subset (S, A) of an SS-sd-compact
SSTS (U, p, A), then (S, A)CJ,c.(Ce, A) which follows

U = (8, A)0(S%, A)CU, . (Ce, A)I(SE, A).
Now, we have that
{(C,A) : e € e}0(S%, A) is an SS-sd-cover of U.
Since U is SS-sd-compact, there is a finite subclass €, of € such that
(S,A)CU = U, (Ce, A)I(SE, A).
Hence,

(S, A)CU... (Ce,A).

6680(

Thus, (S, A) is an SS-sd-compact. The case of SS-sd-Lindelofness is similar.

Proposition 9. The soft intersection of an SS-sd-compact (Lindeldf) soft subset (A, A) and
SS-sc-subset (B, A) of an SSTS (U, u, A) is SS-sd-compact (Lindeldf).
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Proof. Let (A, A) is SS-sd-compact, (B,A) is an SS-sc-set and {(C¢,A) : € € €} is SS-sd-
cover of (A, A)N(B,A), then

(A, A)CU,ee(Ce, A)O(BE, A).
Since (A, A) is SS-sd-compact, there is a finite subclass ¢, of € such that

(A, AYCU,c. (Cc, A)O(BE, A) which follows

€CEo

(A, A)A(B,A)CU... (Ce,A).

6660(
Therefore, (A, A)N(B,A) is an SS-sd-compact. The case of SS-sd-Lindelofness can be
achieved similarly .

Remark 4. We will show in the following example that the contrary of Proposition 9 is not
always satisfied.

Example 4. Let U = {uy,us}, A = {y1,72} and (S;, A),i =1,2,3,4 be soft sets over U, where:
Si(m) = {ur,uz},  Si(v2) = {ua},

Sa(m) =@, S2(y2) = {uz},

Sz(m) ={ur},  S3(r2) = {ue},

Sa(n) ={ur,uz},  Si(e) = ¢,

then p = {U, @, (S;, A),1 = 1,2,3,4} defines an SSTS on U. According to Proposition 8, it is
clear that U is an 8S-sd-compact (Lindeldf). Also the soft set (W, A) where:

W) ={w}, W(y)={us} is SS-sd-compact (Lindeldf). However, UN(W,A) = (W, A) is
not SS-sc-set.

Corollary 5. The soft difference between an SS-sd-compact (Lindeldf) soft subset (A, A) and
SS-sd-subset (B, A) of an SSTS (U, u, A) is SS-sd-compact (Lindeldf).

Proof. Obvious from Theorem 9.

Definition 23. [63] A collection ¥ of soft sets has the soft finite (countable) intersection prop-
erty (briefly, SFIP (SCIP)), if the soft intersection of the finite (countable) subfamily of ¥ is

non-empty.

Theorem 16. An SSTS (U, u, A) is SS-sd-compact (Lindeldof) if and only if every family of SS-
sc-subsets of U with the SFIP (SCIP) has a non-empty intersection.

Proof.Necessity: Assume that {(Cc,A) : € € €} is a class of SS-sc-sets with the SFIP
(SCIP), and assume contrary that () c.(Ce, A)=@. It follows that,

Uees(ceav A) = U which means

the class {(Cf, A) : € € e} forms an SS-sd-cover of U. Since U is SS-sd-compact, there is a
finite subclass ¢, of ¢ which also covers U. That’s is

Ueeso (0667 A)

U.

Hence,

05650 (CE> A):¢
which is a contradiction with the SFIP.

_ Sufficient: Suppose that ¥ = {(C¢, A) : € € €} be an SS-sd-cover of U and assume conversely
U is not SS-sd-compact. It follows that, for every finite subclass ¢, of £ we have
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U668 (Ce, A) # U and so ﬂeeg (CEA) # ¢.

Hence, {( A) : € € £} is a class of SS-sc-subsets of U has the SFIP. By assumption,
ﬂeee( )75 ¢ and so |J..(Cc,A) # U, it conflicts with that ¥ is an SS-sd-cover of U.

Thus, U is an SS-sd-compact.
The case of SS-sd-Lindel6fness can be obtained by a similar way.

Theorem 17. An SSTS (U, u, A) is SS-sd-compact (Lindeldf) if and only if every class ¥ =
{(Ce,A) : € € €} of soft subsets of U with the SFIP (SCIP) satisfies (\.c{cliy(Ce,A) :
(Co A)EU}£ .

Proof. We prove the case of SS-sd-compactness, the case that is enclosed in parenthesis can
be obtained by the same way.
Necessity: Assume that ¥ = {(C¢,A) : € € €} is a class of soft sets with the SFIP, and suppose
contrary (. {cl;(Ce, A) : (Ce, A)eV}=¢, then

Ueea{(Clgd(Cﬁv A))é : (Ce, A)G\I’}:ﬁ which means
{(el3y(Ce, A))e: (C., A)eVlis an SS-sd-cover of U.

