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Abstract. In this paper, we introduce hyper 3-homomorphisms and hyper 3-derivations in com-
plex ternary algebras and we prove the Hyers-Ulam stability of hyper 3-homomorphisms and hyper
3-derivations in complex ternary algebras for the following 3-additive functional equation

2

f(@1 + 22,91 +y2,21 + 22) = Z f(@i, 95, 2).- (1)
i,5,k=1

Further, we investigate isomorphisms between complex ternary algebras, associated with the 3-
additive functional equation.
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1. Introduction and Preliminaries

The first stability proplem was raised by Ulam [1] during his talk at University of
Wisconsin in 1940. In 1941, Hyers [2] gave a first affirmative answer to the question of
Ulam for Banach spaces. Let f : E — E’ be a mapping between Banach spaces such that

1f(x+y) = fl@) - flyl <o

for all z,y € E and for some § > 0. Then, there exists a unique additive mapping [ : £ —
E’ such that

1f(2) = U(=z)] <6
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for all x € E. This stability phenomenon is called the Hyers-Ulam stability of the additive
functional equation g(x +y) = g(z) + ¢(y). In 1978, Rassias [3] generalized the theorem of
Hyers by considering the stability problem with unbounded Cauchy differences. Moreover
if f(px) is continuous in p € R for each fixed z € E, then [ is R-linear. Gavruta [4]
obtained a generalized result of the Rassias theorem which allows the Cauchy difference
to be controlled by a general unbounded function. The stability problems of various
functional equations and functional inequalities have been extensively investigated by a
number of authors (see [5-14]).

Ternary structures and their generalization, the so-called n-ary structures, raise certain
hopes in view of their applications in physics (see [15-17]). A general ternary algebra is
defined as internal ternary multiplication in a vector space. Let A be a linear space over
a complex number field equipped with a mapping [-,,] : 4> = A x A x A — A with
(z,y,2) — [z,y, z], which is C-inear in each outer variable and conjugate C-linear in the
middle variable, and satisfies the following associative identity condition

[[a:,y,z],u, U] = [xv [yazau]vv] = [x7y7 [Zauvv]]

for all z,y,z,u,v € A. Then the pair (A,[,-,]) is called a complex ternary algebra.
Assume that A is a complex ternary algebra. Then we say that A has a unit if there
exist an element e € A such that [e,e,a] = [e,a,¢] = [a,e,e] = a for all a € A. Park [18]
and Moslehian [19] contributed works on the stability problem of ternary homomorphisms
and ternary derivations and Bavand Savadkouhi [20] investigated the stability problem of
ternary Jordan homomorphisms and ternary Jordan derivations. The stability probelms
of several functional equations have been extensively investigated by a number of authors
and there are many interesting results, containing ternary homomorphisms and ternary
derivations, concerning this problem (see [21-26]).

Let A and A’ be complex ternary algebras. A C-linear mapping H : A — A’ is called
a ternary algebra homomorphism if

H([z,y,2]) = [H(x), H(y), H(2)]

for all z,y,z € A. If, in addition, the C-linear mapping H is bijective, then the C-linear
mapping H : A — A’ is called a ternary algebra isomorphism. A C-linear mapping
0: A— Ais called a ternary algebra derivation if

0z, y, 2]) = [0(),y, 2] + [2,6(y), 2] + [, y,6(2)]

for all z,y,z € A (see [27-30]).
Let X be a complex ternary algebra. A mapping f : X? — X is 3-additive if

2
flar+ o,y + e, 21+ 22) = Y fi,05 %)
k=1

for all z1,y1, 21, %2, Y2, 22 € X. A mapping f : X® — X is called 3-linear if f is 3-additive
and C-linear for each variable.

Throughout the paper, assume that X is a complex ternary algebra, Y is a complex
ternary Banach algebra and t is a fixed nonzero real number with [¢| < 1.
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2. Stability of hyper 3-homomorphisms in ternary algebras

In this section, we prove the Hyers-Ulam stability of hyper 3-homomorphisms in com-
plex ternary algebras and we investigate ternary algebra isomorphisms between complex
ternary algebras, associated with the 3-additive functional equation (1).

