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Abstract. This paper introduces a new double hybrid transform yielding single integral trans-
forms and their generalizations. The main purpose of this study is to propose the most common
form for generalized transformations in terms of Hybrid Sumudu and Shehu transforms. In this
paper, we introduce a just invented transform and research its basic characteristics such as exis-
tence, inversion, along with related theorems. The study also introduces novel results with respect
to partials and generalizes the double convolution theorem. Furthermore, it uses the developed
properties and theorems to solve specific kinds of differential equations that have very important
applications in physics and science. The purpose of this research is to show the applicability and
efficiency of a novel transform in solving differential equations with multiple variable to solve.
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1. Introduction

Integral transforms are a class of mathematical operators that map functions from
one space to another through the process of integration. These transforms simplify the
manipulation of certain properties of the original functions by moving them to a new
functional space. After transformation the function can be changed back to its original
space using inverse of integral transformation.

They are an integral part of physics, chemistry, engineering and economy since they
help in modeling real world phenomena. Thus, mathematicians keep coming up with new
techniques to solve a more and more wider group of differential equations.

*Corresponding author.
DOLI: https://doi.org/10.29020 /nybg.ejpam.v18i2.5898

Email addresses: montheralmomani72@gmail.com (M. Al-Momani),
a.jaradat@aau.edu. jo (A. Jaradat), baha.abughazaleh@iu.edu.jo (B. Abughazaleh),
karim.farah@iu.edu.jo (A. Farah)

https://www.ejpam.com 1 Copyright: (©) 2025 The Author(s). (CC BY-NC 4.0)



M. Al-Momani et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 5898 2 of 18

Integral transformations are known for their effectiveness and simplicity, particularly
when applied to differential equations with initial or boundary conditions. They simplify
the process by converting differential equations, reducing the complexity from derivative
operations to algebraic ones. By carefully selecting the appropriate integral transforma-
tion, it becomes easier to manage not only the derivatives in intricate differential equations
but also the boundary conditions, leading to a form of the equation that is more straight-
forward to solve.

One of the most well-known transforms is the Laplace transform, which was introduced
in 1780. It is used in various fields such as science and engineering. In 1993, the Sumudu
transform was defined by [1]. More recently, the Shehu transform was introduced by [2]
in 2019, which represents a generalization of the Laplace and Sumudu transforms. For
additional details on the Shehu transform.

Additionally, Double transforms have been defined for solving differential equations
involving more than one variable. Examples of Double transforms include the Double
Laplace transform [3], the Double Sumudu transform [4], Double Mellin-ARA Transform
[5], for more details about integral transform see [6], [7], [8], [9], [10] and [11]. In this
research, we define the Double Sumudu-Shehu transform(DSHT). We explore its proper-
ties, including the conditions for its existence, linearity. The study employs this hybrid
transform across various fundamental functions, revealing its potential in the realms of
convolution theory and derivative operations. We also apply the Double Sumudu-Shehu
transform to solve partial differential equations.

2. Sumudu and Shehu transforms

This section provides a brief overview and fundamental properties of the single trans-
forms: Sumudu, and Shehu transforms.

2.1. Sumudu transform

Definition 1. For a continuous function r(7) defined on (0,00), the Sumudu is defined
as follows:

R(k) = S(r(r)) =

x|

/e;r(r)dT, k€ C.
0

Here, we present some fundamental properties of the Sumudu transform.
Let R(k) = S(r(7)), then for nonzero constants § and 7, we have

S(Bri(r) +ra(7)) = BS(r1(7)) +75(ra(7)), (1)

where r1(7) and r(7) are continuous functions on (0, co).
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S(r%) = (8 + 1) )
S(7) = [ BER (3)
s(r'(ry) = 29 10 ()

sy = B 1@ 0 Q

2.2. The Shehu transform

Definition 2. For a continuous function t(v) defined on (0,00), the Shehu is defined as
follows:

o
_ v

T\, pu)=H(t(v)) = /e wt(v)dv.