Since U is SS-sd-compact, there is a finite subclass e, of € such that

05650{(Cl§d(cﬁ7 A)¢: (Ce, A)G\II}:U This leads to
Neee, {(Ce, A) 1 (Ce, A) € TIEN. e A3y (Ce, A) 2 (Ce, A) € T} = 3,

which is a contradiction with the SFIP. Thus, Ueea{clzd(Cﬂ A): (Ce, A)eV £ ¢.

Sufficient: Suppose that ¥ = {(C,, A) : € € £} be an SS-sd-cover for U and assume contrary
that U is not SS-sd-compact, then ¥ has not any finite subcover which cover U. Hence, for each
finite subclass ¢, of ¢ we have

Ueee (C., A) # U which follows ﬂ (CEA) # .
Therefore, {(C¢, A) : (C., A)€W} is a class of SS-sc-sets with SFIP. From hypothesis,
Neee{cl3a(CEA) = (CZ,A) 1 (Cc, A)el}# &.
Hence,
0665{(05, A) : (C., A)eW}+# U, which is in opposition to that ¥ is an SS-sd-cover for U.
Thus, U is an SS-sd-compact.

Theorem 18. The image of each SS-sd-Lindeldf (compact) set is SS-Lindeldf (compact) under
a surjective and SS-sd-continuous map.

Proof. Let ¢s : (U,7,A) — (V,0,A) be an SS-sd-continuous map with u, u* as as-
sociated SSTSs with 7,0, respectively, and {(Ce, A) : N € ¢} is SS-cover for the image of an
SS-sd-Lindeldf subset (K, A) of U. It follows that, ;' (Ce, A) € SD(U)a for each € € ¢ with

(K, 8)CU,e. [t (Ce, A)].
Since (K, A) is SS-sd-Lindelof, there is a countable subclasses ¢, of ¢ such that

(K, A)CU,c., [ (Ce, A)] which follows

Ysa(K, A)Qoeesowsd[ws_dl(Ce, A)] = OE&_O(CG, A), 1)gq is surjective.

Therefore, 14q(K, A) is an SS-Lindel6f. Similarly, one can prove the case of SS-sd-compactness.
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Corollary 6. The image of each SS-sd-Lindeldf (compact) set is SS-sd-Lindeldf (compact) under
a surjective and SS-sd-irresolute map.

Proof. Immediate form Theorem 18.

Definition 24. [57] A soft mapping sq : (U, 7,A) — (V,0,A) p, 1u* as associated SSTSs with
T, 0, respectively, is claimed to be SS-sd-open if Vs4(G,A) € SD( ) for each non-null soft open
subset (G,A) of U.

Theorem 19. The pre-image of each SS-sd-Lindelof (compact) set is SS-Lindeldf (compact)
under an injective and SS-sd-open map.

Proof. Let ¢q: (U,7,A) — (V,0,A) be an SS-sd-open map with s, u* as associated SSTSs
with 7, 0, respectively, and (P A) is the SS-sd-Lindel6f subset of V. Assume that {(Ce,A) : € €
e} is an SS-open cover for 1} (P, A). Tt follows that,

bsa(Ce, A) € SD(V)a for each ¢ € & with (P, A)CU...[sa(Ce, A)] given 14 is injective.
Since (P, A) is SS-sd-Lindeldf, there is a countable subclasses ¢, of € such that

(P, A)QOGEEO [sd(Ce, A)] which follows

Ui (P, A)CUeee, ¥id [$5a(Ce, A)] = Uree, (Ce, A).
Therefore, 9_, (P A) is an SS-Lindel6f. Similarly, the proof of SS-sd-compactness can obtained.

Corollary 7. The pre-image of each SS-sd-Lindeldf (compact) set is SS-sd-Lindeldf (compact)
under an injective and SS*-sd-open map.

Proof. Immediate form Theorem 19.

Theorem 20. Let (U, u, A) is SSTS defined on any universal set U and finite set of parameters
A. Then, (U, u,A) is SS-sd-compact (Lindeldf) if every y-parameter supra topological space is
supra-sd-compact (Lindelof), for each v € A.

Proof. We prove the case of supra-sd-compact, the other case is similar.
Let (U, p, A) is SSTS over the set of parameter A = {v1,72,73, ..., n,n € N} and the universal
set U. Assume that (U, p,,) is the v;-parametric supra topological spaces such that

(U, py;),1=1,2,3,...,n is a supra-sd-compact, for each v € A and
U = {(C.,A) : e € e} is SS-sd-cover of U.

Since U = {J . (Ce, A) (i) for each v; € A and (U, ;) is supra-sd-compact, there is a finite
subclasses ¢; of ¢ such that

U =Uee, (Ce; A) (i)
Hence,
[7 = O?:loeesi (CE? A)

That’s is, {(Ce, A) : € € U &;} is a finite subcover of ¥ which cover U. Thus, U is SS-sd-
compact.

Remark 5. The following example shall show that the converse of Theorem 20 is not necessarily
satisfied in general.



