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Abstract. The theory of intuitionistic fuzzy groups is an algebraic structure derivable from the
utilization of groups in intuitionistic fuzzy sets. Many notions in group theory have been pre-
sented in intuitionistic fuzzy group theory. However, concepts like simple group, maximal normal
subgroup, normal series, composition series, and the Jordan-Holder Theorem are open problems
in intuitionistic fuzzy group theory. Hence, this paper defines simple intuitionistic fuzzy groups,
maximal normal intuitionistic fuzzy subgroups, normal series for intuitionistic fuzzy groups, and
composition series for intuitionistic fuzzy groups with illustrations. In addition, the Jordan-Holder
Theorem in intuitionistic fuzzy group theory is verified. It is shown that every intuitionistic fuzzy
group of a finite group possesses a composition series, and any two composition series for an
intuitionistic fuzzy group of a finite group are equivalent.
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1. Introduction

The introduction of fuzzy set theory (FST) helped in the resolution of uncertainty that
set theory could not handle by considering the membership degree of elements defined in
a unit closed interval, [0,1]. The presentation of FST by Zadeh [1] has transformed
decision-making in real-life issues. Likewise, FST has prompted the study of fuzzy algebra
in line with the classical algebraic structures. Rosenfeld [2] introduced fuzzy groups as the
application of fuzzy sets to group theory and studied many group theoretic notions under
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fuzzy group setting. In addition, several group analogous concepts like fuzzy subgroups
and Frattini fuzzy subgroups were studied [3, 4].

Because of the drawback of the FST (because it considers only the membership degree
of elements), the idea of intuitionistic fuzzy sets (IF'Ss) was presented by Atanassov [5]
and numerous properties of IFSs have been presented [6, 7]. Biswas [8, 9] applied IFSs to
group theory by proposing intuitionistic fuzzy subgroups (IFSGs), Ahn [10] discussed the
several forms of sublattice of lattice of IFSGs, and proved the connection of the sublattices
of the lattice of IFGs. Certain properties of IFSGs were discussed in [11], Fathi and Salleh
[12] presented intuitionistic fuzzy groups (IFGs) based on intuitionistic fuzzy space and
discussed certain of their properties, and Yuan et al. [13] shared some additional insight
on IFSGs. Bal et al. [14] presented a note of kernel subgroups on IFGs and discussed
some properties of IFGs, Sharma [15] presented the direct product of IFSGs, and the
homomorphism of IFGs was discussed in [16].

In addition, the o and J cuts of IFGs were discussed in [17] and the t-IFSGs was
presented in [18]. Some important theorems of ¢-intuitionistic fuzzy isomorphism of ¢-
IFSGs and the fuzzification of the prominent Lagrange’s theorem were discussed in [19, 20].
Some algebraic descriptions of e-IFSGs were discussed in [21], Shuaib et al. [22] discussed
the idea of n-IFSG using n-IFSs and showed that each IFSG is an n-IFSG. In addition,
the study defined n-intuitionistic fuzzy cosets and n-intuitionistic fuzzy normal subgroups
(IFNSGs) of a given group. Gulzar et al. [23] presented some properties of t-IFSGs, Rasuli
[24] discussed ¢- norn and s-norm of IFSGs, and Latif and Shuaib [25] applied ¢-IFSGs to
discuss the famous Sylow theory.

Furthermore, the notion of intuitionistic anti-fuzzy subgroups was deliberated in [26]
and Husban et al. [27] discussed complex intuitionistic fuzzy group (CIFG) by permitting
the degrees of membership and non-membership to include complex numbers. Subse-
quently, Husban et al. [28] discussed normality in CIFGs with some properties, Al-Sharoa
[29] presented o 2 and [ 2 cuts of CIFSGs with their algebraic properties, and Rasuli [30]
discussed t- norn and s-norm for CIFSGs. Although many group theoretical properties
have been discussed in IFGs, it is certain that simple intuitionistic fuzzy groups, maximal
normal intuitionistic fuzzy subgroups, normal series for intuitionistic fuzzy groups, com-
position series for intuitionistic fuzzy groups, and the Jordan-Holder Theorem under IFG
have not been studied. The motivation for this work is to establish simple groups, maximal
normal subgroups, normal series, composition series, and the Jordan-Holder Theorem in
the context of IFGs. The following are the contributions of the article:

(i) The idea of simple group and maximal normality are established in the context of
IFGs.