0

We now outline the fundamental properties of the Shehu transform.
Suppose that Ty (A, u) = H(t1(v)) and To(\, ) = H(t2(v)), and 8 and 7 are nonzero
real numbers, then the following properties hold:

H(81(0) + ta(0)) = BH (01 (0) + H (12(v)) (©
(W) =1+ 1) (4) @
H(e™) = 3 _de (8)
H(l () = T (0, )~ 1(0) 9

/! AQ A /
H('(0) = 5T Ou ) = 51(0) = £(0) (10)

3. The Double Sumudu-Shehu transform

This section introduces DSHT, a novel mathematical tool combining the Sumudu and
Shehu transforms. It outlines its core properties linearity, invertibility, and behavior with
partial derivatives and establishes a dedicated convolution theorem. Practical examples
demonstrate its application to fundamental functions.
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The DSHT transform is defined as follows:

Q(r, A\, 1) = S:Hy(q(1,0)) = 1//6_;_A:q(7',v) drdv, (11)

R
00

where ¢(7,v) is a continuous function on (0, 00) x (0, c0).

If g(7,v) can be written as ¢(7,v) = w(7)z(v) for some continuous functions w and z,

then S-H,(q(7,v)) = S(w(1))H(2(v)). In fact

S, H,(q(m,v)) = S H,(w(r)z(v))

1 _T_ X
= H//e e w(7)z(v)drdv
00
1oo s T _w
= /emw(T)dT /e v z(v)dv
K
0 0
= S(w(r))H(z(v))
3.1. The DSHT for some basic functions
(i)
[ceNe e
1 T v
S:H,(1) = H//e wdrdu
00
o e e
. _aw
= H/e_n /e w dv zlxgzﬁ,Re(/@)>0
0 0

(i)

oo o0
1 _T_Av
S H, (P07 = //e = w Py drdu
K
00

= (1/76€;d7) (/Uwek;dv>
K
0 0

y+1
—T(B+ 1)k’ x (v +1) (%)
kPt

= '8+ 1)I'(y+1), Re(k) >0 and Re(B) > —1.
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(iii)
SeHL(e7TT) = / / TR ST drdy

oo oo 1

1 _ v

/e'BTHdT /ew i dv | = X H

K 1—r8 A—"u
0 0

— % el .
S =) (=) > Re(B).

3.2. Existence condition for the DSHT

Definition 3. A function q(7,v) is said to be of exponential orders f andy on 0 < 7 < 00
and 0 < v < co. If there exist B, X,Y > 0 such that |q(1,v)| < BeP™Y, for all T > X,
v>Y.

Theorem 1. Let q(1,v) be a continuous function on the region [0,00) x [0,00) of expo-
nential orders B and . Then Q(k,\, u) exists for k,\ and p whenever Re(%) > (B and

re(3) >

Proof.

10000
|Q(Kk, A\, )| = // _%_Hqu drdv §H//e Fa— lg(7,v)| drdv
00

[e.9] o0

// TR BTﬂvdev—/ . BTdT/ ~Gimvgy
0
Bu

(L —5)(; —y) A=) (A-1)

IN

where Re(1) > 8 and Re( ) > 7.

3.3. Linearity

The transform S;H,(q(,v)) exhibits linearity. For any nonzero constants § and -,
this property is expressed as:

S-H, (B(h (7—7 U)_FWD (T7 U))
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o0 o0
1 _:_7
= [ [ Gum) i) drae,
00
o0 OO
1 _T_Av _T_Av
= 6><//e*i v g (T,v) drdv + v x // < wgo(T,v) drdv
K
= BS Hy(q1(7,v)) +vS: Hy(g2(7,v)).

4. Properties of the DSHT

In this section, we explore the fundamental properties of the DSHT

4.1. Derivatives properties

Let Q(k, A, p) = S;Hy(q(7,v)). Then

STH’L) (8(](87;11)) _ Q(K;:‘MUJ) o H(Q([va)) (12)

2q(1, v K v (0, v
S, <8 ((19(72, )) _ ’;j,u) B H(q’i(;, ) _ Hig IiO ) (13)
(iii)
S H, (aqg;;v)> = 2Q(H7 A?:u’) - S(Q(Tv 0)) (14)
(iv) 52 e
5o, (A5 ) = 2500 A = 3 S(al(r0) - Sla(r0) (19