Definition 1. Let X and Y be complex ternary algebras. A 3-linear mapping h : X3 —Y
is called a hyper 3-additivec mapping if h satisfies

2
8h(z1,y1,21) = > h(wi+ (=1)'w2, 45 + (—=1)ya, 21 + (—1)"20) (2)
i7j7k:1

for all x1,y1, 21, 72,92, 22 € X.

Definition 2. Let X and Y be complex ternary algebras. A 3-linear mapping h : X3 =Y
is called a hyper 3-homomorphism if h satisfies

h([z1, Y1, 21, [T2, Y2, 22], [23, Y3, 23]) = [M(w1, 2, 23), h(y1, Y2, y3), h(21, 22, 23)]
for all x1,x2,23,91,Y2,Y3, 21, 22,23 € X.

Lemma 1. Let X and Y be complex ternary algebras. Let h : X3 — Y be a hyper
3-additive mapping and satisfy h(2x,2y,22) = 8h(x,y,z) for all x,y,z € X3, then h is
3-additive.

Proof. For x1,x2,y1,Y2, 21, 22 € X, we define

X1t @2 o Ti—x2 Y1t
b1 = 2 yD2 1= 2 yq1 = 2 ’
qQ::yl_y2 r1:221+22 and rzzzzl_z2.
2 2 2

It follows from (2) that
h(z1 + x2,y1 + Y2, 21 + 22) = h(2p1,2q1,2r1)
= Sh(pla fh,?”l)

2
= 3 o+ (=Dipa,qr + (=1 gz, + (=1)r2)
1,J,k=1

2
= Z h‘(‘r’ta Yjs Zk‘)‘

,5,k=1

This completes the proof.

Lemma 2. [31] Let X and Y be complex vector spaces and f : X3 — Y be a 3-additive
mapping such that

fOa, py,vz) = Muv f (2, y, 2)
for all \,p,v € T' :={k €R | |k| =1} and z,y,2 € X. Then f is 3-linear.
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Theorem 1. Let X and Y be complex ternary algebras and t be a real number satisfying
[t| < 1. Assume that a mapping h : X> — Y satisfies

h(0,a,b) = h(a,0,b) = h(a,b,0) =0
and

2

8h(z,y1,21) — Y hlwi+ (1) @2, y1 + (1) y2, 21 + (—1)*2) (3)
ijo=1

2 . .
214+ (=1)'z2 g1+ (=1)y2 21+ (—1)Fz
< —
<|lt|8 E h < 5 , 5 , 5 8h(z1,y1,21)

ij k=1
for all a,b € X and all (x1,y1, 21), (T2, Y2, 22) € X3. Then h is hyper 3-additive.
Proof. Letting 1 = x9 := x,y1 = y2 :=y and 2z; = 29 := 2 in (3), we get
[h(22,24,22) — Sh(z,y, 2)]| <0

for all z,y,z € X. So h(2z,2y,2z) = 8h(x,y, 2) for all z,y, z € X. It follows from (3) that

2
8h(zi,y1,21) — Y hlar+ (=1) a2, y1 + (1) g2, 21 + (—=1)"22)

1,5,k=1
2 .
< |t [ Bh(x1y1,21) = Y hlwr+ (=D ma, 50 + (= 1)y, 21 + (—1)F20)
i jk=1

for all (21,91, 21), (T2, Y2, 22) € X3. Thus

2

Bh(z,y1,21) = Y h(w+ (=1)'za, 51 + (=1, 21 + (—=1)F2)
ij k=1

for all (z1,y1,21), (T2,y2, 22) € X3, since |t| < 1. Thus, the mapping & is hyper 3-additive.
Theorem 2. Let X be a complex ternary algebra, Y be a complex ternary Banach algebra

and t be a real number satisfying |t| < 1. Let ¢ : X5 — [0,00) and v : X — [0,00) be
functions such that

and
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for all x,y, z € X. Assume that a mapping h : X3 =Y satisfies
h(0,a,b) = h(a,0,b) = h(a,b,0) =0

and

2

8uh(zy,y1,21) — Y h(p(zy + (—=1)'w2), p(yr + (1)), p(z1 + (=) 22))||  (4)
i,j,k=1