(ii) Normal series and composition series for IFGs are presented, exemplied, and dis-
cussed with the aid of some theorems.

(iii) The famous Jordan-Holder Theorem is investigated under IFG by using composition
series for IFGs.
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The rest of the paper are outlined as follows: Section 2 presents IFSs, IFSGs, and
their properties; Section 3 introduces the concepts of simple IFGs, maximal normal IFSGs,
normal series for IFGs, composition series for IFGs, and the Jordan-Ho6lder Theorem under
IFGs; and Section 4 concludes the paper.

2. Preliminaries

Throughout the paper, the symbols S and G represent a non-empty set and a group,
respectively.

Definition 1 ([1]). A fuzzy subset ¢ of S is presented as:
¢ ={(s,¢m(s)) | s € S}, (1)
where (@ X — [0,1] is the membership degree of s € X.

Definition 2 ([2]). A fuzzy subset ¢ of G is a fuzzy subgroup of G if
(i) Gm(2y) = min {Gn (@), Cnly) } ¥ 2, € G,
(ii) ¢m(z™) = Culx) Vo € G.

In addition, (pn(e) = Gn(zz™t) > min {Cm(x),cm(x)} = (m(x) ¥V x € G, where e is the
unit element of G.

Definition 3 ([5]). An IFS X of S is presented as:

A={{s,Am(s), An(s)) | s € S}

s s ) 2
={<M>|SES} 2)

S

where A\, : X — [0,1] and A, : X — [0, 1] are the membership and non-membership grades
of se€ S and 0 < A\p(s) + An(s) < 1.

Definition 4 ([6]). Let A and «y be IFSs of S. Then,
(i) A=7 <= A\n(8) = ym(s) and A\, (s) = yu(s) Vs € S,

(ii) ACy = Am(s) < r}/m(s) and An(s) > '771(5) Vs €S,

(iii) ANy = {(s,min{)\m(s),ym(s)},max{)\n(s),’yn(s)b | s e S},

(iv) AUy = {(S,max{/\m(s),’ym(s)},min{)\n(s),’yn(s)}> | s e S}.
Definition 5 ([8]). An IFS X of G is an IFG/IFSG of G if

(i) Am(zy) > min {)\m(m), )\m(y)} and A\, (zy) < max {)\n(x), /\n(y)} Va,yeQqG,
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(i) An(z7Y) = Apn(2) and A, (z71) = \u(z) ¥V 2 € G.
In addition,
Cn(€) = A (z2~1) > min {)\m(x), )\m(:c)} = A (),
An(e) = An(z2~!) < max {)\n(x), )\n(x)} = ()

V z € G, where e is the unit element of G.
The order of X is defined by

k

k
A =D Am(@i) + > An(zi) Vai € G. (4)
=1

i=1
|A| is defined by the finiteness of G or otherwise.

Definition 6 ([8]). Let A and v be IFGs of G. Then, A is an IFSG of v if A C . Again,
A is a proper IFSG of v if A C v and 8 # 7.

Definition 7 ([17]). Let A be an IFG of G. Then, the support of A defined by:
A = {2 € G| AMp(z) > 0and A\, (z) < 0}, (5)

is a subgroup of G.

Definition 8 ([31]). Let A and v be IFGs of G. Then, the product Ao+ is an IFS defined
as:

\/x:yz min {)\m(y)’ 'Ym(z) }? /\x:yz max {)\n(y)’ Fyn(z)}’
(Ao)(g9) =19 if3 x,y € G such that z = yz (6)
0, otherwise.