2 T,V
oty (TR0 ) = 2 Qe ) - L S(a(n0) - 2 H0,0) + 14(0.0) (16)

Proof. (1) S;H, <M) = lffe_;_fiﬂj) drdv = %{6_7£67£%d7d’u.
By integrating by parts, we get
SH(aqTU)>:1fe#< (0,v) + = fe ﬂQTU)dT)dU
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fe W Ovdv—l—fxlffe B (T,U)deU

_ Q(Ww) _ H(q(00 ))_

- K K

(2) 5-H, (2452 = 1” TR ) gy = 1 24) grdy,

o—38
Ch‘
=
('D
KH

By integrating by parts, we get

oo Av o T
S, H, (8@59@) = Lieow (—qT(O,U) —L9(0,v) + L [e R q(r,v )dT) dv

0 0
fe MqT(Ovdv f q(0,v)dv+ 5 x L[ [e £_7U ,v)drdv
0 00
_ Q("%ﬁv#) _ H(q( v)) _ H(gz(0v))

(3) S H, (2520) = 1][&?‘*8‘1” drdo = L [e77 [ 0T oy,

By integrating by parts, we get

STH’U (8q((97;v)> == %feii < /\fe 7 T v dU> dT
0
= —%fe_iq(T, 0)dr +% X %ffe_g_%q(ﬂv) dvdr
0 00

v

(4) S, H, (W” ) =1 ffe—%—vm drdv =1 [e=% [e~ 3 LU0 gy,
0 0

ov?

By integrating by parts, we get

STHu(mgngv):%f Z(quO)—QTO %f T’L}dU)dT
0 0
= ; e R gy (T O)dT—* 1fe anO)dT+ LiJe” q(T,v)dvdr
0 00
So, S, H, (T4E) = %Qs. A1) = 2S(a(7.0)) — S(gu(7.0)).

(5) SrHy (aaqrgvv ) =3 ffe_;_ia Kot drd = Brov

0%8

_%f —5 Par0) g,
0

By integrating by parts, we get
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S, H, (8287(7; ) = lfe n ( qv(0,v) %Ofoe_iqv(ﬂv) dT) dv
fe 0 qU(O v)dv + L x 1ffe E_TqU(T v)drduv
—L1H(qu(0,v)) + £5-Hy (qu(7,v))

Using Equations 9 and 14, we get

2 T,V
S:H, (552 ) = 2:Qr, A ) = £S(a(r.0)) = 2 H(a(0,0)) + Lq(0,0).

4.2. Convolution Theorem of the DSHT

The Heaviside unit step function M (7,v) is defined as

M(r — B, ):{1,T>5andv>’y

0, otherwise

Then we have the following lemma

>

B8 ol
K

Lemma 1. S;H,(q¢(T — f,v —y)M(T — B,v—7)) =e = # S:Hy(q(7,v)

Proof. We have
SH ( (T_B)U_/Y)M(T_ﬁ7v_,7))

T

// _E_TqT—ﬁ,U— V)M (T — B,v —y)drdv

_ //elifq(T ~ B,v — y)drdv. (17)

Now, by making the substitution s = 7 — 8 and r = v — v, equation (17) becomes:

A(r4)

S Hy(q(r = B,v—=y)M(1 = B,v—7)) = i//e(stmﬂq(s,r)dsdr

= e_?_TSTH (q(1,v)).
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Definition 4. Let q(7,v) and p(7,v) be continuous functions. We define the convolution
in the DSHT as

(@ )7.0) = [ [t = 6.0 —2p(8.7) e
00

The following theorem provides the computation of the DSHT for the convolution of
two functions

Theorem 2. Let Q(k, A\, u) = S;Hy(q(7,v)) and P(k, A\, u) = Sy Hy(p(1,v)). Then

SrHy((q **p)(1,v)) = KQ(K, A\, 1) P(k, A, ).

Proof.