< ||t | 8uh(x1,91,21) — Z h
1,J,k=1

I1 + —Diwy y14+ (= 21+ (—1)F2
7 1
2 2
+80(x17y17217$2vy2,2’2)

for all a,b € X and all (x1,y1,21), (T2,y2,22) € X2 and all p € T'. Let h : X3 — X
satisfy

h([21, 91, 21], [T2, Y2, 22], [23, Y3, 23]) — [A(21, 22, 23), h(y1, Y2, y3), h(21, 22, 23)]|| (5)

< Y(x1, 2,23, Y1, Y2, Y3, 21, 22, 23)

forallxy,xo, x3,y1,Y2,Y3, 21, 22, 23 € X. Then there exists a unique hyper 3-homomorphism
H: X3 Y such that

z T y z
]

forall z,y,z € X.
Proof. Letting p = 1,21 = x9:=x,y1 = y2 :=y and 21 = 29 := z in (4), we get
||h’(2$72ya 22) - 8h(£ﬂ,y, Z)H < gD(CL‘,y,Z,IL’,y, Z)

and so

Y R AR
|n@p2) 50 (5.2.2)]| < ¢

for all z,y,z € X. Hence

l T y VA I+k X y z
HM(wa)% (g arve e ) | g
k—
I+j Y Z N\ Ql+(i+1) ( x Y z )
ZHS h<21+] ’ 9l45 21+y> 8 h l+7+17 9l+j+17 9l+j+1
7=0
k—1

QL+ (iii>_8h< r Y >
ol +j’ 9l+j’ ol+j QUFj+17 9l+j+17 Ql+j+1

<.
Il
o
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e
—_

< gL+ T Y Z T Y Z
— ¥ 2l+j+17 9l+j+17 9l+j+17 9l+j+17 9l+j+1" 9l+j+1

<.
I
o

for all nonnegative integers [, k and all z,y,2z € X. It follows that {83 h 2 } is a

Cauchy sequence for each (z,y, z) € X3. Since Y is complete, {8]h 57 2—] 21 ? onverges
Thus one can define the mapping H : X3 — Y by

H(z,y,z):= lim 8"h (1 Y i)

n—-+o0 2n’ gn’ gn

for all (z,y,2) € X3. Moreover, letting [ = 0 and passing the limit & — oo in (7), we get
(6). It follows from (4) that

2
8uH (x1,y1,21) =y H(u(w + (=1)'ma), p(yr + (=1)2), (21 + (—1)F22))
i1

Sy (22,20 24)

= lim §" o on

n—-+o0o

B Z h( :c1+ 1)"332 My1+(—1)jy2 21+(—1)k22>

on s b on
1 Y1 =1
t<8~h<7’27727>

- S (el e 5 L)

i,5,k=1

< lim 8"
n—-+o0o

on ) on
1,5,k=1

n,(—-- - ~-- T4 J& T4
+n£r_‘r_loo8 2n’2n’2n’2n’2n’2n

= ||75(8MH(931 Y1, 21)

<w1 Y1 21 T2 Y2 22)

= Z plar + (=1)'z2), plyr + (1) ya), p(z1 + (=1)"22))

i,5,k=1

for all (x1,y1,21), (x2,y2,22) € X3 and p € T'. Thus

2
8uH (x1,y1,21) = H(p(er + (=1)'z2), n(yr + (=1) ), u(z1 + (—1)*22))

i,5,k=1
< ||t(8MH(fC1,y1,21) (8)
- Z p(my + (=1)'z2), p(yr + (1) 92), p(z1 + (—1)%22))

i,5,k=1
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for all (z1,y1,21), (x2,92,22) € X2 and pu € T'. Let p = 1 in (8). By Theorem 1, the
mapping H : X? — X is 3-additive. It follows from (8) and the 3-additivity of H that

2
SpuH (1,41, 21) Z H (1 + (1)), plyn + (—1)730), 21 + (=1)F22))

< ||t(8MH(fU1 Y1, 21)