Definition 9 ([31]). An IFG X of G is commutative if A, (zy) = A\ (yx) and A\, (zy) =
An(yz) Vo, y € G. Succinctly, an IFG S is commutative if G is a commutative group.

Definition 10 ([31]). Let A and v be IFGs of G such that A C . Then, A is an intu-
itionistic fuzzy normal subgroup (IFNSG) of v denoted as A < if A\, (zy) = A\ (yx) and
An(zy) = Ma(yz) <= An(y) = A (27 tyx) and M\, (y) = A\p(z7tyz) V 2,y € G.

Definition 11 ([32]). If A is an IFSG of G. Then, yA for y € G defined by (yA)m,(z) =
A (y~tx) and (yA\)n(x) = M\(y~tz) V @ € G is called the left intuitionistic fuzzy coset
(IFCS) of G. Similarly, Ay for y € G defined by (A\y)m(x) = An(zy™!) and (\y)n(z) =
A (zy~™1) ¥V o € G is called the right IFCS of G.

Definition 12 ([33]). Suppose A and 7 are IFGs of G and A <. Then, the collection of
the left /right IFCSs of A such that z\ o yA = zy\ V 2,y € G is called an intuitionistic
fuzzy factor group (IFFG) of v by A, represented by ~y/A.
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3. Main Results

The Jordan-Holder therorem has been discused in group [34] and the decomposition of
a crossed square [35]. The idea of the Jordan-Hélder therorem has not been investigated
under IFG. Before we introduce normal series for IFGs, composition series for IFGs, and
Jordan-Holder therorem under IFGs, the notions of maximal IFNSG of a IFG and simple
IFGs are defined. Using Definition 10, we define a maximal IFNSG of an IFG as follows:

Definition 13. Let A and v be IFGs of G with A <. Then
(i) A is a maximal non-trivial IFNSG if it is the largest proper non-trivial IFNSG of .
(i) ~ is simple if it has no proper non-trivial IFNSG.

Remark 1. An IFSG X of an IFG ~ in G is non-trivial if A, = v, = G and X # 7.
Otherwise, it is trivial.

Example 1. For a given cyclic group G = {1,a,a? a3} where a* =1, a7! = a3, (a?)7! =
a?, and (a®)~! = a, we define an IFG X in G as:

\ = {<O.9,10.05>7 <0.5;0.3>, <0.6a,20.2>’ <0.5L;30.3>}.
Certainly, A is commutative IFG. Then, the following are the IFSGs of A:
A = {<O.4,10.55>, <0.0210.8>7 <0.1a,20.5>’ <0.OC;30.8>}7
- {<O.5,10.45>7 <0.1&0.7>, <0.26;20.6>’ <0.1C;30.7>}7
Ny = {<0.6,10.35>7 <0.2210.6>7 <0.3a,20.5>’ <0.2a,30.6>}’
A = {<0.7,10.25>, <0.3;0.5>7<0.4C;20.4>’ <0.3(;30.5>}7
Y {<0.8,10.15>’ <0.4;0.4>’<0.5a,20.3>’ <0.4C;30.4>}7
Ao = {<0.9,10.05>, <0.5;O.3>, <0.66220.2>7 <0.5C;30.3>}'

Here, A\g is a trivial IFSG of A because A\¢ = A, and A; for ¢ = 1,2,3,4,5 are proper
non-trivial IFNSG of A, and so A is not a simple IFG. In addition, A5 is the maximal
non-trivial IFNSG of A.