Abd Ellatif et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 5896 16 of 20

Example 5. Let the set of natural numbers N be the universal set and A = {~y1,7v2}. Consider
the classes of soft sets {(An,A):n € N} and {(By,A) :n € N}, where

(Am A) = {{(’717 {2})7 (727 {2})}7 {(717 {1})7 ('727 (P)}a {(71a {17 2})? (72a (/3)}7 {(717 {17 2, 3})7
(72a§0)}7{(71a{1727374})7(72)@0)}7 """ 7{(’717{1a2a3747 """ ’n})a(’}/?’@)}}'
(an A) = {{(717 {17 2})7 (727 {2})}? {(717 {17 2, 3})7 (727 {2})}7 {(’717 {17 2,3, 4})7 (’727 {2})}7 """""" )
{(717{1727374’ """ 7n})7(’727{2})}}‘
Then, p={N,p}U{(4n,A) :n € N}U{(B,,A) :n € N} defines an SSTS on N. It is easy to
check that N is an SS-sd-compact (Lindeldf).
On the other hand, the vi-parametric supra topological space (U, i, ), where

(N, 1) = {N, 0, {1}, {2}, {1,2},{1,2,3},{1,2,3,4}, {1,2,3,4,5}, cc0... {1,2,3,4,5,....n},n €
N} is not supra-sd-compact (Lindelof). Since the class
U= ({1}, {2}, {1,2},{1,2,3},{1,2,3,4},{1,2,3,4,5}, ..c00... {1,2,3,4,5,6,.....n},n € N} forms

a supra-sd-cover for N. However, there is no a finite (countable) subclass of W which cover N.

Definition 25. [64] A soft subset (G,A) of an SSTS (U, u,A) is claimed to be SS-almost
compact, if every SS-open-cover {(C¢,A) : € € €} for (G,A) has a finite subclass €, of € such
that

(G, A)CU, ., cl°(Ce, A).

The space (U, u, A) is claimed to be SS-almost compact if U is SS-almost compact as a soft
subset.

Theorem 21. Every SS-sd-hyperconnected SSTS is SS-almost compact.

Proof. Assume that ¥ = {(C,,A) : € € £} be an SS-open cover for an SS-sd-hyperconnected
SSTS (U, p, A), then clf,(Ce,A) = U for each € € ¢, from Corollary 2. Therefore, there is a
finite subclass ¢, of € such that

U = Ueee,cl3a(Cer ) CUee, €* (Ce, ).
Thus, U is an SS-almost compact.

Remark 6. The following example shall confirm that the converse of Theorem 21 is not satisfied
i general.

Example 6. Let the set of natural numbers N be the universal set and consider ni,nz € N any
two natural numbers. Let A = {v1,72} and p = {N,,(X;,A),i = 1,2,3} be an SSTS on U,
where:

Xi(m) ={m}, Xi(y2) = {n2}.
Xo(m) =N —{m}, Xa(y2)=N—{n}.
X3z(m)=N—{m}, Xs(r)=N.

It is easy to check that N is an SS-almost compact space. On the other hand, for the soft
sets (X1,A) and (Xa,A), we have (X1, A), (Xa,A) € SD(N)a, whereas (X1, A)N(X2,A) = @.
Thus, N s not SS-sd-hyperconnected.

Corollary 8. Let (U, u, A) be an SSTS, then the following implications hold from Proposition
6, Proposition 7 and Theorem 21, which are not reversible.

SS-sd-hyperconnected

\
SS-sd-compact = SS-compact = SS-almost compact
\ \ \
SS-sd-Lindelof = SS-Lindel6f = SS-almost Lindelof

Figure 2. The relationships among different types of compactness, Lindel6fness and
hyperconnectedness via SS-sd-sets in the frame of SST'Ss.
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5. Conclusion and future work

This manuscript is devoted to investigating more interesting properties of the notions of
SS-sd-connectedness. Specifically, we use the notions of SS-sd-components to define a new type
of connectedness in SSTSs, named SSL-sd-connectedness. In addition, we introduce another
type, named SS-sd-hyperconnectedness. We discovered that, in contrast to their counterparts,
SS-sd-hyperconnected spaces are equivalent to SS-sd-connected spaces. We discuss their basic
properties in detail. Moreover, we study another topological property in an SSTS named SS-sd-
Lindel6fness (compactness). The behaviour of an SS-sd-compact (Lindel6f) SSTS with the SFIP
(SCIP) has been discussed. Furthermore, we show that the image (respectively, pre-image ) of
each SS-sd-Lindel6f (compact) is SS-Lindelof (compact) under a surjective and SS-sd-continuous
(respectively, an injective and SS-sd-open) function. Finally, we provide two topological charts
in Figures 1 and 2, to illustrate the key concepts presented in this paper, and several interesting
examples and counterexamples have been provided. Our upcoming work is to apply the provided
notions to decision making problem, and introducing more types of compactness and separation
axioms in an SSTS via SS-sd-sets. Moreover, we will apply theses notions to the fuzzy supra
soft topological spaces [65].
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