- Z p(z1 + (=1)a), p(yr + (=11 y2), (21 + (—1)F22))
1,3,k=1

for all (x1,91,21), (T2, Y2, 22) € X3 and p € T!. Since |t| < 1,

2
8uH (z1,y1,21) = > H(p(wr + (1) 'w2), pyr + (1) 2), p(z1 + (—1)*22)),
1,5,k=1

and H(u(x1,91,21)) = pH (21,91, 21) for all (z1,y1,21) € X2 and p € T!. By Lemma 2,
the mapping H : X3 — X is 3-linear. It follows from (5) and the 3-additivity of H that

| H([71,y1, 21, [22, Y2, 22], (23, Y3, 23]) — [H (71, ¥2, 73), H (Y1, y2,Y3), H (21, 22, 23)]||
— lim L ([w1,y1,z1]’ [$27y27z2]’ [$37y3723]>
n—+o00 &1 8n 8
)R ) A2 2]
on’ 9gn’ on on’ gn’ on on’ on’ gn
st (21,02 B0 08 2B By
n—s-+o00 Qn7Qn’ gn’ gn’ gn’ 9n’ gn’ gn’ gn

83n

IN

So
H([xhylv Zl]) [1"27y2a Z2]a [$3,y37 23]) - [H(lea 132,583), H(ylayZa y3)7 H(Zla 22, 23)]

for all x1,x2,x3,y1,Y2,¥ys, 21, 22,23 € X. Therefore, the mapping H is a unique hyper
3-homomor-phism satisfying (6).

Theorem 3. Let X be a complex ternary algebra, Y be a complex ternary Banach algebra
and t be a real number satisfying |t| < 1. Let h : X3 — 'Y be a bijective mapping satisfying
(4) such that

h([z1,y1, 21), [T2, Y2, 22), (23, Y3, 23]) = [h(21, T2, 23), h(y1, y2,Y3), h(21, 22, 23)] 9)

for all x1,x9,3,y1,Y2,Y3, 21, 22, 23 € X. If h(axo, Byo,v20) is continuous in a, B,y € R
e /

for each fized (xo,10,20) € X3 and lim, o 8"h (Qn, 5 Qn) = €', then the mapping
h: X3 =Y is a hyper 3-isomorphism.
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Proof. Since h satisfies (9), the mapping h : X® — Y satisfies (4) by Theorem 1, there
exists a hyper 3-homomorphism H : X? — Y satisfying (6). The mapping H : X3 — Y is
defined by

H(z,y,z):= lim 8"h (£ g i)

n——+00 on’ gn’ gn

for all z,y,z € X. It follows from (9) that

[[H (x1, 22, x3), H(y1, Y2, y3), H(21, 22, 23)] — [H (21, v2, 23), H(y1, Y2, y3), h(21, 22, 23)]|
= |H([x1,y1, 21); [22, y2, 22, [23, Y3, 23]) — [H (@1, T2, 23), H(y1, Y2, 3), h(21, 22, 23)] |
_ 2n ﬂ&}{ﬂ@][myz D
ngrfoo8 h<|:2n72nazl ) 2n’2n’z2 on” 2n,23
1 T2 T3 Yi Y2 Y3
7|:h(2n 2” 27>’h<2n on’ 2n>7h(Z1722723)]‘
T1 T2 T3 Y1 Y2 Y3

< 2n ( 777777 >:
S BTG g g g g g ) =0

for all @1, z9,x3,y1, Y2, Y3, 21, 22, 23 € X. So

[H (21,22, 23), H(y1,Y2,y3), H(21, 22, 23)] = [H (w1, 22, 23), H(y1, Y2, y3), " (21, 22, 23)]

for all @1, 2, x3,Y1,Y2,Y3, 21, 22,23 € X. Letting 1 = y1 = 22 = yo = 3 = y3 = e in
the last equality, we get h(z1, 22, 23) = H (21, 22, 23) for all 21, 22, 23 € X. Therefore, the
bijective mapping h : X® — Y is a hyper 3-isomorphism.

3. Stability of hyper 3-derivations in ternary algebras

In this section, we prove the Hyers-Ulam stability of hyper 3-derivations in complex
ternary algebras.

Definition 3. Let X be a ternary algebra. A S-linear mapping f : X> — X is called a
hyper 3-derivation if f satisfies

[f(x1, 22, 23), [y1, Y2, y3], [21, 22, 23]]
[[$1,$2,$3],f(y1 y27y3) [21’22723]]
[z1, 22, 23], [y1, Y2, y3], f(21, 22, 23)]

f([xla Y1, Zl]a [$27y27 22]7 ['T?)a Y3, ZS])

fOT all T1,%2,T3,Y1,Y2, Y3, 21, 22,23 € X.