Example 2. In a symmetry group, Sy for k = 3, A3 = {po, p1, p2} C S5 is a simple group

(,01_1 = po and p2_1 = p1). Then, an IFG of Aj is:

0.6,0.3> <0.4,0.3> 04,03
Po ’ P1 ’ P2

v ={{

)}
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Since p1.p2 = p2.p1 = po, then « is commutative. Then, the IFSGs of ~ are:
0.2,0.7, ,0.0,0.7, ,0.0,0.7

7= {< 00 ) o1 ) 02 >}7
0.3,0.6, 0.1,0.6, ,0.1,0.6
Y2 = {< ’ ’ >}7
PO p1 P2
0.4,0.5, ,0.2,0.5, ,0.2,0.5
o= (T () (),
0.5,0.4, 0.3,0.4. 0.3,0.4
Y4 = {< > 5 >}7
Po P1 P2
0.6,0.3, 0.4,0.3, ,0.4,0.3
V5 = {< 00 >7< o1 >’< P2 >}

Here, 75 is a trivial IFSG of « because v5 = -, and ; for i = 1, 2, 3, 4 are proper non-trivial
IFNSG of v, and so « is not simple. In addition, 74 is the maximal non-trivial IFNSG of

.

Example 3. Suppose we have an IFG § = {(0"?07(?'3% (0'[?1’1), <0'[?2’1)} defined in Az =

{po, p1,p2} € Ss. It is observed that § has no proper non-trivial IFSG. Thus, ¢ is a simple
IFG.

Theorem 1. FEvery IFG which has no non-trivial IFSGs is simple.

Proof. The proof is simple from Example 3.

Definition 14. Let G be a finite group and A be an IFG of G. Then, A possesses a normal
series if there exist:

A (2) 2 Ao, (@) = -0 2 Mg, () = An(2) |
Vax € G such that A\j, =Xy, ==X, = A =G and \;< A1 V1 <i<k. Eq. (7) can
be simply written as:
MCAC - CA=2A (8)
such that )\1* :)\2*:'--:)%* :)\*:Gand)\id)\HlVlgigkor
AM Ao, = A (9)
for \j, =X, = =X, = M =G

Example 4. Using the IFSGs A in Example 1, the normal series is:
A C A CA3C A C A CAg= A,

where )\i <])\i+1 V1 <1 < k.
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Example 5. Using the IFSGs of v in Example 2, the normal series is:

MEYC1CY Sy =7,
because v; <vi41 V1< < k.
Next, we define the concept of composition series for IFG.

Definition 15. Let G be a finite group and A be an IFG of G. Then, \ possesses a
composition series if there exist:

< Ay (z) = )\m(x)} (10)

Va € G such that A\, = Ay, = -+ = g, = A\« = G with the properties

(i) Mi<Aipa V1<i<k,

(i) Ait1/A; is simple V 1 < i < k.
Eq. (10) can be simply written as:

AL A = A (11)
for A\i, = Ao, =+ =X, = A =G and \jp1/A; is simple V 1 <4 < k.
Using the IFSGs of A in Example 1, the composition series for A is:
AL <A2<dA3 AN A5 06 = A,

where A\;y1/\; is simple V 1 <i < k.
Using the IFSGs of v in Example 2, the composition series is:

V1472493474475 =7,
because \;j11/A; is simple V 1 < i < k.
Theorem 2. FEvery finite IFG of a finite group has a composition series.

Proof. Let v be an IFG of a finite group G. We present the proof using the principle
of induction. Assume every IFG of order less than |y| has a composition series. If 7y is
simple, then it has a trivial composition series. Otherwise, if v is not simple, then it has
at least one non-trivial proper IFNSG and a maximal non-trivial IFNSG denoted as § in
7, since +y is finite. Then |0| < |7].

By the principle of induction, |§| has a composition series, which is:

01,,(x) <6, () < -+ < b, () = O ()
51, (2) 2 6, (£) = -+ 2 b () = bu() |
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Vx € G such that §;, = 6
simple V 1 <i < k.
But § <y because J is maximal in v, then we have

(@) < oor <0, () = (7)) < Yin()
b2, () = -+ 2> 0, (z) = 0p(x) = Yn(2)

:"':5k* = G with 5i<1(5i+1V1 <4 <k and (51'_0_1/51' is

*

01, (z) < 0o
o1, (z) >

Vx € GG, which proves that v has a composition series.