Sr-Hy((g*p)(7,v))

10000 T
= //e i (q * *p)(7,v)drdv
K
00

T_ A

= /%776_55 ]7q(7—ﬁ,v—7)p(6,7))d5d7 drdv. (18)
00 00

By incorporating the Heaviside unit step function, equation (18) can be rewritten as:

S Hy((g+p)(T,v))

Ve [ L
a //e {{q(T B,v—y)M(r = B,v—7)p(B,7))dBdy | drdv

K
00
T 1 T _T_ v
= [ oo [ [eF 5 atr = 8.0 = )a(r = 50— drav | dsay

00 00

So by Lemma 1, we have
_B_ XMy
STHU((q * *p)(T7U)) = Q(H7)\7u)//p</87’y)e K M’Y dﬁdfy
00

= KQ(R,\, 1)P(r, A\, )

In Table 1, we have the DSHT of some basic functions
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Table 1: Table of the DSHT

10 of 18

q(t,v) S-Hy(gq(7, v))

w(r)z(v) S(w(r))H(2(v))

1 £, Re(k) >0

TPy % ['(B+ 1)I(y+1), Re(k) > 0 and Re(B) > —1

eéTJrW ma Re(;) > Re(lﬁ)
I (BT+70) m, m(3) + Re(;) >0
sin (,87' + ")/'U) (1+,52%£2)€;—2T,3 2,2) ‘Im( )’ < Re( )
A—K
cos (BT + yv) (Hﬁ‘é(@)(;‘z’[jzv)%%, IIm(B)| < Re( )
sinh (87 + yv) (R25/;(HS€;N'YF3 7,77 Re( ) > Re( +8)>0
COos (/87' + 'VU) (,{2/35()\1—%372677 Mz)’ /8) >0
Jo (ey/Tv) 4,\+c2,w> Re (7 +
_B_ M
T =B v—y) M —pv—v) e = wSHqr U))
(g x*p)(1,v) kS Hy(q(7,v))SrHy(p(T, v
5. Applications
In this section, we use the DHST for solving PDEs
Consider the PDE of the form
quTT + B2qT’U + B3q11'l_) + B4QT + BSQU + B6q (7—7 U) =k (7—7 U) (19)

With ICs

q(1,0) = 71(7), qu(7,0) = r2 ()
and BCs
q(0,v) = t1 (v), - (0,v) =12 (v)

and assuming ¢ (0,0) = ¥

Given that ¢ (7,v) is the unknown function, k (7, v) is the source term, and By, Ba, ..., Bg

and ¥ are constants, we aim to apply the DHST to Equation (19).

To do this, we begin by applying the single Sumudu transform to the ICs and the

single Shehu transform to the BCs
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S(r1(7)) = Ru(7), S(r2 (7)) = Ra(7), H (t1 (v)) = T1(v) and H ({2 (v)) = T(v)
By applying the DHST to Equation (19), we have

B\S:H, (qTT) + B2 S H, (Q‘rv) + B3S: H, (QUU) + B4S-H, (QT)
+B5S:-Hy, (qv) + BsS:H, (q (1,v)) = S; Hy, (k (1,v)) (20)

By the properties of the derivatives in Equations (12) — (16), we get

B (2 QU ) = 5 Ti(0) ~ o))

#82 (2Q0s )~ La() - 2Ti(0) +0)
2
#8500 = SR7) = Falr)) + B QA — ST )

A
#85 (2QUe A QU A ) = Ri(D)) + Bl A = Klkdp) (1)
Simplify Equation 21 as following
Qr, A\, 1) =
(315 +Bo + 34%) T+ B LTy + (Bg% + B3+ 35) Ry + B3Ry — BoV + K

(22)
Bi25 + BQﬁ + 332% + Byx + 35% + Bs

Example 1. Consider the heat equation
Grr = 2qy, — 3q(1,v) + 3, where T,v >0

With IC

q(r,0) =1—2sin7

and BC's

q(0,v) =1, ¢, (0,v) = —2¢"

Solution 1. By applying the single Sumudu transform to the IC and the single Shehu
transform to the BCs, we get

2 —2
R1:1_1+’;27T1:§7T2:

and K(k, A\, ) = S-Hy (3) = 3¢

=

|
=

w
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Substitute in Equation (22) By =1, Bs = —2, Bg = 3, By = B3 = By = 0 and the values
of Ry, T1, Tb and K, we get

o2 9 4k +§>l\£

2T k(- 1+ k2
Qr,Ap) = = o 1u)_ 2\ | 3 -
CZET
3r2p—2k2apu  2(3K2p—2k2A4p)
— K2 R IeS)
o 3rZp—2K2 A+
P
_ B 264
RN R 1o
So,
_g-lpg-1(H 26 B ,
q(t,v) = S; H, (X - T+ ()\—M)) =1-—2e"sinT