Theorem 4. Let X be a ternary algebra and t be a real number satisfying |t| < 1. If a
mapping f : X2 — X satisfies

flar+zo,01 +y2. 21+ 22) — D f(@i,5, ) (10)



E. Shim, S. Donganont, C. Park / Eur. J. Pure Appl. Math, 18 (2) (2025), 5897 9 of 14

<t 8f<$1;-$2,y1-;y2721+2’2> Jzk:lfw“yj’zk H
for all (z1,y1,21), (T2, 92, 22) € X3. Then f is 3-additive.
Proof. Letting 1 = x9 := x,y1 = y2 := y and z1 = 23 := z in (10), we get
1f (22, 2y, 22) — 8f(z,y,2)| <0

for all z,y,z € X. So f(2z,2y,2z) = 8f(x,y,z) for all x,y,z € X. It follows from (10)
that

2
< |t fl@r 4+ 22,51 + Y2, 21 + 22) — Z f(@i,y5, 2k)

Z?jvk_l
for all (21,91, 21), (z2, Y2, 22) € X3. Thus
2
flar+ao,y1 +y2, 21 +22) = > fli,ys, )
i,j,k:].

for all (21,91, 21), (z2, Y2, 20) € X3, since [t| < 1. Thus the mapping f is 3-additive.

Theorem 5. Let X be a ternary Banach algebra and t be a real number satisfying |t| < 1.
Let ¢ : X6 —[0,00) and 1 : X° — [0,00) be functions such that

and

2707237217217 237 237237 217 23

for all x,y,z € X. Let f : X® — X be a mapping satisfying

2
fu(@r + 22,91 + y2, 21 + 22)) — Z f(xi, yj, 2k) (11)

2
T1+x2 Yy1+yY2 21+ 22
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+o(x1, 91, 21, 2, Y2, 22)
for all (z1,y1,21), (T2, 92, 22) € X> and p € T, and
||f([$1ayla Zl]v [952792, 22]5 [553793, 23]) - [f($1,132,563), [y17y2)y3]7 [Zla 22, 23]] (12)

—[[l’]_,ﬁg, ‘T3]7 f(y17y27y3)7 [Zl7 22, 23]] - [[331)1’27x3}7 [y17y27y3]7 f(zh 22, 23)]”
S 1/}(x17‘r27x3)y17y27y3721722723)

for all x1,x2,23,91,Y2,Y3, 21, 22,23 € X. Then there exists a unique hyper 3-derivation
D : X3 — X such that

“+o00
; x Y z T Y z
||f($7yvz) - D(CE,y,Z)H S ZSJSO <2j+1’ 2j+1’ 2j+1’ 2j+1’ 2j+1’ 2j+1> (13)
7=0

forall x,y,z € X.

Proof. Letting p = 1,21 = x9 :=x,y1 = y2 :=y and 21 = 22 := z in (11), we get

||f(2‘r72ya 22) - 8f(27,y,2)|| S gD(:E,y,z,x,y, Z)

for all x,y, 2z € X. By induction, we have

n—1
_qne(r Y E j (ﬁﬂiﬁﬂi)
Hf(m,y,z) 8f<2n’2n’2n>H§ZSSD 2779237 927°925° 23" 27

for all z,y,z € X. Hence

1. (T Y 2 ke (T Y %
| (G5 3) =54 (53 3| 14
k—1
1Gg3) - (e )
= ' lH f(zj’zj’zj ! 2i+17 2j+17 9j+1
‘7:
k-1

< Y T Y z T Y z
= P\ o1 95+17 417 95117 9517 9j+1

for all nonnegative integers [, k(k > [) and all z,y,z € X. It follows that the sequence

{Skf (2%, 2%, 2%)} is a Cauchy sequence for each (z,y,2) € X3. Since X is complete, the
sequence {Skf (%, %

o5 oF 2%)} converges. Thus one can define the mapping D : X3 — X by

— Lm s"f(E Y i)
D(@.y,2) = lim 8f <2n’ on’ on
for all (x,y,z) € X3. Moreover, letting I = 0 and passing the limit & — oo in (14), we get
(13). Tt follows from (11) that