(13)

Theorem 3 (The Jordan-Holder Theorem). Every IFG of a finite group has at least two
equivalent composition series.

Proof. Let v be an IFG of a finite group G. Assume ~ has two composition series:

Vi (T) < Y2, (7) <0 < (2) = Y (2) (14)
Y, () > Y2, (1) > - >, () = () |

01, (x) < by, () <+ <0y, (2) = () (15)
01, () > da, () > -+ > 8, (z) = dp(2) ’

such that 7; <741 with 41/ simple V 1 < ¢ < k and 0; < §;41 with d;41/9; simple V
1 <¢ <. In each series, y1, =72, =+ =7, =G and 61, = d2, = --- =, = G.

Now, we show that k =l and (v2/v1,73/72, -+ , Vk/Vk—1) is identical to (d2 /61, d3 /2, - - -
We establish the proof by induction on |y|. The proof is trivial if |y| = 1. Assume
Y(k—1) = O(1—1), then the result is straightforward by induction. On the contrary, assume
V(k—1) =+ (5(1_1). Set A = V(k—1)> B = (5(l—1)> and C = AN B, where C is a maximal IFNSG
of Y(k—-1) and 5(171).

But, C' has a composition series,

C1, (2) <Cy, (x) < - <Oy (2) = Crp(x } 16)
Ci,(2) > Cy,(x) > - > Cp () = Cn () |’
Vz € G. Then,
Vi () < 72, (2) < -0 Sy, (2) = Am(f)} (17)
Y1, () > 72, (%) > - > Yoy, (2) = An(2)
Vr € G, and
O, (@) < Cap(@) < -+ < G,y (2) = COn(@) < Am<x>} 18
C,(z) > Co,(2) > -+ > Cy, () = Cp(z) < An(2)

Vx € GG are the composition series for A. By induction, we have k—1=t4+1 = k—2 = t,
and

(v2/ 71598/ 725 V1) [V (h—2)) ~ (C2/C1,C3/Ca, -+, Ct/Cy1, A/ C). (19)

,01/01-1).
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Likewise, we get

01, (@) < 82, (2) <+ < by (2) = Bm(w>} (20)
61, (z) = 02, (x) = -+ = 61), (x) = Bn(x)
Vx € G and
Cy,,(x) <Oy, () <--- < Cy, (x) = Cr(x) < Bpp(x) (21)
C,(z) =2 Oy, (x) = -+ 2 C, (x) = Cn(z) < Bp(x)

Vz € GG, which are the composition series for B. Thus, [ —1=t+4+1=1—2 =1, and
(62/01,03/02,++ ,61-1)/01—2)) ~ (C2/C1,C3/Ca,- -+, Cy/Cy_1y, B/C). (22)

From k—1=t+1=10—-1, we have k = [. By attaching /A to both sides of (19), we
have

(V2/715 7 V=1 /Va—2) Y/ V1)) ~ (C2/Chy- -+, C/Cy 1y, A/Coy/A). (23)

Likewise, attaching /B to both sides of (22), we have
(62/61,+++ ,64-1)/01-2),6/01-1)) ~ (C2/C1,--+,Ci/C_1), B/C,~/B). (24)

The right hand side of (23) and (24) are equal except (A/C,~/A) and (B/C,~/B).
Hence, (A/C,~v/A) ~ (B/C,~/B) and so

2/ WY —1)) ~ (02/01, -, 01/00-1))-

4. Conclusion

In this paper, the notions of simple IFGs, maximal normal IFSGs, normal series for
IFGs, and composition series for IFGs were defined and described with examples and
particular results. In addition, it was verified that every IFG of a finite group has a
composition series. Finally, the Jordan-Holder Theorem was discussed in IFS context, and
it was proved that any two composition series of an IFG of a finite group are equivalent.
This explorations have further enrich the study of fuzzy algebra and pave the way for the
study of nilpotency under IFGs. In addition, this work can be extended to other variants
of FST to enhance algebra under uncertain environments.
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