The graph of the exact solution is

Figure 1: The solution ¢(7,v) of Example 1
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Example 2. Consider the Advection-Diffusion equation

Qv = Grr — 2q-, where 7,0 >0

With IC

Q(Ta 0) = 627 -7

and BCs

q(0,v) =2v+1, ¢-(0,v) =1

Solution 2. By applying the single Sumudu transform to the IC and the single Shehu
transform to the BCs, we get

Rlzﬁ—m,leiL;—i-%,TQ:%

Substitute in FEquation (22) By = 1, By = =2, B; = —1, By = B3 = Bg = 0 and the
values of Ry, T1 and Ts, we get

—Adkp®FAu—2r A +20> o 1
N2 tToax " 1o TR
Q(F@,)\aﬂ): K2\ L_g_g 1-2k
K2 K m
By simplify,

24° 1 Fopl

)=t

QU A i) =7+ T 59% ~

g(r,v) = S, H! 27#2_’_7/; B

’ T A2 (I1-=2r)A A

The graph of the exact solution is
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Figure 2: The solution g(7,v) of Example 2

Example 3. Consider the Klein-Gordon equation

Grr — Quo — 4q(7,v) = —2sinh 7 cosv
With ICs
q(7,0) = sinh 7, g,(7,0) =0
and BCs

q(0,v) =0, gr (0,v) = cosv

Solution 3. By applying the single Sumudu transform to the ICs and the single Shehu
transform to the BCs, we get

A
Rl = 1_K,€2) R2 = 07 Tl :O) T2 = N2t 2
—2KA\

and K(k,\,u) = S;H,, (—2sinh 7 cosv) = T O )
Substitute in FEquation (22) By = 1, By = —1, B¢ = —4, By = By = Bs = 0 and the
values of Ry, Ro, Th, To and K, we get

g\,u 2y m\2 - 22,0\% 2
T O N € R e [ O 7))
Q(H,A,u) - L_A_2_4
2 uZ
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)\(}LZ —K2X\2 —4/@2u2)
wp(1—k2) (A2 +p?)
12— R2A2_4R22

K2p
KA

(=) (¥ +12)

So,
KA

(1= %) (N + 1)

q(r,v) = S, H,! (

The graph of the exact solution is

) = sinh 7 cos v

0 T

Figure 3: The solution g(7,v) of Example 3

Example 4. Consider the telegraph equation
Grr = Quo — 2qy — Q(7—7 U): where 7,0 > 0

With ICs

q(1,0) =sinT, g,(7,0) = 2sinT
and BCs

q(0,v) =0, ¢ (0,v) = e
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Solution 4. By applying the single Sumudu transform to the ICs and the single Shehu
transform to the BCs, we get
RIZH%)RQZL?_%;TIZO)TQZA__%
Substitute in Equation (22) B; = 1, B3 = —1, B; = 2, B = 1, By = By = 0 and the
values of Ry, Ro, Th and T>, we get
()\#2 i n)\2) + 12n2 _ 12n2
_ k(A—2p +rS)p +K +K
k2 p? ©
K2u2 —K2A2 262 A\t 2
K(1+K2)(A=2p)p
7212 — RENZ 2R At
K22
K
(1+52) (A —2p)

So,
_ g-lg-1 ki o
q(r,v) =S " H, ((14_&2) (A—2u)) =sinTe

The graph of the exact solution is

2v

Figure 4: The solution g(7,v) of Example 4
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6. Conclusion

In this research, we introduce a novel approach termed the DSHT (Double Sumudu-
Shehu Transform), offering a fresh perspective in the field of mathematical analysis. We
explore the fundamental properties of this innovative double transform and demonstrate
its application in solving partial differential equations and integral equations. Through
carefully selected examples, we illustrate the effectiveness of the DSHT in obtaining ex-
act solutions, highlighting its potential as a powerful tool in analytical problem-solving.
Looking ahead, we anticipate further developments in DSHT, particularly in its applica-
tion to conformable PDEs with variable coefficients, paving the way for new discoveries
and advancements in this area. Further results and applications in this domain, including
extensions to conformable PDEs, can be found in references [12-14].
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