2

D (w1 + 2, 91 + Y2, 21 + 22)) — Z D(x, 5, 21) |
/L‘7j7k:1
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— lim 8"||f M<$1+x2 Y1+ Z1+22> Z f(ﬁ Yi i’“)

n—+00 on 7 on
7.77

. T1+x2 Y1 +Y2 21+ 22 T y] 2k
SHETWSn t|8f </‘( on+l ’ on+l ' ontl >> Z f( >

7.]7

s (L0 2L 72 )
+TLE)I-iI-loog 90(2n’2n’2n’2n’2n’2n
2
T1+ T2 Y1 t+Y2 21+ 22
— ||t 8D<,u< R . ))-M‘%:ID(l'myjyzk)
27.]7:

for all (z1,1,21), (T2, 92, 22) € X2 and p € T!. Thus

2
[ D(p(x1 + 22,91 + Y2, 21 + 22)) — 1 Z D(zi,yj, 21| (15)
i,j,k:].

2
r1+ T2 y1+y2 21+ 22

i k=1

for all (x1,y1,21), (x2,y2,22) € X3 and p € T!. Let u = 1 in (15). By Theorem 4, the
mapping D : X3 — X is 3-additive. It follows from (15) and the 3-additivity of D that

2
ID(pu(r + w2, 91 +y2, 21+ 22) — o Y D@, yj, )|
i jok=1
2
<\t | D(ular + mo, 91 + 2,21+ 22)) — 0 Y Dy, 2)
i?jvkzl

for all (z1,v1,21), (¥2,y2, 22) € X® and p € T, Since |t| < 1,

2

D(pu(wy + w2, 51 +y2, 21+ 22)) = Y Dlwi,y5, )
i k=1

and D(u(z1,y1,21)) = uD(x1,91,21) for all (z1,y1,21) € X3 and pu € T'. By Lemma 2,
the mapping D : X3 — X is 3-linear. It follows from (12) and the 3-additivity of D that

ID([x1, 91, 21]; [v2, y2, 2], [3, ¥3, 23]) — [D(w1, 22, 23), [y1, Y2, Y3, [21, 22, 23]]
_[[1.171'271.3]7 D(ylay27 y3>7 [2’17 22, 23]] - [[1'1,.1'2,.%'3}, [y17y27 y3]7 D(Zl7 22, Z3)]H
f <[x17y1,2’1] (%2, 2, 22] [w37y3723]>

= lim 8"
n—-+4oo

8" ’ gr 8n

T x2 x3 [yl?y%y?:] [21,22,23}
B f(2n on’ 2n>’ g 7 gn
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[z1, 72, 73] Y1 Y2 Y3 (21, 22, 23]
8n ’f(2"’2”’2”)’ 8n
[l’l,l’Q,ﬂES} [y17y27y3] (Rl 22 23
8n ’ 8n ’ on’ gn’ on

< . 3n ( ):
_ngr—sr-looS ¥ on’ 9gn’ 9gn’ gn’ gn’ gn’ 9n’ gn’ gn 0

Ty T2 T3 Y1 Y2 Yz <1 22 Z3

for all T1,%2,23,Y1,Y2,Y3, 21, 22,23 € X. So

D([l'l,yl, Zl]? [$27y2a 22}7 [I’g,yg, 23]) = [D($17x27x3)7 [y17y23y3]7 [Zl’ 22, 23”

—[[z1, z2, 23], D(y1, Y2, y3), [21, 22, 23] — [[®1, T2, 23], [Y1, Y2, 3], D (21, 22, 23)]

for all x1,x2,x3,y1,Y2,ys, 21, 22,23 € X. Therefore, the mapping H is a unique hyper
3-derivation satisfying (13).

4. Conclusion and future work

In this paper, we introduced hyper 3-homomorphisms and hyper 3-derivations in
ternary algebras and we proved the Hyers-Ulam stability of hyper 3-homomorphisms and
hyper 3-derivations in ternary Banach algebras, associated with the 3-additive functional
equation (1). We will provide suitable examples and useful applications in next work.
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